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A. Improvement on data efficiency and robustness 
• In many classical ML applications, data is scarce or noisy 
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• Need for prior knowledge to improve performance: 

- Graph-based regularization could help in that direction 



A.1. Graph signal smoothness as loss function 
• Cross entropy loss is widely used in (semi-)supervised learning 

frameworks. However: 

- Underlying manifold structure is not preserved: Inputs of the same class tend to 

be mapped to the same output

- One-hot-bit encoding is independent of the input distribution and network 

initialization: slow training process
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• An alternative GSP inspired loss function:

- Maximizes the distance between images of distinct classes  

- Minimizes a loss based on the smoothness of the label signals on a similarity 

graph
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Experimental validation 
• Clustered like embeddings for CIFAR-10


• Robustness to cluster deviations

7
Bontonou et al., “Introducing graph smoothness loss for training deep learning architectures,” IEEE Data Science 
Workshop 2019



A.2. Latent geometry graphs 
• Capture the latent geometry of intermediate layers of deep networks 

using graphs 

• Quantify the expressive power of each layer by measuring the label 

variation 


• Impose desirable properties into these representations by applying 
GSP constraints 

- Robustness: Enforce smooth label variations between consecutive layers

8
Lassance et al., “Laplacian networks: bounding indicator function smoothness for neural networks robustness”, 
APSIPA Trans. on Sign. and Infor. Process., 2021

Lassance et al., “Representing Deep Neural Networks Latent Space Geometries with Graphs ”, Algorithms, 2021



A.3. Graph regularization for dealing with noisy labels 
• Main challenge: Binary classification with noisy labels 


• Proposed approach (DynGLR): A two step learning process

- Graph learning: extract deep feature maps and learn a graph that maximizes/

minimizes similarity between two nodes that have same/opposite labels (G-Net)

- Classifier learning: alternate between refining the graph (H-Net) and restoring 

the corrupted classifier signal (W-Net) through graph Laplacian regularization 
(GLR)
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Experimental validation 
• Classification error curves for different levels of noisy labels


- Phoneme: contains nasal and oral sounds

- CIFAR-10: subselection of two classes, airplane and ship 


• Introducing GLR is beneficial especially in the high noise regime 

10
Ye et al., “Robust Deep Graph Based Learning for Binary Classification” IEEE Tans. on Sign. and Inform. 
Process. over Net. 2020



A.4. Graph regularization for zero shot learning 
• Zero shot learning: Exploit models trained with supervision, and 

some mapping to a semantic space, to recognise objects as belonging 
to classes with unseen examples during training


• Key assumption: Regularize the space of the continuous manifolds            
and the map between them by minimising the isoperimetric loss (IPL)  

11

Visual embeddings

Semantic embeddings
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Graph-based approximation of IPL 
• Isoperimetric loss (IPL): measures the flow through a closed 

neighborhood relative to the area of its boundary
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• A graph-based approximation of IPL: 

- Treat visual embeddings as vertices in a graph, with affinities as edges,                       

and visual-to-embedding map as a linear function on the graph


- Seek a non-parametric deformation represented by changes in the connectivity 
matrix, that minimises the IPL


- Approximate IPL loss by using spectral reduction: Spectral graph wavelets of 
the semantic embedding space  


- Construct a new graph based on the spectral embeddings


- Perform clustering to map clusters to labels

Graph-based approximation of IPL 
• Isoperimetric loss (IPL): measures the flow through a closed 

neighborhood relative to the area of its boundary
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Experimental validation
• Embeddings in AWA1


• IPL regularization generates more compact embeddings

• Error decrease of 9.8% and 44% for AWA1 and CUB dataset 


13

2D t-SNE, no IPL 2D t-SNE, with IPL

Deutch et al., “Zero shot learning with the isoperimetric loss”, AAAI, 2020



A.5. GSP for multi-task learning 
• Multi-task learning: Learn simultaneously several related tasks 


- Helps improve generalisation performance 


• Often data are collected in a distributed fashion

- Each node can communicate only with local neighbors to solve a task  

14

a) single task learning b) multi-task learning

Nassif et al., “Multi-task learning over graphs”, IEEE Signal Process. Mag., 2020



Spectral regularization for multi-task learning 
• The graph captures the correlation between the tasks, i.e., nodes of 

the graph 


• The goal of each node   is to compute the parameters that minimise 
an objective function 


• The relationship between the tasks can be exploited by imposing a 
regularization of the cost function on the task graph 


• Regularization examples:

- Smoothness of tasks in the graph 

- Graph spectral regularization

15
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Summary so far 
• Graphs can be used to capture hidden dependencies of any type of 

data 


• The domain of the graph is application specific 

- Latent space of features

- Manifold approximation 

- Distributed agents 


• GSP tools, and in particular, graph regularization help towards 
imposing desirable properties


- Better node embeddings

- Cleaner signals 

- More robust models

16



GSP for improving efficiency and robustness
A. Improvement on data efficiency and robustness 


C. Improvement on computational efficiency
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B. Robustness against topological noise
• In the context of graph-structured data, stability can be defined with 

respect to perturbation to the underlying topology 
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B. Robustness against topological noise
• In the context of graph-structured data, stability can be defined with 

respect to perturbation to the underlying topology 
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Why is it important?

• noisy/unreliable 

graph 

• adversaries

• transferability

• changes through 

time
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B.1. Stability of graph filters

Levie et al., “On the transferability of spectral graph filters,” SampTA, 2019.



Stability of graph filters

20Kenlay et al., “On the stability of polynomial spectral graph filters,” ICASSP, 2020.



B.2. Stability of graph neural networks

21
Gama et al., “Stability properties of graph neural networks,” IEEE TSP, 2020.

Ruiz et al., “Graph neural networks: Architectures, stability, and transferability,” Proceedings of the IEEE, 2021.



Stability of graph neural networks

22
Gama et al., “Stability properties of graph neural networks,” IEEE TSP, 2020.

Ruiz et al., “Graph neural networks: Architectures, stability, and transferability,” Proceedings of the IEEE, 2021.



Stability of graph neural networks
• Perturbations that do not modify the degree distribution of the graph 

23Kenlay et al., “On the stability of graph convolutional neural networks under edge rewiring,” ICASSP, 2021.

• stability under double-edge rewiring



B.3. Interpretable stability bounds

24Kenlay et al., “Interpretable stability bounds for spectral graph filters,” ICML, 2021.

PGD

Edge addition
Edge deletion

Robust PGD

Edge addition
Edge deletion

Robust

• how does stability depend on topological properties of 
perturbation?

BA graph 3-regular graph



B.3. Interpretable stability bounds

24Kenlay et al., “Interpretable stability bounds for spectral graph filters,” ICML, 2021.

PGD

Edge addition
Edge deletion

Robust PGD

Edge addition
Edge deletion

Robust

• how does stability depend on topological properties of 
perturbation?

• spectral graph filters are most stable if

- adding or deleting edges between high degree nodes

- not perturbing too much around any one node

BA graph 3-regular graph



B.4. Robustness beyond stability
• GSP in the presence of topological uncertainty (more in part III) [2, 4]

• Filters on stochastic time-evolving graphs [1]

• Stochastic graph filters built on sequence of randomly perturbed 

graphs [3]

25

[1] Isufi et al., “Filtering random graph processes over random time-varying graphs,” IEEE TSP, 2017.

[2] Ceci and Barbarossa, “Graph signal processing in the presence of topology uncertainties,” IEEE TSP, 2020.

[3] Gao et al., “Stochastic graph neural networks,” ICASSP, 2020.

[4] Miettinen et al., “Modelling graph errors: Towards robust graph signal processing,” arXiv, 2020.
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C. Improvement on computational complexity
• Many ML algorithms require a large amount of resources (i.e., space, 

runtime, communication) for their computation 


- Eigendecomposition of a large matrix is expensive

- Training and deploying GNNs remains challenging due to high memory 

consumption and inference latency 

27

https://en.wikipedia.org/wiki/Social_network_analysis



C. Improvement on computational complexity
• Many ML algorithms require a large amount of resources (i.e., space, 

runtime, communication) for their computation 


- Eigendecomposition of a large matrix is expensive

- Training and deploying GNNs remains challenging due to high memory 

consumption and inference latency 

27

Can we use the graph structure and classical GSP operators to 
alleviate some of these issues?

https://en.wikipedia.org/wiki/Social_network_analysis



C.1. Complexity of spectral clustering
• Spectral clustering : Given a graph     capturing the structure of    

data points, find the partition of the nodes into     clusters


• Algorithm: Given the graph Laplacian matrix 

- Compute the first     eigenvectors

- Compute the embedding of each node     in       :

- Run K-Means with Euclidean distance on the embeddings                                

to compute the clusters


• Bottlenecks: When           are large

- Computing the eigendecomposition is expensive

- The complexity of K-means is high    

28
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N
<latexit sha1_base64="YMl63/TQai6qmJHmFj6L7Gqyfns=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbASbBMwHJEfY28wla/b2jt09IRz5BTYWitj6k+z8N26SKzTxwcDjvRlm5gWJ4Nq47rezsrq2vrFZ2Cpu7+zu7ZcODps6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN1O/dYTKs1j+WDGCfoRHUgeckaNler3vVLZrbgzkGXi5aQMOWq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mhE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6dekzxUyI8aWUKa4vZWwIVWUGZtN0YbgLb68TJrnFe+y4tYvytWbPI4CHMMJnIEHV1CFO6hBAxggPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGhiYzN</latexit>

K

Data points Graph structure Detected clusters
<latexit sha1_base64="4WCNov6V0zGqZSoHlnZclCgpAcI=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbCwsEjAfkBxhbzOXrNnbO3b3hHDkF9hYKGLrT7Lz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmYau4vbO7t186OGzqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ79VtPqDSP5YMZJ+hHdCB5yBk1Vqrf90plt+LOQJaJl5My5Kj1Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aHTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpl+TPlfIjBhbQpni9lbChlRRZmw2RRuCt/jyMmmeV7zLilu/KFdv8jgKcAwncAYeXEEV7qAGDWCA8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wejDYzO</latexit>

L
<latexit sha1_base64="aVetB5EXBB9JZ00ye6Q1GtusioY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljwInhpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGvf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd11xG1flWjWPowCncAYX4MEN1OAO6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AKBVjMk=</latexit>

K
<latexit sha1_base64="npjqqTLsIfJNa+vNNy/pUjoUBC0=">AAACA3icbZDLSsNAFIYnXtt6i7oR3QwWwUUJSUHsRii6EbqpYNNCG8JkOmmHTi7MTIQaCt34Km5cKMWtL+FO8GGctF1o6w8DH/85hzPn92JGhTTNL21ldW19YzOXL2xt7+zu6fsHtogSjkkDRyziLQ8JwmhIGpJKRloxJyjwGGl6g5us3nwgXNAovJfDmDgB6oXUpxhJZbn6se3W4BVs265VgrZbLkHDMDKqOa5eNA1zKrgM1hyK1aPH7/x4cl139c9ON8JJQEKJGRKibZmxdFLEJcWMjAqdRJAY4QHqkbbCEAVEOOn0hhE8U04X+hFXL5Rw6v6eSFEgxDDwVGeAZF8s1jLzv1o7kX7FSWkYJ5KEeLbITxiUEcwCgV3KCZZsqABhTtVfIe4jjrBUsRVUCNbiyctglw3rwjDvrGK1AmbKgRNwCs6BBS5BFdyCOmgADMbgGbyCN+1Je9Em2vusdUWbzxyCP9I+fgCaLJdB</latexit>

VK = [V1, V2, ..., VK ]
<latexit sha1_base64="rQIWe/ZeKLEVmRNgWjZ+GiHG+l4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpjOgI1lAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznn+DFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPrid54x6lYpG41cMYvZD0BAsYJdpYVdHJF5yiM5W9DO4cClcf4+r3w/G40sl/trsRTUIUmnKiVMt1Yu2lRGpGOY5y7URhTOiA9LBlUJAQlZdOBx3Zp8bp2kEkzRPanrq/O1ISKjUMfVMZEt1Xi9nE/C9rJTooeSkTcaJR0NlHQcJtHdmTre0uk0g1HxogVDIzq037RBKqzW1y5gju4srLUD8vuhdFp+oWyiWYKQtHcAJn4MIllOEGKlADCgiP8Awv1p31ZL1ab7PSjDXvOYQ/st5/AJz5kTU=</latexit>n

<latexit sha1_base64="CgJ6ISMxcuZ4V82taY/EjRVO6ZA=">AAAB6nicbZDLSsNAFIZP6q1Gq1WXbgZLwVVJBLHLgiCCm4r2Am0ok+mkHTqZhLkIJfQR3LhQxK34ID6CO9/G6WWhrT8MfPz/Ocw5J0w5U9rzvp3c2vrG5lZ+293ZLeztFw8OmyoxktAGSXgi2yFWlDNBG5ppTtuppDgOOW2Fo8tp3nqgUrFE3OtxSoMYDwSLGMHaWnfN3k2vWPIq3kxoFfwFlGqFT1O+cj/qveJXt58QE1OhCcdKdXwv1UGGpWaE04nbNYqmmIzwgHYsChxTFWSzUSeobJ0+ihJpn9Bo5v7uyHCs1DgObWWM9VAtZ1Pzv6xjdFQNMiZSo6kg848iw5FO0HRv1GeSEs3HFjCRzM6KyBBLTLS9jmuP4C+vvArNs4p/XvFu/VKtCnPl4RhO4BR8uIAaXEMdGkBgAI/wDC8Od56cV+dtXppzFj1H8EfO+w+DVZAu</latexit>

VK

<latexit sha1_base64="t3o3FSibv3vdoC4tdqDAt3NQYR8=">AAACAHicbVDLSsNAFJ3UV62vqqCgm8EquCqJIHYjFNwIbio0baGJYTKZtEMnkzAzEUroxu9w58aFIm7Fr3DnHwj+hNPHQlsPXDiccy/33uMnjEplmp9Gbm5+YXEpv1xYWV1b3yhubjVknApMbByzWLR8JAmjnNiKKkZaiSAo8hlp+r2Lod+8JULSmNdVPyFuhDqchhQjpSWvuOskXepxeA5t7+qmDp2AMIU87ZTMsjkCnCXWhJSqe99f7zv3hzWv+OEEMU4jwhVmSMq2ZSbKzZBQFDMyKDipJAnCPdQhbU05ioh0s9EDA3iklQCGsdDFFRypvycyFEnZj3zdGSHVldPeUPzPa6cqrLgZ5UmqCMfjRWHKoIrhMA0YUEGwYn1NEBZU3wpxFwmElc6soEOwpl+eJY2TsnVaNq+tUrUCxsiDfXAAjoEFzkAVXIIasAEGA/AAnsCzcWc8Gi/G67g1Z0xmtsEfGG8/NR+ZMg==</latexit>

�n = UT
K�n

von Luxburg, “A tutorial on spectral clustering”, Statistics and Computing, 2007

<latexit sha1_base64="yQD8RvOSbjQEP7ARDyGpNHI6280=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIogcPBS+CIBVMW2hD2Ww37dLdTdjdCCX0N3jxoIhXf5A3/42bNgdtfTDweG+GmXlhwpk2rvvtLC2vrK6tlzbKm1vbO7uVvf2mjlNFqE9iHqt2iDXlTFLfMMNpO1EUi5DTVji6yf3WE1WaxfLRjBMaCDyQLGIEGyv596fortyrVN2aOwVaJF5BqlCg0at8dfsxSQWVhnCsdcdzExNkWBlGOJ2Uu6mmCSYjPKAdSyUWVAfZ9NgJOrZKH0WxsiUNmqq/JzIstB6L0HYKbIZ63svF/7xOaqKrIGMySQ2VZLYoSjkyMco/R32mKDF8bAkmitlbERlihYmx+eQhePMvL5LmWc27qLkP59X6dRFHCQ7hCE7Ag0uowy00wAcCDJ7hFd4c6bw4787HrHXJKWYO4A+czx8wGo2Z</latexit>

N,K
<latexit sha1_base64="m1Kucc5AEjVEMHBGxL3IlDwNbe8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD14KHgRBK1gP6CNZbPdtEs3m7i7EUron/DiQRGv/h1v/hs3bQ7a+mDg8d4MM/O8iDOlbfvbyi0tr6yu5dcLG5tb2zvF3b2mCmNJaIOEPJRtDyvKmaANzTSn7UhSHHictrzRZeq3nqhULBT3ehxRN8ADwXxGsDZS+7Z8c/1QPS70iiW7Yk+BFomTkRJkqPeKX91+SOKACk04Vqrj2JF2Eyw1I5xOCt1Y0QiTER7QjqECB1S5yfTeCToySh/5oTQlNJqqvycSHCg1DjzTGWA9VPNeKv7ndWLtn7sJE1GsqSCzRX7MkQ5R+jzqM0mJ5mNDMJHM3IrIEEtMtIkoDcGZf3mRNKsV57Ri352UahdZHHk4gEMogwNnUIMrqEMDCHB4hld4sx6tF+vd+pi15qxsZh/+wPr8Af2ujps=</latexit>

O(NK
2)

<latexit sha1_base64="m1Kucc5AEjVEMHBGxL3IlDwNbe8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD14KHgRBK1gP6CNZbPdtEs3m7i7EUron/DiQRGv/h1v/hs3bQ7a+mDg8d4MM/O8iDOlbfvbyi0tr6yu5dcLG5tb2zvF3b2mCmNJaIOEPJRtDyvKmaANzTSn7UhSHHictrzRZeq3nqhULBT3ehxRN8ADwXxGsDZS+7Z8c/1QPS70iiW7Yk+BFomTkRJkqPeKX91+SOKACk04Vqrj2JF2Eyw1I5xOCt1Y0QiTER7QjqECB1S5yfTeCToySh/5oTQlNJqqvycSHCg1DjzTGWA9VPNeKv7ndWLtn7sJE1GsqSCzRX7MkQ5R+jzqM0mJ5mNDMJHM3IrIEEtMtIkoDcGZf3mRNKsV57Ri352UahdZHHk4gEMogwNnUIMrqEMDCHB4hld4sx6tF+vd+pi15qxsZh/+wPr8Af2ujps=</latexit>

O(NK
2)

<latexit sha1_base64="p5bpnj8sJcLrP380zrfcvO5JfnM=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcKFlpih2IxR04bKCvUBnGDJp2oYmmSHJCGXapRtfxY0LRdz6CO58G9NpF9r6Q+DjP+dwcv4wZlRpx/m2ckvLK6tr+fXCxubW9o69u9dQUSIxqeOIRbIVIkUYFaSuqWakFUuCeMhIMxxcT+rNByIVjcS9HsbE56gnaJdipI0V2Ic3QSpO+RheQW/kxX0aCHgGM+DeKCgHdtEpOZngIrgzKIKZaoH95XUinHAiNGZIqbbrxNpPkdQUMzIueIkiMcID1CNtgwJxovw0O2QMj43Tgd1Imic0zNzfEyniSg15aDo50n01X5uY/9Xaie5W/JSKONFE4OmibsKgjuAkFdihkmDNhgYQltT8FeI+kghrk13BhODOn7wIjXLJvSg5d+fFamUWRx4cgCNwAlxwCargFtRAHWDwCJ7BK3iznqwX6936mLbmrNnMPvgj6/MHt/GYew==</latexit>

Dn,m = k�n � �mk2



Compressive spectral clustering 
• A GSP perspective


- Computation of eigenvectors is bypassed by filtering random graph signals 

- K-means is performed on a subset of randomly selected nodes

- The cluster centers of the whole graph are interpolated


• Algorithm: 

- Estimate      from

- Generate    random graph signals in matrix

- Filter them with a polynomial filter        , i.e.,                            

- If 

- Draw randomly                       sample nodes, and run K-means to obtain cluster 

centers

- Interpolate the centers by exploiting the sampling theory of bandlimited graph 

signals 

29

<latexit sha1_base64="oZ9+8Oq+F9d+NMa1aTxqVSN5Wdo=">AAAB+nicbVDLSgMxFM3UV62vqV26CZaCqzIjiF0W3AjdVLAP6Awlk2ba0GQyJBm1jN35G25cKOLWb/AD3OkH+AV+gOljoa0HLhzOuZd77wliRpV2nA8rs7K6tr6R3cxtbe/s7tn5/aYSicSkgQUTsh0gRRiNSENTzUg7lgTxgJFWMDyb+K0rIhUV0aUexcTnqB/RkGKkjdS18xx6KI6luIE1j4k+rHXtolN2poDLxJ2TYrVQuvt++/qsd+13rydwwkmkMUNKdVwn1n6KpKaYkXHOSxSJER6iPukYGiFOlJ9OTx/DklF6MBTSVKThVP09kSKu1IgHppMjPVCL3kT8z+skOqz4KY3iRJMIzxaFCYNawEkOsEclwZqNDEFYUnMrxAMkEdYmrZwJwV18eZk0j8vuSdm5cIvVCpghCw7AITgCLjgFVXAO6qABMLgG9+ARPFm31oP1bL3MWjPWfKYA/sB6/QEs5pe5</latexit>

m ⇡ K logK

<latexit sha1_base64="BeWjLlkDkSsPlDgjnzrFa7oBMek=">AAAB8HicbVDLSgMxFL3js45Wqy7dBEvBVZkRxC4LgrisYB/SDiWTybShSWZIMkIZ+hVuXCjixoWf4Se4829MHwttPXDhcM653EeYcqaN5307a+sbm1vbhR13d6+4f1A6PGrpJFOENknCE9UJsaacSdo0zHDaSRXFIuS0HY6upn77gSrNEnlnxikNBB5IFjOCjZXue9xGI9wf9Utlr+rNgFaJvyDlevEzq1y7741+6asXJSQTVBrCsdZd30tNkGNlGOF04vYyTVNMRnhAu5ZKLKgO8tnCE1SxSoTiRNmSBs3U3x05FlqPRWiTApuhXvam4n9eNzNxLciZTDNDJZkPijOOTIKm16OIKUoMH1uCiWJ2V0SGWGFi7I9c+wR/+eRV0jqv+hdV79Yv12swRwFO4BTOwIdLqMMNNKAJBAQ8wjO8OMp5cl6dt3l0zVn0HMMfOB8/Qs+S8Q==</latexit>

�k
<latexit sha1_base64="vOjr189k79o/loNSrTdd5UoYf58=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpjOgI2FRQLmAskSZidnkzGzs8vMrBCWlFY2ForY+hSpfAg7n8GXcHIpNPrDwMf/n8Occ/yYM6Ud59PKLC2vrK5l13Mbm1vbO/ndvbqKEkmxRiMeyaZPFHImsKaZ5tiMJZLQ59jwB5eTvHGHUrFI3OhhjF5IeoIFjBJtrOp1J19wis5U9l9w51C4eB9Xv+4Px5VO/qPdjWgSotCUE6VarhNrLyVSM8pxlGsnCmNCB6SHLYOChKi8dDroyD42TtcOImme0PbU/dmRklCpYeibypDovlrMJuZ/WSvRQclLmYgTjYLOPgoSbuvInmxtd5lEqvnQAKGSmVlt2ieSUG1ukzNHcBdX/gv106J7VnSqbqFcgpmycABHcAIunEMZrqACNaCA8ABP8GzdWo/Wi/U6K81Y8559+CXr7RtpcZET</latexit>

L
<latexit sha1_base64="6wRg1FGqPupP4V/JYIbq3pYUego=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpjOgI1lAuYCSQizs2eTMbOzy8ysEJaUVjYWitj6FKl8CDufwZdwcik08YeBj/8/hznneDFnSjvOl5VZWV1b38hu5ra2d3b38vsHdRUlkmKNRjySTY8o5ExgTTPNsRlLJKHHseENrid54x6lYpG41cMYOyHpCRYwSrSxqn43X3CKzlT2MrhzKFx9jKvfD8fjSjf/2fYjmoQoNOVEqZbrxLqTEqkZ5TjKtROFMaED0sOWQUFCVJ10OujIPjWObweRNE9oe+r+7khJqNQw9ExlSHRfLWYT87+sleig1EmZiBONgs4+ChJu68iebG37TCLVfGiAUMnMrDbtE0moNrfJmSO4iysvQ/286F4UnapbKJdgpiwcwQmcgQuXUIYbqEANKCA8wjO8WHfWk/Vqvc1KM9a85xD+yHr/AY3RkSs=</latexit>

d
<latexit sha1_base64="FEFMRGFUIPT2A1P98ANRLhut344=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEq3AniAELAzZWEoP5gFwMe5u9ZMne3rG7J4TjQGz8KzYWitha2tv5H0Rs7N1LUmjig4HHezPMzHNDRqWyrHcjMzM7N7+QXcwtLa+srpnrGzUZRAKTKg5YIBoukoRRTqqKKkYaoSDIdxmpu/2T1K9fESFpwC/UICQtH3U59ShGSkttc7sCHcqh4yPVc724klzGZ46iPpGwk7TNvFWwhoDTxB6T/PHX5/fH9etRuW2+OZ0ARz7hCjMkZdO2QtWKkVAUM5LknEiSEOE+6pKmphzpPa14+EUCd7XSgV4gdHEFh+rviRj5Ug58V3em18pJLxX/85qR8oqtmPIwUoTj0SIvYlAFMI0EdqggWLGBJggLqm+FuIcEwkoHl9Mh2JMvT5PafsE+KFjndr5UBCNkwRbYAXvABoegBE5BGVQBBjfgDjyAR+PWuDeejOdRa8YYz2yCPzBefgBuLJ29</latexit>

R 2 RN⇥d

<latexit sha1_base64="yIDoSqdvoiJSnjW/5xIPnv8D0ww=">AAAB9HicbVDLSsNAFL3xWesr6krcDFbBVUkEscuCmy4r9AVtCJPJpB06mcSZSaGEfkc3LhRx68e482t0+lho64GBwznncu+cIOVMacf5sjY2t7Z3dgt7xf2Dw6Nj++S0pZJMEtokCU9kJ8CKciZoUzPNaSeVFMcBp+1g+DDz2yMqFUtEQ49T6sW4L1jECNZG8mp+3uMmHWJ/OPHtklN25kDrxF2SUvXc/p5e6Ubdtz97YUKymApNOFaq6zqp9nIsNSOcToq9TNEUkyHu066hAsdUefn86Am6NkqIokSaJzSaq78nchwrNY4Dk4yxHqhVbyb+53UzHVW8nIk001SQxaIo40gnaNYACpmkRPOxIZhIZm5FZIAlJtr0VDQluKtfXiet27J7V3Ye3VK1AgsU4AIu4QZcuIcq1KAOTSDwBFN4gVdrZD1bb9b7IrphLWfO4A+sjx/BTJUE</latexit>

H�k
<latexit sha1_base64="M7UJxrXa9rQ0ozD8JfmaZtBikVY="></latexit>

d ⇠ logN : D̃n,m = k�̃n � �̃mk2 ⇡ Dn,m

<latexit sha1_base64="uo8ko41WZwk0KTDgGyOy/wdcmIA=">AAACFHicbVBNS8NAEN34bf2KehIvi1VQhJIIoheh4MWjSqtCU8NmM7VLN5uwOxFK6I/woj/FiwdFvHrw5q/RbevBrwcDj/dmdmdelElh0PPenZHRsfGJyanp0szs3PyCu7h0ZtJcc6jzVKb6ImIGpFBQR4ESLjINLIkknEedw75/fg3aiFTVsJtBM2FXSrQEZ2il0N0OUMgYiiBri1D16AHdPAqLQNoXYhZ2eqdbl7UgBoksFKFb9ireAPQv8b9IubriftytY+04dN+COOV5Agq5ZMY0fC/DZsE0Ci6hVwpyAxnjHXYFDUsVS8A0i8FRPbphlZi2Um1LIR2o3ycKlhjTTSLbmTBsm99eX/zPa+TY2m8WQmU5guLDj1q5pJjSfkI0Fho4yq4ljGthd6W8zTTjaHMs2RD83yf/JWc7FX+34p345eo+GWKKrJI1skl8skeq5Igckzrh5Ibck0fy5Nw6D86z8zJsHXG+ZpbJDzivnyyqoTE=</latexit>

�̃n = (H�kR)T �i

<latexit sha1_base64="oZ9+8Oq+F9d+NMa1aTxqVSN5Wdo=">AAAB+nicbVDLSgMxFM3UV62vqV26CZaCqzIjiF0W3AjdVLAP6Awlk2ba0GQyJBm1jN35G25cKOLWb/AD3OkH+AV+gOljoa0HLhzOuZd77wliRpV2nA8rs7K6tr6R3cxtbe/s7tn5/aYSicSkgQUTsh0gRRiNSENTzUg7lgTxgJFWMDyb+K0rIhUV0aUexcTnqB/RkGKkjdS18xx6KI6luIE1j4k+rHXtolN2poDLxJ2TYrVQuvt++/qsd+13rydwwkmkMUNKdVwn1n6KpKaYkXHOSxSJER6iPukYGiFOlJ9OTx/DklF6MBTSVKThVP09kSKu1IgHppMjPVCL3kT8z+skOqz4KY3iRJMIzxaFCYNawEkOsEclwZqNDEFYUnMrxAMkEdYmrZwJwV18eZk0j8vuSdm5cIvVCpghCw7AITgCLjgFVXAO6qABMLgG9+ARPFm31oP1bL3MWjPWfKYA/sB6/QEs5pe5</latexit>

m ⇡ K logK
<latexit sha1_base64="/pkZg139wkTKS2wSw3fmzSav9qo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KKERBS7EQpuBDcV7APSNExuJ+3QyYOZiVBKN/6KGxeKuPUz3Pk3TtsstPXAhcM593LvPUHKmVS2/W0UVlbX1jeKm6Wt7Z3dPXP/oCmTTABtQMIT0Q6IpJzFtKGY4rSdCkqigNNWMLyZ+q1HKiRL4gc1SqkXkX7MQgZEack3j6Ar8DV2wXe6omJZVgX8u67wfLNsW/YMeJk4OSmjHHXf/Or0EsgiGivgRErXsVPljYlQDDidlDqZpCmBIelTV9OYRFR649kDE3yqlR4OE6ErVnim/p4Yk0jKURTozoiogVz0puJ/npupsOqNWZxmisYwXxRmHKsET9PAPSYoKD7ShIBg+lYMAyIIKJ1ZSYfgLL68TJrnlnNp2fcX5Vo1j6OIjtEJOkMOukI1dIvqqIEATdAzekVvxpPxYrwbH/PWgpHPHKI/MD5/AJsklHU=</latexit>
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c̃j = arg min
cj2RN

kMcj � crjk22 + �cTj g(L)cj

Trembley et al., “Compressing spectral clustering”, ICML, 2016
Trembley et al., “Approximating spectral clustering by sampling: A review”, Sampling Techniques for Supervised 
or Unsupervised Tasks, Springer  2020



C.2. Adaptive filters and per-node weighting in GNN

30Tailor et al., “Adaptive filters and aggregator fusion for efficient graph convolutions,” arXiv, 2021.



Adaptive filters and per-node weighting in GNN

31

• Operations can be computed with the standard compressed 
sparse row (CSR) algorithm (SpMM)


• Lower memory consumption (no message materialisation)

Graph attention network Efficient graph convolution

• Requires only           memory 
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O(N)



C.3. Scalable inception graph network

32Frasca et al., “SIGN: Scalable inception graph neural networks,” ICML Workshop, 2020.



Scalable inception graph network

33Frasca et al., “SIGN: Scalable inception graph neural networks,” ICML Workshop, 2020.



Take home message: 

GSP for robustness and efficiency 

34

  

… for MLGSP Tools …

Graph signal regularization 

Graph filtering 

Graph interpolation 

Graph based transforms 

Diffusion operators 

Better embeddings 

Higher classification accuracy in noisy settings

Less complex GNNs

Faster approximation of eigendecomposition 

Stability with respect to topological noise 



Outline

35

• Brief introduction to graph signal processing (GSP)

• Key GSP tools for machine learning

• Challenge I: GSP for exploiting data structure

• Challenge II: GSP for improving efficiency and robustness

• Challenge III: GSP for enhancing model interpretability

• Applications

• Summary, open challenges, and new perspectives
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GSP for enhancing interpretability 
A. Domain specific: Extract relevant knowledge from data


- A.1. Signal analysis: Use GSP to reveal interpretable features

- A.2. Structure inference: Use GSP to learn interpretable structures  
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B. Model specific: Improve our understanding of ML models

- B.1. Understanding the expressive power of GNNs

- B.2. A posteriori interpretation of DNN
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A.1. Extracting domain knowledge 
• Graph based transforms have been successful in domain specific 

knowledge discovery


• In neuroscience, GSP tools have been used to improve our 
understanding of the biological mechanisms underlying human 
cognition and brain disorders 


• Analysis in the spectral domain reveals the variation of signals on the 
anatomical network 

37

[Fig. from Huang’18]



A.1.1. GSP for understanding cognitive flexibility 
• Cognitive flexibility describes the human ability to switch between 

modes of mental function

• Clarifying the nature of cognitive flexibility is critical to understand the 

human mind

• GSP provides a framework for integrating brain network structure, 

function, and cognitive measures

• It allows to decompose each BOLD signal into aligned and liberal 

components 

38

Medaglia et al., “Functional Alignment with Anatomical Networks is Associated with Cognitive Flexibility”, Nat. 
Hum. Behav., 2018



BOLD signal alignment across the brain
• Functional alignment with anatomical networks facilitates cognitive 

flexibility (lower switch costs)

- Liberal signals are concentrated in subcortical regions and cingulate cortices

- Aligned signals are concentrated in subcortical, default mode, fronto-patietal, 

and cingulo-opercular systems 

39

BOLD signals White matter 

network

Decomposition of the signals into aligned 
and liberal using GFT 



A.1.2. Structural decoupling index
• Ratio of liberal versus aligned energy in a specific node

• Spatial organization of regions according to decoupling index reveals 

behaviourally relevant gradient  

40

Preti and Van De Ville., “Decoupling of brain function from structure reveals regional behavioral specialization in 
humans”, Nat. Comm., 2019

Structurally coupled regions:

Sensory regions 

Structurally decoupled regions:

Higher-level cognitive regions 



A.1.3. Understanding ASD through GSP
• Predict Autism Spectrum Disorder (ASD) by exploiting structural and 

functional information

• Discriminative patterns are extracted in the graph Fourier domain

• Frequency signatures are defined as the variability over time of graph 

Fourier modes 

41

Itani and Thanou, “Combining anatomical and functional networks for neuropathology identification: A case study 
on autism spectrum disorder”, Medical Image Analysis, 2021



Interpretable and discriminative features 

• Neurotypical patients express a predominant activity in the parieto-
occipital regions


• ASD patients express high level of activity in the pronto-temporal 
areas 

42

Neurotypical patients ASD patients 



A.2. Structure inference 
• Given observations on a number of variables, and some prior 

knowledge (distribution, model, constraints), learn a measure of 
relations between them


43

v1
v2

graph signal

?
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graph signal

?

How to infer interpretable structure from data?




GSP for structure inference

44

= X

D(G)y x

given    and   , infer     and xGy D

Dong et al., “Learning graphs from data: A signal representation perspective,” IEEE SPM, 2019.

Mateos et al., “Connecting the dots: Identifying network structure via graph signal processing,” IEEE SPM, 2019.



GSP for structure inference

44

= X

D(G)y x

given    and   , infer     and xGy D

D: smoothness

Dong et al., “Learning graphs from data: A signal representation perspective,” IEEE SPM, 2019.

Mateos et al., “Connecting the dots: Identifying network structure via graph signal processing,” IEEE SPM, 2019.



GSP for structure inference

44

= X

D(G)y x

given    and   , infer     and xGy D

D

D

: smoothness

: diffusion

Dong et al., “Learning graphs from data: A signal representation perspective,” IEEE SPM, 2019.

Mateos et al., “Connecting the dots: Identifying network structure via graph signal processing,” IEEE SPM, 2019.



GSP for structure inference

44

= X

D(G)y x

given    and   , infer     and xGy D

D

D

: smoothness

: diffusion

! Examples of signal graph models:

! Smoothness:

! Diffusion: 


D(G) = �

D(G) = e�⌧L

Dong et al., “Learning graphs from data: A signal representation perspective,” IEEE SPM, 2019.

Mateos et al., “Connecting the dots: Identifying network structure via graph signal processing,” IEEE SPM, 2019.



A.2.1 Imposing domain specific priors
• Leads to more interpretable structures 


- Genes are typically clustered into pathways 

- Bipartite graph structure is more probable for drug discovery


• Example of spatial and spectral constraints:

- K-component graph


- Connected sparse graph


- K-connected d-regular graph


- Cospectral graph 

45Kumar et al., “Structured Graph Learning via Laplacian Spectral Constraints”, NeurIPS, 2019
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Illustrative example
• Animals dataset


• Imposing components leads to more semantically meaningful graphs

46

Graphical LASSO 1-component 5-component



A.2.2. Learning product graphs
• Cartesian product graphs are useful to explain complex relationships 

in multi-domain graph data 

47
Kadambari and Chepuri, “Product graph learning from multi-domain data with sparsity and rank constraints,” arXiv, 2020.

• learning graph factors with rank constraints

exact decomposition approximate decomposition



Multi-view object clustering 
• COIL-20 dataset:


- 10 objects            Object graph of 10 nodes  

- Rotation every 10 degrees: 36 views/image            View graph with 36 nodes

48

Object graph and its connected components

View graph and its connected components
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B.1. A GSP perspective on the expressive power of 
GNNs
• A spectral analysis of GNNs provides a complementary point of view 

to classical Weisfeiler-Lehman (WL) test


• One step further in explaining GNNs


• A common framework for spectral and spatial GNNs


• The frequency profile is defined as:

50

<latexit sha1_base64="R+daTkd8jiY//nqGu65hJqkih0s=">AAACHnicbVDLSgMxFM3UV62vUZdugkVoUcqMWNSFUOimywr2AW0tmTRtQ5PMkGSEMsyXuPFX3LhQRHClf2Nm2oW2Xgj3cM653NzjBYwq7TjfVmZldW19I7uZ29re2d2z9w+ayg8lJg3sM1+2PaQIo4I0NNWMtANJEPcYaXmTaqK3HohU1Bd3ehqQHkcjQYcUI22ovl2u3UcFduoWY3gDu4qOOCp0Vcj7kYqrRlJGSC2mt5J+Zphi3847JSctuAzcOciDedX79md34OOQE6ExQ0p1XCfQvQhJTTEjca4bKhIgPEEj0jFQIE5UL0rPi+GJYQZw6EvzhIYp+3siQlypKfeMkyM9VotaQv6ndUI9vOpFVAShJgLPFg1DBrUPk6zggEqCNZsagLCk5q8Qj5FEWJtEcyYEd/HkZdA8L7nlknN7ka9cz+PIgiNwDArABZegAmqgDhoAg0fwDF7Bm/VkvVjv1sfMmrHmM4fgT1lfP2XFoCY=</latexit>

H
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X

s

C
(s)

H
(l)
W

(l,s))

Convolution support 
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Frequency support of well known architectures

51
Balcilar et al., Analyzing the expressive power of graph neural networks in a spectral perspective, ICLR 2021
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Frequency profiles of known GNNs

52

(i) first 5 ChebNet supports (ii) first 7 CayleyNet supports 

(iii) GCN frequency profiles (iv) GIN on 1D



B.2. A posteriori interpretation of learning architectures 
• Hypothesis: Identify relative change in model’s prediction


• Model Analysis and Reasoning using Graph-based Interpretability: 

- Construct a domain (for interpretability) graph

- Define an explanation function at the nodes of the graph

- Choose the influential nodes by applying a high pass graph filtering

- Generate explanations by determining influential nodes on the graph 

53Anirudh et al., MARGIN: Uncovering Deep Neural Networks Using Graph Signal Analysis, Frontiers in Big Data, 2021
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I(i) = kf �Afk22, 8i 2 V



Explanations for image classification (I)
• Nodes of the graph: superpixels from images

• Graph edges: relative importance of each superpixel 

• Explanation: ratio between size of superpixel corresponding to the 

node and the size of the largest superpixel 
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Explanations for image classification (II)

55

Original image

MARGIN

Grad-CAM



Interpreting decision boundaries 
• Use MARGIN to identify samples that are likely to be misclassified


- Nodes: embeddings of each sample 

- Edges: similarity between embeddings

- Explanation function: local label agreement 
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Take home message: 

GSP for interpretability
• Interpreting the data


- Graph-based transforms reveal new and interpretable features 


- Integrating them into a machine learning framework leads to more accurate and 
interpretable models


- Imposing application-related constraints in topology inference algorithms 
generates interpretable structures


• Interpreting the models  


- Analysing the spectral behaviour of GNNs provides insights on their expressive 
power


- GSP operators contribute towards the a posteriori interpretation of learning 
architectures 
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Summary 
• GSP has shown promising results towards improving different aspects 

of classical ML algorithms

- Robustness to noisy and limited data

- Robustness to topological noise

- Data and model interpretability


• Presented works are indicative only and non-exhaustive


• Plenty of room for exciting research!
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