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Deep learning on graphs
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Deep learning vs Bayesian modelling
• Limitations of deep learning 

- do not usually incorporate prior knowledge 

- need large amount of training samples 

- produce point estimate without uncertainty 

• Advantages of Bayesian modelling 
- incorporate prior knowledge about data 

- can be more sample efficient 

- produce uncertainty

4
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Lecture 4
• Gaussian processes on graphs 

• Bayesian optimisation of graph-based functions 

• Discussion

5
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Gaussian processes

6

prior:
<latexit sha1_base64="MY/lwHb+MI7YQWm+3pTbwOqQH4I="></latexit>

f(x) ⇠ GP(µ(x), k(x, x0))

covariance 
(kernel)mean

Rasmussen and Williams, “Gaussian processes for machine learning,” MIT Press, 2006.
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Gaussian processes

6

prior:

posterior:

<latexit sha1_base64="MY/lwHb+MI7YQWm+3pTbwOqQH4I="></latexit>

f(x) ⇠ GP(µ(x), k(x, x0))
<latexit sha1_base64="fhhr68ni3bC+J5WQUR7X1uV+hzQ="></latexit>

K⇤ = ( k(x1, x⇤), · · · , k(xN , x⇤) )
T

<latexit sha1_base64="X3nZeXLDEEfKy8bo7xPy4ywR4Ps="></latexit>

K⇤⇤ = k(x⇤, x⇤)

<latexit sha1_base64="ek40uqTrHgeVjoxMvsYuyPvT/Rs=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoICURqW6EohvBTQX7gDaEyXTSTjt5MDPRlpCt/+Herf6CO3HbP/AznLRZ2NYDMxzOuZd773FCRoU0jImWW1ldW9/Ibxa2tnd29/T9g4YIIo5JHQcs4C0HCcKoT+qSSkZaISfIcxhpOsPb1G8+ES5o4D/KcUgsD/V86lKMpJJsHXY8JPuOG98ndkwHCbyGw1I8smlypv5BcmrrRaNsTAGXiZmRIshQs/WfTjfAkUd8iRkSom0aobRixCXFjCSFTiRIiPAQ9UhbUR95RFjx9JIEniilC92Aq+dLOFX/dsTIE2LsOaoy3Vsseqn4n9eOpHtlxdQPI0l8PBvkRgzKAKaxwC7lBEs2VgRhTtWuEPcRR1iq8OamkJFEnAfPIlHRmItBLJPGedmslCsPF8XqTRZSHhyBY1ACJrgEVXAHaqAOMHgBb+AdfGiv2qf2pX3PSnNa1nMI5qBNfgEQ7KPn</latexit>

Kij = k(xi, xj)

covariance 
(kernel)mean

Rasmussen and Williams, “Gaussian processes for machine learning,” MIT Press, 2006.
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Gaussian processes

6

prior:

posterior:

<latexit sha1_base64="MY/lwHb+MI7YQWm+3pTbwOqQH4I="></latexit>

f(x) ⇠ GP(µ(x), k(x, x0))
<latexit sha1_base64="fhhr68ni3bC+J5WQUR7X1uV+hzQ="></latexit>

K⇤ = ( k(x1, x⇤), · · · , k(xN , x⇤) )
T

<latexit sha1_base64="X3nZeXLDEEfKy8bo7xPy4ywR4Ps="></latexit>

K⇤⇤ = k(x⇤, x⇤)

<latexit sha1_base64="ek40uqTrHgeVjoxMvsYuyPvT/Rs=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoICURqW6EohvBTQX7gDaEyXTSTjt5MDPRlpCt/+Herf6CO3HbP/AznLRZ2NYDMxzOuZd773FCRoU0jImWW1ldW9/Ibxa2tnd29/T9g4YIIo5JHQcs4C0HCcKoT+qSSkZaISfIcxhpOsPb1G8+ES5o4D/KcUgsD/V86lKMpJJsHXY8JPuOG98ndkwHCbyGw1I8smlypv5BcmrrRaNsTAGXiZmRIshQs/WfTjfAkUd8iRkSom0aobRixCXFjCSFTiRIiPAQ9UhbUR95RFjx9JIEniilC92Aq+dLOFX/dsTIE2LsOaoy3Vsseqn4n9eOpHtlxdQPI0l8PBvkRgzKAKaxwC7lBEs2VgRhTtWuEPcRR1iq8OamkJFEnAfPIlHRmItBLJPGedmslCsPF8XqTRZSHhyBY1ACJrgEVXAHaqAOMHgBb+AdfGiv2qf2pX3PSnNa1nMI5qBNfgEQ7KPn</latexit>

Kij = k(xi, xj)

covariance 
(kernel)mean

Rasmussen and Williams, “Gaussian processes for machine learning,” MIT Press, 2006.
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Gaussian processes
• Example kernels

7https://distill.pub/2019/visual-exploration-gaussian-processes/

https://distill.pub/2019/visual-exploration-gaussian-processes/
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GPs on graphs?

8Opolka and Liò, “Graph convolutional Gaussian processes for link prediction,” ICML Workshop, 2020.
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GPs on graphs?

8Opolka and Liò, “Graph convolutional Gaussian processes for link prediction,” ICML Workshop, 2020.
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GPs on graphs?

8Opolka and Liò, “Graph convolutional Gaussian processes for link prediction,” ICML Workshop, 2020.

requires definition of kernels on graphs
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Reproducing Kernel Hilbert Space

9

�(xj) = k(·, xj)
� : x ! k(·, x)

...

�(xi) = k(·, xi)

...

xi
xj

F

original space feature space
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Reproducing Kernel Hilbert Space

9

�(xj) = k(·, xj)

�(xj) = k(·, xj) = exp(� || ·�xj ||2

2�2
)

� : x ! k(·, x)
...

�(xi) = k(·, xi)

...

xi
xj

F

xi xj k(·, xi) k(·, xj)

�(xi) = k(·, xi) = exp(� || ·�xi||2

2�2
)

original space feature space

example
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Reproducing Kernel Hilbert Space

10

� : x ! k(·, x)xi

xj

F

�(xi)
�(xj)
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Reproducing Kernel Hilbert Space

10

� : x ! k(·, x)xi

xj

F

�(xi)
�(xj)

f(·)

f(·) =
mX

i=1

↵i�(xi)- vector space:
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Reproducing Kernel Hilbert Space

10

� : x ! k(·, x)xi

xj

F

h�(xi),�(xj)iF = hk(·, xi), k(·, xj)iF := k(xi, xj)

�(xi)
�(xj)

f(·)

f(·) =
mX

i=1

↵i�(xi)- vector space:

- inner product:
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Reproducing Kernel Hilbert Space

10

� : x ! k(·, x)xi

xj

h�(xi),�(xj)iF = hk(·, xi), k(·, xj)iF := k(xi, xj)

�(xi)
�(xj)

f(·)

f(·) =
mX

i=1

↵i�(xi)- vector space:

- inner product:

- make it complete to obtain an RKHS

<latexit sha1_base64="EIK2kGnwq3ChNbYoIHre+sQyvGw=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GjK1TGdZdNNlBfuAdiiZNG1DM5Mhyahl6A+4d6u/4E7c+hf+gZ9hpq1gRQ9cOJxzL/feE8ScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHLSUSSWiTCC5kJ8CKchbRpmaa004sKQ4DTtvB5Crz27dUKiaiGz2NqR/iUcSGjGBtpG4vxHpMME/rs36xhGwPuRdlDyK7XEEuqhqCPMdFLnRsNEcJLNHoFz97A0GSkEaacKxU10Gx9lMsNSOczgq9RNEYkwke0a6hEQ6p8tP5yTN4ZpQBHAppKtJwrv6cSHGo1DQMTGd2ovrtZeJfXjfRQ89PWRQnmkZksWiYcKgFzP6HAyYp0XxqCCaSmVshGWOJiTYprWyh9xpLKe5UFs33//B/0irbjmu715VS7XIZUh6cgFNwDhxQBTVQBw3QBAQI8AiewLP1YL1Yr9bbojVnLWeOwQqs9y8XmpuM</latexit>

H
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Reproducing Kernel Hilbert Space

10

� : x ! k(·, x)xi

xj

h�(xi),�(xj)iF = hk(·, xi), k(·, xj)iF := k(xi, xj)

�(xi)
�(xj)

f(·)

hf(·),�(x)i
H

= h
mX

i=1

↵ik(·, xi), k(·, x)iH =
mX

i=1

↵ik(x, xi) = f(x)

f(·) =
mX

i=1

↵i�(xi)- vector space:

- inner product:

- make it complete to obtain an RKHS

reproducing property

<latexit sha1_base64="EIK2kGnwq3ChNbYoIHre+sQyvGw=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GjK1TGdZdNNlBfuAdiiZNG1DM5Mhyahl6A+4d6u/4E7c+hf+gZ9hpq1gRQ9cOJxzL/feE8ScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHLSUSSWiTCC5kJ8CKchbRpmaa004sKQ4DTtvB5Crz27dUKiaiGz2NqR/iUcSGjGBtpG4vxHpMME/rs36xhGwPuRdlDyK7XEEuqhqCPMdFLnRsNEcJLNHoFz97A0GSkEaacKxU10Gx9lMsNSOczgq9RNEYkwke0a6hEQ6p8tP5yTN4ZpQBHAppKtJwrv6cSHGo1DQMTGd2ovrtZeJfXjfRQ89PWRQnmkZksWiYcKgFzP6HAyYp0XxqCCaSmVshGWOJiTYprWyh9xpLKe5UFs33//B/0irbjmu715VS7XIZUh6cgFNwDhxQBTVQBw3QBAQI8AiewLP1YL1Yr9bbojVnLWeOwQqs9y8XmpuM</latexit>

H
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Reproducing Kernel Hilbert Space

10

� : x ! k(·, x)xi

xj

h�(xi),�(xj)iF = hk(·, xi), k(·, xj)iF := k(xi, xj)

�(xi)
�(xj)

f(·)

hf(·),�(x)i
H

= h
mX

i=1

↵ik(·, xi), k(·, x)iH =
mX

i=1

↵ik(x, xi) = f(x)

f(·) =
mX

i=1

↵i�(xi)- vector space:

- inner product:

- make it complete to obtain an RKHS

reproducing property

<latexit sha1_base64="EIK2kGnwq3ChNbYoIHre+sQyvGw=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GjK1TGdZdNNlBfuAdiiZNG1DM5Mhyahl6A+4d6u/4E7c+hf+gZ9hpq1gRQ9cOJxzL/feE8ScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHLSUSSWiTCC5kJ8CKchbRpmaa004sKQ4DTtvB5Crz27dUKiaiGz2NqR/iUcSGjGBtpG4vxHpMME/rs36xhGwPuRdlDyK7XEEuqhqCPMdFLnRsNEcJLNHoFz97A0GSkEaacKxU10Gx9lMsNSOczgq9RNEYkwke0a6hEQ6p8tP5yTN4ZpQBHAppKtJwrv6cSHGo1DQMTGd2ovrtZeJfXjfRQ89PWRQnmkZksWiYcKgFzP6HAyYp0XxqCCaSmVshGWOJiTYprWyh9xpLKe5UFs33//B/0irbjmu715VS7XIZUh6cgFNwDhxQBTVQBw3QBAQI8AiewLP1YL1Yr9bbojVnLWeOwQqs9y8XmpuM</latexit>

H

<latexit sha1_base64="GP/dIyZkzo1yM9WOViz29mgoXlE="></latexit>Z
f(t)�(x, t)dt = f(x)
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Kernels on graphs

11

<latexit sha1_base64="XoMTC3KDuf2N8OGRTpy8XIGu4bA=">AAACA3icbVC7TsNAEDzzDOEVoKSxiJCoIhuhQBkBBWWQyENKrOh8WSdHzj7rbg1EVkp6WvgFOkTLh/AHfAaXxAVJGGml0cyudnf8WHCNjvNtLS2vrK6t5zbym1vbO7uFvf26loliUGNSSNX0qQbBI6ghRwHNWAENfQENf3A19hsPoDSX0R0OY/BC2ot4wBlFI9Xb1yCQdgpFp+RMYC8SNyNFkqHaKfy0u5IlIUTIBNW65ToxeilVyJmAUb6daIgpG9AetAyNaAjaSyfXjuxjo3TtQCpTEdoT9e9ESkOth6FvOkOKfT3vjcX/vFaCwYWX8ihOECI2XRQkwkZpj1+3u1wBQzE0hDLFza0261NFGZqAZrbAE1Kl5KMemWjc+SAWSf205JZL5duzYuUyCylHDskROSEuOScVckOqpEYYuScv5JW8Wc/Wu/VhfU5bl6xs5oDMwPr6BWW5mOc=</latexit>

�Laplace operator: 

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

<latexit sha1_base64="Y1WIgV+H+jhFquZNmOAKXnajNbo="></latexit>

⌦(kfk2) = hPf, Pfi := hf, r(�)fi = hf, fiH

<latexit sha1_base64="79yGf24lnSFue3IHvAW48ZdL4V8="></latexit>

hf(·), k(·, x)iH = hf(·), r(�)k(·, x)i = f(x)

<latexit sha1_base64="+151JgONDQZCmHgAqDoFLat403g=">AAACEXicbVDLSgNBEJyNr/he49HLYBDiwbArol4EUQ+ClwhGA8kaZiedZMjsg5leTVj2K7x71V/wJl79Av/Az3ASczBqQUNR1U015cdSaHScDys3NT0zO5efX1hcWl5ZtdcK1zpKFIcqj2Skaj7TIEUIVRQooRYrYIEv4cbvnQ79mztQWkThFQ5i8ALWCUVbcIZGatqFC3pE1W2642alxhlIZNtNu+iUnRHoX+KOSZGMUWnan41WxJMAQuSSaV13nRi9lCkUXEK20Eg0xIz3WAfqhoYsAO2lo98zumWUFm1HykyIdKT+vEhZoPUg8M1mwLCrf3tD8T+vnmD70EtFGCcIIf8OaieSYkSHRdCWUMBRDgxhXAnzK+VdphhHU9dECvSRKRXd68xU4/4u4i+53i27++X9y73i8cm4pDzZIJukRFxyQI7JOamQKuGkTx7JE3m2HqwX69V6+17NWeObdTIB6/0L9wKczw==</latexit>

K = r�1(�)
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Kernels on graphs

11

<latexit sha1_base64="XoMTC3KDuf2N8OGRTpy8XIGu4bA=">AAACA3icbVC7TsNAEDzzDOEVoKSxiJCoIhuhQBkBBWWQyENKrOh8WSdHzj7rbg1EVkp6WvgFOkTLh/AHfAaXxAVJGGml0cyudnf8WHCNjvNtLS2vrK6t5zbym1vbO7uFvf26loliUGNSSNX0qQbBI6ghRwHNWAENfQENf3A19hsPoDSX0R0OY/BC2ot4wBlFI9Xb1yCQdgpFp+RMYC8SNyNFkqHaKfy0u5IlIUTIBNW65ToxeilVyJmAUb6daIgpG9AetAyNaAjaSyfXjuxjo3TtQCpTEdoT9e9ESkOth6FvOkOKfT3vjcX/vFaCwYWX8ihOECI2XRQkwkZpj1+3u1wBQzE0hDLFza0261NFGZqAZrbAE1Kl5KMemWjc+SAWSf205JZL5duzYuUyCylHDskROSEuOScVckOqpEYYuScv5JW8Wc/Wu/VhfU5bl6xs5oDMwPr6BWW5mOc=</latexit>

�Laplace operator: 

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

<latexit sha1_base64="Y1WIgV+H+jhFquZNmOAKXnajNbo="></latexit>

⌦(kfk2) = hPf, Pfi := hf, r(�)fi = hf, fiH

<latexit sha1_base64="79yGf24lnSFue3IHvAW48ZdL4V8="></latexit>

hf(·), k(·, x)iH = hf(·), r(�)k(·, x)i = f(x)

<latexit sha1_base64="+151JgONDQZCmHgAqDoFLat403g=">AAACEXicbVDLSgNBEJyNr/he49HLYBDiwbArol4EUQ+ClwhGA8kaZiedZMjsg5leTVj2K7x71V/wJl79Av/Az3ASczBqQUNR1U015cdSaHScDys3NT0zO5efX1hcWl5ZtdcK1zpKFIcqj2Skaj7TIEUIVRQooRYrYIEv4cbvnQ79mztQWkThFQ5i8ALWCUVbcIZGatqFC3pE1W2642alxhlIZNtNu+iUnRHoX+KOSZGMUWnan41WxJMAQuSSaV13nRi9lCkUXEK20Eg0xIz3WAfqhoYsAO2lo98zumWUFm1HykyIdKT+vEhZoPUg8M1mwLCrf3tD8T+vnmD70EtFGCcIIf8OaieSYkSHRdCWUMBRDgxhXAnzK+VdphhHU9dECvSRKRXd68xU4/4u4i+53i27++X9y73i8cm4pDzZIJukRFxyQI7JOamQKuGkTx7JE3m2HqwX69V6+17NWeObdTIB6/0L9wKczw==</latexit>

K = r�1(�)

examples:
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Kernels on graphs

11

<latexit sha1_base64="XoMTC3KDuf2N8OGRTpy8XIGu4bA=">AAACA3icbVC7TsNAEDzzDOEVoKSxiJCoIhuhQBkBBWWQyENKrOh8WSdHzj7rbg1EVkp6WvgFOkTLh/AHfAaXxAVJGGml0cyudnf8WHCNjvNtLS2vrK6t5zbym1vbO7uFvf26loliUGNSSNX0qQbBI6ghRwHNWAENfQENf3A19hsPoDSX0R0OY/BC2ot4wBlFI9Xb1yCQdgpFp+RMYC8SNyNFkqHaKfy0u5IlIUTIBNW65ToxeilVyJmAUb6daIgpG9AetAyNaAjaSyfXjuxjo3TtQCpTEdoT9e9ESkOth6FvOkOKfT3vjcX/vFaCwYWX8ihOECI2XRQkwkZpj1+3u1wBQzE0hDLFza0261NFGZqAZrbAE1Kl5KMemWjc+SAWSf205JZL5duzYuUyCylHDskROSEuOScVckOqpEYYuScv5JW8Wc/Wu/VhfU5bl6xs5oDMwPr6BWW5mOc=</latexit>

�Laplace operator: 

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

<latexit sha1_base64="Y1WIgV+H+jhFquZNmOAKXnajNbo="></latexit>

⌦(kfk2) = hPf, Pfi := hf, r(�)fi = hf, fiH

<latexit sha1_base64="79yGf24lnSFue3IHvAW48ZdL4V8="></latexit>

hf(·), k(·, x)iH = hf(·), r(�)k(·, x)i = f(x)

<latexit sha1_base64="+151JgONDQZCmHgAqDoFLat403g=">AAACEXicbVDLSgNBEJyNr/he49HLYBDiwbArol4EUQ+ClwhGA8kaZiedZMjsg5leTVj2K7x71V/wJl79Av/Az3ASczBqQUNR1U015cdSaHScDys3NT0zO5efX1hcWl5ZtdcK1zpKFIcqj2Skaj7TIEUIVRQooRYrYIEv4cbvnQ79mztQWkThFQ5i8ALWCUVbcIZGatqFC3pE1W2642alxhlIZNtNu+iUnRHoX+KOSZGMUWnan41WxJMAQuSSaV13nRi9lCkUXEK20Eg0xIz3WAfqhoYsAO2lo98zumWUFm1HykyIdKT+vEhZoPUg8M1mwLCrf3tD8T+vnmD70EtFGCcIIf8OaieSYkSHRdCWUMBRDgxhXAnzK+VdphhHU9dECvSRKRXd68xU4/4u4i+53i27++X9y73i8cm4pDzZIJukRFxyQI7JOamQKuGkTx7JE3m2HqwX69V6+17NWeObdTIB6/0L9wKczw==</latexit>

K = r�1(�)

graph Laplacian: L

<latexit sha1_base64="olDP5FvzJHR0qg0Ch4lHqL9rJQs="></latexit>

hPf, Pfi := hf, r(L)fi = hf, fiH

<latexit sha1_base64="t4Jp+hcMqTUZw4ZeWHDljd02buM="></latexit>

hf(·), k(·, v)iH = hf(·), r(L)k(·, v)i = f(v)

<latexit sha1_base64="wMEH985y40+aX202nfn3V+18My4=">AAACCnicbVDLSgMxFM34rPVVdekmWIS6sMyIVDdC0Y2giwr2Ae1YMmmmDc0kY5JRyzB/4N6t/oI7cetP+Ad+hmk7C9t64MLhnHs5l+OFjCpt29/W3PzC4tJyZiW7ura+sZnb2q4pEUlMqlgwIRseUoRRTqqaakYaoSQo8Bipe/2LoV9/IFJRwW/1ICRugLqc+hQjbST3Cp5BeRcfOknh+qCdy9tFewQ4S5yU5EGKSjv30+oIHAWEa8yQUk3HDrUbI6kpZiTJtiJFQoT7qEuahnIUEOXGo6cTuG+UDvSFNMM1HKl/L2IUKDUIPLMZIN1T095Q/M9rRto/dWPKw0gTjsdBfsSgFnDYAOxQSbBmA0MQltT8CnEPSYS16WkihTxpJKV4VImpxpkuYpbUjopOqVi6Oc6Xz9OSMmAX7IECcMAJKINLUAFVgME9eAGv4M16tt6tD+tzvDpnpTc7YALW1y+BeZpy</latexit>

K = r�1(L)

examples:
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Kernels on graphs

11

<latexit sha1_base64="XoMTC3KDuf2N8OGRTpy8XIGu4bA=">AAACA3icbVC7TsNAEDzzDOEVoKSxiJCoIhuhQBkBBWWQyENKrOh8WSdHzj7rbg1EVkp6WvgFOkTLh/AHfAaXxAVJGGml0cyudnf8WHCNjvNtLS2vrK6t5zbym1vbO7uFvf26loliUGNSSNX0qQbBI6ghRwHNWAENfQENf3A19hsPoDSX0R0OY/BC2ot4wBlFI9Xb1yCQdgpFp+RMYC8SNyNFkqHaKfy0u5IlIUTIBNW65ToxeilVyJmAUb6daIgpG9AetAyNaAjaSyfXjuxjo3TtQCpTEdoT9e9ESkOth6FvOkOKfT3vjcX/vFaCwYWX8ihOECI2XRQkwkZpj1+3u1wBQzE0hDLFza0261NFGZqAZrbAE1Kl5KMemWjc+SAWSf205JZL5duzYuUyCylHDskROSEuOScVckOqpEYYuScv5JW8Wc/Wu/VhfU5bl6xs5oDMwPr6BWW5mOc=</latexit>

�Laplace operator: 

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

<latexit sha1_base64="Y1WIgV+H+jhFquZNmOAKXnajNbo="></latexit>

⌦(kfk2) = hPf, Pfi := hf, r(�)fi = hf, fiH

<latexit sha1_base64="79yGf24lnSFue3IHvAW48ZdL4V8="></latexit>

hf(·), k(·, x)iH = hf(·), r(�)k(·, x)i = f(x)

<latexit sha1_base64="+151JgONDQZCmHgAqDoFLat403g=">AAACEXicbVDLSgNBEJyNr/he49HLYBDiwbArol4EUQ+ClwhGA8kaZiedZMjsg5leTVj2K7x71V/wJl79Av/Az3ASczBqQUNR1U015cdSaHScDys3NT0zO5efX1hcWl5ZtdcK1zpKFIcqj2Skaj7TIEUIVRQooRYrYIEv4cbvnQ79mztQWkThFQ5i8ALWCUVbcIZGatqFC3pE1W2642alxhlIZNtNu+iUnRHoX+KOSZGMUWnan41WxJMAQuSSaV13nRi9lCkUXEK20Eg0xIz3WAfqhoYsAO2lo98zumWUFm1HykyIdKT+vEhZoPUg8M1mwLCrf3tD8T+vnmD70EtFGCcIIf8OaieSYkSHRdCWUMBRDgxhXAnzK+VdphhHU9dECvSRKRXd68xU4/4u4i+53i27++X9y73i8cm4pDzZIJukRFxyQI7JOamQKuGkTx7JE3m2HqwX69V6+17NWeObdTIB6/0L9wKczw==</latexit>

K = r�1(�)

graph Laplacian: L

<latexit sha1_base64="olDP5FvzJHR0qg0Ch4lHqL9rJQs="></latexit>

hPf, Pfi := hf, r(L)fi = hf, fiH

<latexit sha1_base64="t4Jp+hcMqTUZw4ZeWHDljd02buM="></latexit>

hf(·), k(·, v)iH = hf(·), r(L)k(·, v)i = f(v)

<latexit sha1_base64="wMEH985y40+aX202nfn3V+18My4=">AAACCnicbVDLSgMxFM34rPVVdekmWIS6sMyIVDdC0Y2giwr2Ae1YMmmmDc0kY5JRyzB/4N6t/oI7cetP+Ad+hmk7C9t64MLhnHs5l+OFjCpt29/W3PzC4tJyZiW7ura+sZnb2q4pEUlMqlgwIRseUoRRTqqaakYaoSQo8Bipe/2LoV9/IFJRwW/1ICRugLqc+hQjbST3Cp5BeRcfOknh+qCdy9tFewQ4S5yU5EGKSjv30+oIHAWEa8yQUk3HDrUbI6kpZiTJtiJFQoT7qEuahnIUEOXGo6cTuG+UDvSFNMM1HKl/L2IUKDUIPLMZIN1T095Q/M9rRto/dWPKw0gTjsdBfsSgFnDYAOxQSbBmA0MQltT8CnEPSYS16WkihTxpJKV4VImpxpkuYpbUjopOqVi6Oc6Xz9OSMmAX7IECcMAJKINLUAFVgME9eAGv4M16tt6tD+tzvDpnpTc7YALW1y+BeZpy</latexit>

K = r�1(L)

examples: takeaway 

• kernel is function of graph Laplacian 

• it depends on regularisation r
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Kernels on graphs

12Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

general form of K:
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GPs on graphs vis spectra kernel learning

13Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023.
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GPs on graphs vis spectra kernel learning

13Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023.

how to combine signal prior and graph information?
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GPs on graphs vis spectra kernel learning

14Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023.

signal model:
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GPs on graphs vis spectra kernel learning

14Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023.

signal model:

posterior:

prior:

adaptive  
spectral  
kernel:
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15Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023.
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GPs on graphs vis spectra kernel learning

16Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023.
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Multi-scale GPs on graphs

17Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022.

multi-scale communities and graph signal
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Multi-scale GPs on graphs

18Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022.

example: Cora graph and Laplacian spectrum
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Multi-scale GPs on graphs

19Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022.

signal model:
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signal model:

prior:
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Multi-scale GPs on graphs

20Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022.

predictive performance and variance (uncertainty)
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Lecture 4
• Gaussian processes on graphs 

• Bayesian optimisation of graph-based functions 

• Discussion

21
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Graph structures are pervasive

22

social network transportation infrastructure

computational architecturechemical structure
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Graph-based functions are pervasive
• Graph-wise functions

23

function: veracity of 
information in original post 
task: misinformation detection

function: potential of 
molecule inhibiting bacteria 
task: molecule discovery

function: test performance 
of cell-based architecture 
task: architecture search
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Graph-based functions are pervasive
• Node-wise functions

24

function: infection time of 
individuals 
task: finding “patient zero”

function: influencing power of 
individuals 
task: influence maximisation

function: criticality of road 
junctions 
task: resilience monitoring
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Optimisation of graph-based functions
• Diverse problem formulations 

- domain of function can be graphs, nodes or edges 

• Search space is challenging 
- discrete and combinatorial search space 

- large number of candidates 

- for node-wise functions, graph may not be directly observable                      
(e.g., epidemiological contact network, offline social network) 

• Functions are often black-box and expensive to evaluate 
- no analytical form or gradient information 

- often requires simulation or real-world intervention

25
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- no analytical form or gradient information 

- often requires simulation or real-world intervention

25

Bayesian optimisation: natural choice, but how to apply in graph case?
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Bayesian optimisation

26

1. query function value at 
currently chosen point 

2. fit surrogate model, e.g., 
Gaussian processes: 

3. use acquisition function to 
find next query point, e.g., 
upper confidence bound: 

4. repeat steps 1-3 until query 
budget exhausts

<latexit sha1_base64="L+UDy+A4rSHuEoi1j47sMCEGcwI="></latexit>

aUCB(x;�) = u(x) + ��(x)
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BO for graph-based functions

27
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BO for graph-based functions

27

graph-wise function
<latexit sha1_base64="j9XZDduTTFUnZRyRft/vybI4GCk=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LLnRZwT6gDWUynbRDJzNhZqKW0JV7t/oL7sStX+If+BkmbRa29cCFwzn3cu89XsiZNrb9beVWVtfWN/Kbha3tnd294v5BU8tIEdogkkvV9rCmnAnaMMxw2g4VxYHHacsbXad+64EqzaS4N+OQugEeCOYzgk0q+eWb016xZFfsKdAycTJSggz1XvGn25ckCqgwhGOtO44dGjfGyjDC6aTQjTQNMRnhAe0kVOCAajee3jpBJ4nSR75USQmDpurfiRgHWo8DL+kMsBnqRS8V//M6kfEv3ZiJMDJUkNkiP+LISJQ+jvpMUWL4OCGYKJbcisgQK0xMEs/cFvpksFLyUU+SaJzFIJZJ86ziVCvVu/NS7SoLKQ9HcAxlcOACanALdWgAgSG8wCu8Wc/Wu/Vhfc5ac1Y2cwhzsL5+AQq7l4s=</latexit>

f(G)
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BO for graph-based functions

27

graph-wise function
<latexit sha1_base64="j9XZDduTTFUnZRyRft/vybI4GCk=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LLnRZwT6gDWUynbRDJzNhZqKW0JV7t/oL7sStX+If+BkmbRa29cCFwzn3cu89XsiZNrb9beVWVtfWN/Kbha3tnd294v5BU8tIEdogkkvV9rCmnAnaMMxw2g4VxYHHacsbXad+64EqzaS4N+OQugEeCOYzgk0q+eWb016xZFfsKdAycTJSggz1XvGn25ckCqgwhGOtO44dGjfGyjDC6aTQjTQNMRnhAe0kVOCAajee3jpBJ4nSR75USQmDpurfiRgHWo8DL+kMsBnqRS8V//M6kfEv3ZiJMDJUkNkiP+LISJQ+jvpMUWL4OCGYKJbcisgQK0xMEs/cFvpksFLyUU+SaJzFIJZJ86ziVCvVu/NS7SoLKQ9HcAxlcOACanALdWgAgSG8wCu8Wc/Wu/Vhfc5ac1Y2cwhzsL5+AQq7l4s=</latexit>

f(G) node-wise function
<latexit sha1_base64="Vk9BV+di4Pkk4ecojgxWgQNgJ98=">AAACAXicbVDLTsJAFL3FF+ILdelmIjHBDWmNQZdENy4xkUcCDZkOU5gw7TQzU5Q0rNy71V9wZ9z6Jf6Bn+EUuhDwJDc5Oefe3HuPF3GmtG1/W7m19Y3Nrfx2YWd3b/+geHjUVCKWhDaI4EK2PawoZyFtaKY5bUeS4sDjtOWNblO/NaZSMRE+6ElE3QAPQuYzgnUq+eXxea9Ysiv2DGiVOBkpQYZ6r/jT7QsSBzTUhGOlOo4daTfBUjPC6bTQjRWNMBnhAe0YGuKAKjeZ3TpFZ0bpI19IU6FGM/XvRIIDpSaBZzoDrIdq2UvF/7xOrP1rN2FhFGsakvkiP+ZIC5Q+jvpMUqL5xBBMJDO3IjLEEhNt4lnYQp80llI8qqmJxlkOYpU0LypOtVK9vyzVbrKQ8nACp1AGB66gBndQhwYQGMILvMKb9Wy9Wx/W57w1Z2Uzx7AA6+sXVjCXug==</latexit>

f(v)
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Kernels for graph-based functions
• Graph-wise functions 

- key is comparison between two graphs 

- idea 1: embed graphs into vector space and use classical kernels 

- idea 2: use graph kernels (e.g., via bag of structures or information propagation)

28Borgwardt et al., “Graph kernels: State-of-the-art and future challenges,” Now Publishers, 2020.

(                  ,                   )
<latexit sha1_base64="5wN1eQ//lewmltNkGVhQBhZnOXk=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cEzAOSJcxOepMhszPLzKwaloB3r/oL3sSrv+If+BlOkj2YxIKGoqqb7q4g5kwb1/12ciura+sb+c3C1vbO7l5x/6ChZaIo1KnkUrUCooEzAXXDDIdWrIBEAYdmMLyd+M0HUJpJcW9GMfgR6QsWMkqMlWrDbrHklt0p8DLxMlJCGard4k+nJ2kSgTCUE63bnhsbPyXKMMphXOgkGmJCh6QPbUsFiUD76fTQMT6xSg+HUtkSBk/VvxMpibQeRYHtjIgZ6EVvIv7ntRMTXvspE3FiQNDZojDh2Eg8+Rr3mAJq+MgSQhWzt2I6IIpQY7OZ2wJPhiglH/XYRuMtBrFMGmdl77J8UTsvVW6ykPLoCB2jU+ShK1RBd6iK6ogiQC/oFb05z8678+F8zlpzTjZziObgfP0CriCW2Q==</latexit>

k

(   ,   )
<latexit sha1_base64="5wN1eQ//lewmltNkGVhQBhZnOXk=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cEzAOSJcxOepMhszPLzKwaloB3r/oL3sSrv+If+BlOkj2YxIKGoqqb7q4g5kwb1/12ciura+sb+c3C1vbO7l5x/6ChZaIo1KnkUrUCooEzAXXDDIdWrIBEAYdmMLyd+M0HUJpJcW9GMfgR6QsWMkqMlWrDbrHklt0p8DLxMlJCGard4k+nJ2kSgTCUE63bnhsbPyXKMMphXOgkGmJCh6QPbUsFiUD76fTQMT6xSg+HUtkSBk/VvxMpibQeRYHtjIgZ6EVvIv7ntRMTXvspE3FiQNDZojDh2Eg8+Rr3mAJq+MgSQhWzt2I6IIpQY7OZ2wJPhiglH/XYRuMtBrFMGmdl77J8UTsvVW6ykPLoCB2jU+ShK1RBd6iK6ogiQC/oFb05z8678+F8zlpzTjZziObgfP0CriCW2Q==</latexit>
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(                  ,                   )

Kernels for graph-based functions
• Node-wise functions 

- key is comparison between two nodes in the graph 

- idea 1: embed nodes in the graph into vector space and use classical kernels 

- idea 2: use kernels defined on graphs (e.g., functions of graph Laplacian)

29Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

(        ,        )
<latexit sha1_base64="5wN1eQ//lewmltNkGVhQBhZnOXk=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cEzAOSJcxOepMhszPLzKwaloB3r/oL3sSrv+If+BlOkj2YxIKGoqqb7q4g5kwb1/12ciura+sb+c3C1vbO7l5x/6ChZaIo1KnkUrUCooEzAXXDDIdWrIBEAYdmMLyd+M0HUJpJcW9GMfgR6QsWMkqMlWrDbrHklt0p8DLxMlJCGard4k+nJ2kSgTCUE63bnhsbPyXKMMphXOgkGmJCh6QPbUsFiUD76fTQMT6xSg+HUtkSBk/VvxMpibQeRYHtjIgZ6EVvIv7ntRMTXvspE3FiQNDZojDh2Eg8+Rr3mAJq+MgSQhWzt2I6IIpQY7OZ2wJPhiglH/XYRuMtBrFMGmdl77J8UTsvVW6ykPLoCB2jU+ShK1RBd6iK6ogiQC/oFb05z8678+F8zlpzTjZziObgfP0CriCW2Q==</latexit>

k
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Case 1: Neural architecture search
• Objective: search for effective cell-based neural architecture

30

<latexit sha1_base64="KMEjM1+rnlI5H0ny+fBdjGGm/Mg="></latexit>

G⇤ = argmax
G2G

f(G)

Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021.
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Case 1: Neural architecture search

31

Methodology 

• surrogate model: Gaussian 
process via Weisfeiler-Lehman 
graph kernel measuring 
similarity between graphs 

• candidate generation: mutation 
algorithm 

• acquisition function: expected 
improvement

Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021.
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Case 1: Neural architecture search

32Ru et al., “Interpretable neural architecture search via Bayesian optimisation with Weisfeiler-Lehman kernels,” ICLR, 2021.
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Case 2: Adversarial attacks on graphs
• Objective: find perturbation most harmful to trained graph classifier

33

<latexit sha1_base64="kiX6xSeaprKt2x9ieC4JeKJibXU="></latexit>

G⇤ = argmax
G2G

Lattack(f✓(G), y)

Wan et al., “Adversarial attacks on graph classifiers via Bayesian optimisation,” NeurIPS, 2021.



/44

Case 2: Adversarial attacks on graphs
• Methodology 

- surrogate model: Bayesian linear regression with Weisfeiler-Lehman features 

- candidate generation: mutation by edge edit distance 1 from current evaluation 

- acquisition function: expected improvement

34Wan et al., “Adversarial attacks on graph classifiers via Bayesian optimisation,” NeurIPS, 2021.
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Case 2: Adversarial attacks on graphs

35

PROTEINS+GCN: clustered adversarial perturbationIMDB-B+GCN: modify/destroy communitiesTwitter+GCN: attack low-degree nodes

Wan et al., “Adversarial attacks on graph classifiers via Bayesian optimisation,” NeurIPS, 2021.
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Case 3: Identifying important nodes
• Objective: find node with maximum value of function on node set

36

<latexit sha1_base64="3GKoAbJik/wKMZsCfpXT/qTVg/0="></latexit>

v⇤ = argmax
v2V

f(v)

Wan et al., “Bayesian optimisation of functions on graphs,” NeurIPS, 2023.
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Case 3: Identifying important nodes
• Methodology 

- progressively sample subgraph on-the-fly 

- surrogate model: Gaussian process via kernels measuring similarity between nodes 

- acquisition function: expected improvement

37Wan et al., “Bayesian optimisation of functions on graphs,” NeurIPS, 2023.
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Case 3: Identifying important nodes

38Wan et al., “Bayesian optimisation of functions on graphs,” NeurIPS, 2023.
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Case 4: Identifying important node subsets
• Objective: find node subset with maximum value of function

39

<latexit sha1_base64="mfhfx7cFZc6OHER6/2Yj8XUbRUQ="></latexit>

S⇤ = arg max
S2(VK)

f(S)
<latexit sha1_base64="TBFKGCVrct1xNiCsQlBCJPzP+VQ=">AAACFHicbVDLSsNAFJ3UV62vqLhyM1gEVyURqS6LblxWsA9oQ5lMb9uhk0yYmagl5Dfcu9VfcCdu3fsHfoaTNgvbeuDC4Zx7uYfjR5wp7TjfVmFldW19o7hZ2tre2d2z9w+aSsSSQoMKLmTbJwo4C6GhmebQjiSQwOfQ8sc3md96AKmYCO/1JAIvIMOQDRgl2kg9+6gbED2ihCfNFHfpSAgFeNyzy07FmQIvEzcnZZSj3rN/un1B4wBCTTlRquM6kfYSIjWjHNJSN1YQETomQ+gYGpIAlJdM46f41Ch9PBDSTKjxVP17kZBAqUngm80srFr0MvE/rxPrwZWXsDCKNYR09mgQc6wFzrrAfSaBaj4xhFDJTFZMR0QSqk1jc1/gSRMpxaNKTTXuYhHLpHlecauV6t1FuXadl1REx+gEnSEXXaIaukV11EAUJegFvaI369l6tz6sz9lqwcpvDtEcrK9fmeSfdA==</latexit>✓
V
k

◆

Liang et al., “Bayesian optimization of functions over node subsets in graphs,” NeurIPS, 2024.
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Case 4: Identifying important node subsets
• Methodology 

- convert original graph into combo-graph where each node corresponds to a subset 

- follow methodology in case 3

40Liang et al., “Bayesian optimization of functions over node subsets in graphs,” NeurIPS, 2024.
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Lecture 4
• Gaussian processes on graphs 

• Bayesian optimisation of graph-based functions 

• Discussion

42
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Discussion
• Combination of Bayesian and graph modelling 

- Bayesian modelling provides probabilistic perspective  

- graph modelling provides geometric perspective  

• New and interesting problems 
- Gaussian processes/uncertainty estimation on graphs 

- optimisation of graph-based functions 

- optimisation of graph structure for downstream tasks 

• Open challenges 
- computational complexity and scalability 

- theoretical analysis

43
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