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Deep learning on

graphs

Feature maps
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Feature extraction »

Convolutional layers

- Output signals

e.g. labels

Graph coarsening
3. Sub-sampling
4. Pooling
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Deep learning vs Bayesian modelling

e Limitations of deep learning

- do not usually incorporate prior knowledge

- need large amount of training samples

- produce point estimate without uncertainty

e Advantages of Bayesian modelling

- incorporate prior knowledge about data

- can be more sample efficient

- produce uncertainty
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| ecture 4

e Gaussian processes on graphs
e Bayesian optimisation of graph-based functions

e Discussion
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Gaussian processes

covariance
mean
(kernel)

prior:  f(z) ~ GP(u(x), k(z,2"))

Rasmussen and Williams, “Gaussian processes for machine learning,” MIT Press, 2006. 6/44



Gaussian processes

Posterior

e e
prior:  f(x) ~ GP(u(z), k(z,z")) (Kij = k(zi, ;) :
K, = ( k(ajhx*)?”' ,k'(ZUN,QU*) )T

K K

P(Y ) ~N(0O '
<y> N( ’ [ K, K. ] ) &K** = k(@2 4

posterior: P(y.ly) ~N (KK 'y, K,, - K/K 'K,)

Rasmussen and Williams, “Gaussian processes for machine learning,” MIT Press, 2006. 6/44



Gaussian processes

Posterior Prediction with Uncertainty

covariance
(kernel)

prior:  f(2) ~ GP(u(w), k(z,2") (K, = :
Yy K K, K, =(k(z,z.), -, k(zy,z) )T
P(y*> N(O, [ K*T K., ] ) kK** = /C(x*,x*) j

posterior: P(y.ly) ~N (KK 'y, K,, - K/K 'K,)

mean

k($i, in)

Rasmussen and Williams, “Gaussian processes for machine learning,” MIT Press, 2006. 6/44



Gaussian processes

e Example kernels

RBF KERNEL PERIODIC LINEAR
t—t'||? 2 sin? (w|t—t’ 2 2 /
o2 exp (_ I 2lzll ) o2 exp (_ sin (7rl|2 \/p)) ol +a*(t—c)(t' —c)

https: //distill.pub/2019 /visual-exploration-gaussian-processes/ 7/44


https://distill.pub/2019/visual-exploration-gaussian-processes/

GPs on graphs?

(a) Gaussian process on RP

Opolka and Lio, “Graph convolutional Gaussian processes for link prediction,” ICML Workshop, 2020. 8/44



GPs on graphs?

(a) Gaussian process on RP (b) Gaussian process over V

Opolka and Lio, “Graph convolutional Gaussian processes for link prediction,” ICML Workshop, 2020. 8/44



GPs on graphs?

(a) Gaussian process on RP (b) Gaussian process over V

requires definition of kernels on graphs

Opolka and Lio, “Graph convolutional Gaussian processes for link prediction,” ICML Workshop, 2020. 8/44



Reproducing Kernel Hilbert Space

original space feature space

d:x— k(-,x)
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Reproducing Kernel Hilbert Space

original space feature space

example
|- TN
(I)(gjz) — k(,ﬂﬁz) — 6:13]?(_ 952 )
(z;) =k(,xj) = ex (_H°—$jH2) M
J »] P 202 Ly Ly k(5 z) k(- xj)
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Reproducing Kernel Hilbert Space

.CD r — k(-
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Reproducing Kernel Hilbert Space

D : x%k

- vector space:  f(+) = Zai@ i)
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Reproducing Kernel Hilbert Space

D : x%k

- vector space:  f(:) = Zaz‘@(%)

- inner product: ((I)(xi),g(xj»f = (k(-,24), k(-,25)) 7 = k(5 25)
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Reproducing Kernel Hilbert Space

d:x— k(-,x)

>

- vector space:  f(-) = a;®(x;)
1=1
- inner product: (®(z;), ®(x;)) » = (k(-,2:),k(-, 2;)) 7 := k(zs, ;)

- make it complete to obtain an RKHS

10/44



Reproducing Kernel Hilbert Space

d:x— k(-,x)

>

- vector space:  f(-) = a;®(x;)

1=1
- inner product: (®(z;), ®(x;)) » = (k(-,2:),k(-, 2;)) 7 := k(zs, ;)
- make it complete to obtain an RKHS

reproducing property

(FO), @)y = (Y ik mi) k(@) = Y cik(w, x:) = f(x)
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Reproducing Kernel Hilbert Space

d:x— k(-,x)

>

- vector space:  f(:) = f:@z'q’(%)
- inner product: (@), 9(z;)) = (k(22), k(o a) - = k. 2,)
- make it complete to obtain an RKHS
reproducing property
(F(), @@))g = (O ik, @) k(- m))y = > cukl(a, 2:) = f(x)
- T [ sstenan= s
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Kernels on graphs

Laplace operator: A

J

QUIFN) = (Pf. Pf) = (f.r(A)f) = (f. f)n

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.
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Kernels on graphs

Laplace operator: A

J

QUIFN) = (Pf. Pf) = (f.r(A)f) = (f. f)n

examples: k() r(4)
1 , g% i
€xp (—Fﬂx—x ||2) ;74

1
exp (—;Hx—x'”) 1+0%A

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.
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Kernels on graphs

Laplace operator: A

J

QUIFN) = (Pf. Pf) = (f.r(A)f) = (f. f)n

examples: k() r(4)
1 , g% i
€xp (—mﬂx—x ||2) ;74

1
exp (—;Hx—x'”) 1+0%A

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

graph Laplacian: L

J
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Kernels on graphs

Laplace operator: A

J

QUIFN) = (Pf. Pf) = (f.r(A)f) = (f. f)n

examples: k() r(4)
1 , g% i
exp (= 5ol 1) >

1
exp (—;Hx—x'”) 1+0%A

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

graph Laplacian: L

J

takeaway
e kernel is function of graph Laplacian

e it depends on regularisation r

11/44



Kernels on graphs

4 4 4 4 4
3 3 1 3 {1 3 {1 3
2 {1 2 / 2 1 2 1 2
1 11 11 {1 1
0 - 0 - 0 : 0 : 0 :
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2

Fig. 1. Regularization function r()). From left to right: regularized Laplacian (¢ = 1),
diffusion process (02 = 1), one-step random walk (a = 2), 4-step random walk (a = 2),
inverse cosine.

r(A) =1+ 0\ K=(I+0¢%L)"! (Regularized Laplacian)
r(\) = exp (02/2)) K = exp(—0?/2L) (Diffusion Process)

r(A) = (al — )P with a > 2 » = (al — L)? with a > 2 (p-Step Random Walk)
r(\) = (cos A /4)~! K = cos Lm/4 (Inverse Cosine)

general form of K: Zr Dvivi = Ur {(A)UT = r Y1)

’L_

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003. 12/44



GPs on graphs vis spectra kernel learning

o
| |
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Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 13/44



GPs on graphs vis spectra kernel learning

Gt —

how to combine signal prior and graph information?

Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 13/44



GPs on graphs vis spectra kernel learning

signal model: vy, = Bf(x,) + €,

Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 14/44



GPs on graphs vis spectra kernel learning

signal model: vy, = Bf(x,) + €,

~

prior: y = Vec([yl, . ,yN]) Cov(y) = K® BB' + UEIMN

Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 14/44



GPs on graphs vis spectra kernel learning

signal model:

prior:

posterior:

Yn — Bf(xn) + €y

~

y =vec([y1,...,¥yn]) Cov(y) =K@ BB + oIy
v T T

P(PDNN@’ K ®BBT K.%BB
Y «

+ 0°1
K'®BB" K, @BBT| ¢ M(N“)>

Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 14/44



GPs on graphs vis spectra kernel learning

signal model:

prior:

posterior:

adaptive
spectral
kernel:

Yn — Bf(xn) + €y

~

y =vec([y1,...,¥yn]) Cov(y) =K@ BB + oIy

(o))~ (e

B = fo\g Q(Az)Vz'ViT — Q(LS) P
g(A) = Bo+ BiA+ -+ BpA" = B=) BL§

1=0

K®BB' K,®BBT
K' ® BBT K, ® BB’

+ OEQIM(N+1)>

Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 14/44



GPs on graphs vis spectra kernel learning

Synthetic data GFT coefficients
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Zhi et al., “Gaussian processes on graphs via spectral kernel learning,”

Scaled Polynomials
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IEEE TSIPN, 2023.




GPs on graphs vis spectra kernel learning
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Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 16/44



Multi-scale GPs on graphs

1.2
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multi-scale communities and graph signal

Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 17/44



Multi-scale GPs on graphs

Theory

Reinforcemen t Leamning
Genetic Algorithms
Neural Networks
Probabilistic Methods
Case Based

Rule Leamning

Ranked spectrum of Cora

rank index
(=)
w
o
o

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
eigenvalues

example: Cora graph and Laplacian spectrum

Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 18/44



Multi-scale GPs on graphs

signal model: f' = Ugg(A)UTf

Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 19/44



Multi-scale GPs on graphs

signal model: f' = Ugg(A)UTf

prior: Wy = Ugy (A)UT f ~GPpP (WemaWGKW;—)

Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 19/44



Multi-scale GPs on graphs

signal model: f = Ugy (A)UTf

prior: Wy = Ugg (A)UT f ~GP ng,WgKW;—
L
go(\) = ha(N) + D _ bs (N
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Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 19/44



Multi-scale GPs on graphs

1.000
0.9751
Method Cora Citeseer PubMed gz:z:
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Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 20/44



| ecture 4

e (aussian processes on graphs
e Bayesian optimisation of graph-based functions

e Discussion
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Graph structures are pervasive

b

chemical structure

computational architecture
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Graph-based functions are pervasive

e Graph-wise functions

Y
@ Skip
function: veracity of function: potential of function: test performance
information in original post molecule inhibiting bacteria of cell-based architecture
task: misinformation detection task: molecule discovery task: architecture search

23/44



Graph-based functions are pervasive

Node-wise functions

function: influencing power of
individuals
task: influence maximisation

function: infection time of
individuals

task: finding “patient zero”

function: criticality of road
junctions
task: resilience monitoring

24/44



Optimisation of graph-based functions

e Diverse problem formulations

- domain of function can be graphs, nodes or edges

e Search space is challenging

- discrete and combinatorial search space
- large number of candidates

- for node-wise functions, graph may not be directly observable
(e.g., epidemiological contact network, offline social network)

e Functions are often black-box and expensive to evaluate

- no analytical form or gradient information

- often requires simulation or real-world intervention

25/44



Optimisation of graph-based functions

e Diverse problem formulations

- domain of function can be graphs, nodes or edges

e Search space is challenging

- discrete and combinatorial search space
- large number of candidates

- for node-wise functions, graph may not be directly observable
(e.g., epidemiological contact network, offline social network)

e Functions are often black-box and expensive to evaluate

- no analytical form or gradient information

- often requires simulation or real-world intervention

Bayesian optimisation: natural choice, but how to apply in graph case?

25/44



Bayesian optimisation

—
-~
~~~
~
~
~

1. query function value at
p observation (1) . objective fn (f(-) Curl’ent|y Chosen p0|nt

V¥ acquisition max

2. fit surrogate model, e.g.,

T~_ /acquisition function (u(-))

t=3

Gaussian processes:

f(SC) ~ gP(,LL(CE), k(CC, $,))

3. use acquisition function to

/'\ find next query point, e.g.,

upper confidence bound:
aycs(7; B) = u(z) + Bo(z)

4. repeat steps 1-3 until query
_— posterior mean (1) budget exhausts

posterior uncertainty
(u(-) £o()) v

/\/\/
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BO for graph-based functions
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BO for graph-based functions

graph-wise function f(G)

27/44



BO for graph-based functions

B v

graph-wise function f(G) node-wise function f(v)
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Kernels for graph-based functions

e Graph-wise functions
- key is comparison between two graphs

- idea 1: embed graphs into vector space and use classical kernels
‘iz % - | C
I
= L(! \)
o Yol L

- idea 2: use graph kernels (e.g., via bag of structures or information propagation)

Borgwardt et al., “Graph kernels: State-of-the-art and future challenges,” Now Publishers, 2020. 28/44




Kernels for graph-based functions

e Node-wise functions
- key is comparison between two nodes in the graph

- idea 1: embed nodes in the graph into vector space and use classical kernels

N - E = k( ome, wa)

- idea 2: use kernels defined on graphs (e.g., functions of graph Laplacian)

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003. 29/44



Case 1: Neural architecture search

e Objective: search for effective cell-based neural architecture

Skip

Operation on nodes

G* = argmax f(G)

Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021.

Geg
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Case 1: Neural architecture search

s

@Initialisation @
\_ J

Arch A

Step 4 h=0 features 0
Dro(Arch A) 1

h=1features 5 6 7 8 9 10 11

2 3 4
3 1 1|%walArchA) 1.0 1 1 1 0 2
3 1 1|@wf(ArchA) 01 1 1 0 1 2

\ Dho(Arch B) 1

Fem e === == e e e e e e e e e e e e e e = ===

I h=0 features Iy s h=1 features [ ¢ I
1 @D Input Conv 1x1 || E] 1
11 M’

1 @) Conv 3x3 @) Output :I ‘ 1
| @Mavooiza || 70O (O=>T 100-6)

D

Methodology

e surrogate model: Gaussian
process via Weisfeiler-Lehman
graph kernel measuring
similarity between graphs

e candidate generation: mutation
algorithm

e acquisition function: expected
Improvement

Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021.
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Case 1: Neural architecture search

Algorithm 1 NAS-BOWL Algorithm.

l:

nral A NS

11;
13:
14:

15:
16:
17:
18:

Input: Maximum BO iterations 7', BO batch
size b, acquisition function «(-), initial ob-
served data on the target task Dy, Optional:
past-task query data Dpast and surrogate Spast
Output: The best architecture G7
Initialise the GPWL surrogate S with Dy
fort=1,...,7T do
Generate B candidate architectures G
{G+i}i=1 = argmaxgeg, a:(G|Di—1)
Evaluate their validation accuracy {y::}?_;

D+ Di—1 U ({Gri Yoy, {ys.i}iz1)
Update the surrogate S with D;

end for

Return the best architecture seen so far G7»

Methodology

surrogate model: Gaussian
process via Weisfeiler-Lehman
graph kernel measuring
similarity between graphs

candidate generation: mutation
algorithm

acquisition function: expected
Improvement

Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021.
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Case 1: Neural architecture search

7.0
6.8
566" 5 g 5
2 = ” =
Z60 2 E 2
5.8
25 50 75 100 125 25 50 75 100 125 %% s 715 100 125 T 25 50 75 100 125
Number of Architectures Evaluated Number of Architectures Evaluated Number of Architectures Evaluated Number of Architectures Evaluated
(a) N101 (b) N201(C-10) (c) N201(C-100) (d) N201(ImageNet)
7.0 30.5 56.0
30.0 55.5
29.5
55.0
5 5 5 20 5
5 5 5285 ) 5345
ke g, 8280 Bsa0
8.8 »q*ﬁ.:—:::;::;:: 273 3.5
8.6 21.0 53.0
8.4 e e o 26.5 = o = o e o o
2% 50 75 100 125 25 50 75 100 125 25 50 75 100 125 25 50 75 100 125
Number of Architectures Evaluated Number of Architectures Evaluated Number of Architectures Evaluated Number of Architectures Evaluated
(e) N101 (f) N201(C-10) (g) N201(C-100) (h) N201(ImageNet)
—+— NASBOWLmM  --+- BANANASr —v— BANANASm  —— regularized_evolution tpe —— smacho
-+~ NASBOWLr <o NASBOWLmM(TL) —— gcnbo — 1 random_search
Best motifs Worst motifs Best motifs Worst motifs

e 0 o9 0 ;’
® input ® dil_conv_3x3 ® sep_conv_3x3
® input ® nor_conv_1x1 © nor_conv_3x3 ® output @ dil_conv_5x5 sep_conv_5x5
® output ® avg_pool_3x3 ® avg_pool_3x3 ® max_pool_3x3 ® add

Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021. 32/44



Case 2: Adversarial attacks on graphs

e Objective: find perturbation most harmful to trained graph classifier

Wan et al.,

G* = argrélgg Lastack(fo(G),y)

Adversarial attacks on graph classifiers via Bayesian optimisation,” NeurlPS, 2021.
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Case 2: Adversarial attacks on graphs

e Methodology
- surrogate model: Bayesian linear regression with Weisfeiler-Lehman features
- candidate generation: mutation by edge edit distance 1 from current evaluation

- acquisition function: expected improvement

» Report attack failure or output
Query the trained victim Yes successful sample(s)
model fy for attack loss

P intiettel sttt % ' No | Lowaelfol 1 ).0)
4 \
! o / Perturbed graphs \ ' Targets of surrogate

1
. . : ’ - \ 4 - \
Base graph <\ / ' ( Surrogate )
, S\ o7 ) =@ (Bayesian linear regression)
N Y Feature extractor T _
/ - A / X I i e
1

WL.FeatureExtractJ Input(s) to surrogate

L Sy ———

' \ /,’ f e ( Generate new query)
R F----- ’ I perturbed graphs by
; maximising the )
: L acquisition functionJ

———————————————————

e T T T —

o e o e o - -

Wan et al., “Adversarial attacks on graph classifiers via Bayesian optimisation,” NeurlPS, 2021. 34/44



Case 2: Adversarial attacks on graphs

e Methodology
- surrogate model: Bayesian linear regression with Weisfeiler-Lehman features
- candidate generation: mutation by edge edit distance 1 from current evaluation

- acquisition function: expected improvement

Stage 7 Stage? + 1
; ) r(i)

g’gz) / gy = alglgg (Eattack(fa(gj ,y))) /

L e ) AT e P
0, 1(%) /(i) 1(i+1) 1(i+1 g/(igl)

g, | g I ng [ G [ G / [Z] |
/\ 0 | /1 e|.. ./ > LS 0. L A >
NG| &L T & 9 9 Q-

§ J \_ _J
Loss =-0.95 Loss = -0.65 Loss = -0.73 Loss = -0.42 Loss =-0.55 Loss = -1.04

Wan et al., “Adversarial attacks on graph classifiers via Bayesian optimisation,” NeurlPS, 2021.
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Case 2: Adversarial attacks on graphs
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Case 3: Identifying important nodes

e Objective: find node with maximum value of function on node set

v" = arg max f(v)
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Case 3: Identifying important nodes

e Methodology

- progressively sample subgraph on-the-fly

- surrogate model: Gaussian process via kernels measuring similarity between nodes

- acquisition function: expected improvement
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Case 3: Identifying important nodes

Methodology
- progressively sample subgraph on-the-fly
- surrogate model: Gaussian process via kernels measuring similarity between nodes

- acquisition function: expected improvement
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Case 3: Identifying important nodes
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Case 4: Identifying important node subsets

e Objective: find node subset with maximum value of function

Liang et al., “Bayesian optimization of functions over node subsets in graphs,” NeurlPS, 2024. 39/44



Case 4: Identifying important node subsets

e Methodology

- convert original graph into combo-graph where each node corresponds to a subset

- follow methodology in case 3
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@ center
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Case 4: Identifying important node subsets

e Methodology

- convert original graph into combo-graph where each node corresponds to a subset

- follow methodology in case 3
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Case 4: Identifying important node subsets

e Methodology

- convert original graph into combo-graph where each node corresponds to a subset

- follow methodology in case 3

(t-1) Initial combo-node
Di_, from restart or
last query
\
\ 9
\
A |
023
Combinatorial
Space
Original Space
~<2>
9

unexplored structure (O— explored structure @ queried combo-node
QO surrogate prediction @ next query

Liang et al., “Bayesian optimization of functions over node subsets in graphs,” NeurlPS, 2024. 40/44



Case 4: Identifying important node subsets

Flattening the curve; k =4

Flattening the curve; k = 8

Flattemng the curve; k =16

Flattening the curve; k = 32
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| ecture 4

e (aussian processes on graphs
e Bayesian optimisation of graph-based functions

e Discussion
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Discussion

e Combination of Bayesian and graph modelling
- Bayesian modelling provides probabilistic perspective

- graph modelling provides geometric perspective

e New and interesting problems
- Gaussian processes/uncertainty estimation on graphs
- optimisation of graph-based functions

- optimisation of graph structure for downstream tasks

e Open challenges
- computational complexity and scalability

- theoretical analysis
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