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Logistics
• Lectures 

- Monday-Thursday 10.00-12.30 @IEB 

- slides: http://www.robots.ox.ac.uk/~xdong/teaching.html 

• Lab sessions 
- Monday-Thursday 14.00-17.00 @EH 

- notes: http://www.robots.ox.ac.uk/~xdong/teaching.html 

- demonstrators 
- Yin-Cong Zhi (yin-cong.zhi@ndph.ox.ac.uk) 
- Scott le Reux (scott.leroux@wolfson.ox.ac.uk) 
- Ning Zhang (ning.zhang@some.ox.ac.uk) 
- Jacob Bamberger (jacob.bamberger@some.ox.ac.uk) 

• Questions & Comments: xdong@robots.ox.ac.uk
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Overview
• Lecture 1: Introduction to signal processing 

- time-frequency analysis, filtering, Fourier & wavelet transforms, dictionary learning 

- Lab 1: Signal and image processing 

• Lecture 2: Introduction to graph signal processing 
- graph Fourier transform, filtering & convolution, representation of graph signals 

- Lab 2: Graph signal processing 

• Lecture 3: Deep learning on graphs 
- convolutional neural networks on graphs, message passing neural networks 

- Lab 3: Graph neural networks 

• Lecture 4: Bayesian modelling of graph-structured data 
- Gaussian processes on graphs, Bayesian optimisation of graph-based functions 

- Lab 4: Gaussian processes on graphs

3
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Resources
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Textbooks
• Vetterli et al. Foundations of signal processing. 

Cambridge University Press, 2014. Available at 
http://www.fourierandwavelets.org 

• Kovačević et al. Fourier and wavelet signal 
processing. Available at                           
http://www.fourierandwavelets.org 

• Ortega. Introduction to graph signal processing. 
Cambridge University Press, 2022. 

• Hamilton. Graph representation learning. Morgan & 
Claypool Publishers, 2020. Available at https://
www.cs.mcgill.ca/~wlh/grl_book/

• https://web.media.mit.edu/~xdong/resource.html 

• https://github.com/naganandy/graph-based-deep-learning-literature

Resources

http://www.fourierandwavelets.org
http://www.fourierandwavelets.org
https://www.cs.mcgill.ca/~wlh/grl_book/
https://www.cs.mcgill.ca/~wlh/grl_book/
https://web.media.mit.edu/~xdong/resource.html
https://github.com/naganandy/graph-based-deep-learning-literature
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Introduction to  
Signal Processing
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Lecture 1
• Introduction & Basic concepts and tools 

• A historical overview of signal representation techniques 

• Applications & Discussion

6
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Historical notes

7

Morse code (1830s) electronic communication (today)

semaphore telegraph (1792)smoke signal tower (1570)
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Modern signal processing applications

8

speech processing image denoising

EEG signal classification seismology
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Signal types
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Signal types
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Analogue vs Digital signal processing
• Many signals of practical interest are analogue: e.g., speech, seismic, 

radar, and sonar signals 

• Analogue signal processing systems are based on analogue equipment: 
e.g., channel vocoder

10

• Dramatic advance of digital computing moves the 
trend towards digital systems
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Signal processing as linear processes

• Linear time-invariant (LTI) system whose input-output characteristics can 
be defined by 
- impulse response in time domain 

- transfer function in frequency domain 

• There is an invertible mapping between time- and frequency-domain 
representations

11

input output

amplification/attenuation, filtering, (un-)mixing, etc.

LTI 
system
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Time-domain analysis - Convolution
• Convolution allows the evaluation of the output signal from an linear 

time-invariant (LTI) system, given its impulse response and input signal

12
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time-invariant (LTI) system, given its impulse response and input signal

12

LTI 
system

t t

g(t)�(t)

LTI 
system

t⌧

1

2
�(t� ⌧)

1

2
g(t� ⌧)

t⌧



/66

Time-domain analysis - Convolution
• Convolution allows the evaluation of the output signal from an linear 

time-invariant (LTI) system, given its impulse response and input signal
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LTI 
system

t t

• Evaluate system output for 
- input: succession of impulse functions (which generate weighted impulse responses) 

- output: sum of the effect of each impulse function

g(t)�(t)

LTI 
system
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Time-domain analysis - Convolution
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Time-domain analysis - Convolution
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Time-domain analysis - Convolution
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Time-domain analysis - Convolution
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- system output is convolution of input and impulse response 

- impulse response characterises the system in time domain
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Frequency-domain analysis
• Consider the following LTI system

15

g(t) y(t)x(t) = ej!t
<latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit>

<latexit sha1_base64="92uHY7u0QgzyHO0byUcUAHdwAUY=">AAACAXicbVA9TwJBEN3DL8Qv1NJmIzHBhtwZopZEG0tMBEzgQvaWPdiwt3vZnVPJhcreVv+CnbH1l/gP/BnuAYWAL5nk5b2ZzMwLYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNoxJNWYMqofR9QAwTXLIGcBDsPtaMRIFgrWB4nfmtB6YNV/IORjHzI9KXPOSUQCb1y3DaLZbcijsBXibejJTQDPVu8afTUzSJmAQqiDFtz43BT4kGTgUbFzqJYTGhQ9JnbUsliZjx08mtY3xilR4OlbYlAU/UvxMpiYwZRYHtjAgMzKKXif957QTCSz/lMk6ASTpdFCYCg8LZ47jHNaMgRpYQqrm9FdMB0YSCjWduC3sCorV6NGMbjbcYxDJpnlW880r1tlqqXc1CyqMjdIzKyEMXqIZuUB01EEUD9IJe0Zvz7Lw7H87ntDXnzGYO0Rycr19T85e3</latexit>

g(t)

<latexit sha1_base64="lwSoIhoAQtnoobX5TJ2j2d+/v/Q=">AAACC3icbVDLTgJBEJzFF+IL9ehlIjHxRHaNryPRi0dM5JHAQmaHBkZmdzYzvSrZ8AneveoveDNe/Qj/wM9wgT0IWEknlaruVKe8UAqDtv1tZZaWV1bXsuu5jc2t7Z387l7VqEhzqHAlla57zIAUAVRQoIR6qIH5noSaN7ge+7UH0Eao4A6HIbg+6wWiKzjDRGpBK76nTeVDj1EctfMFu2hPQBeJk5ICSVFu53+aHcUjHwLkkhnTcOwQ3ZhpFFzCKNeMDISMD1gPGgkNmA/GjSdfj+hRonRoV+lkAqQT9e9FzHxjhr6XbPoM+2beG4v/eY0Iu5duLIIwQgj4NKgbSYqKjiugHaGBoxwmhHEtkl8p7zPNOCZFzaTAEzKt1aMZV+PMF7FIqidF57x4dntaKF2lJWXJATkkx8QhF6REbkiZVAgnmryQV/JmPVvv1of1OV3NWOnNPpmB9fULa+ucLg==</latexit>

ej!t-        is an eigenfunction of an LTI system with eigenvalue         , which is the 
Fourier transform of the impulse response

<latexit sha1_base64="Z+cJJ2+NDJfJvBGvOLbX7bw9+EA="></latexit>

y(t) =

Z 1

�1
ej!(t�⌧)g(⌧)d⌧ = ej!t G(j!)

<latexit sha1_base64="+JIMzb4WzxK3O3eXuvz1FmVXh9k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXJHoMetBjBPPAZAmzk9lkzDyWmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+6uMGZUG8/7dnIrq2vrG/nNwtb2zu5ecf+gqWWiMGlgyaRqh0gTRgVpGGoYaceKIB4y0gpH11O/9USUplLcm3FMAo4GgkYUI2Olh5vyY1dyMkCnvWLJq3gzuMvEz0gJMtR7xa9uX+KEE2EwQ1p3fC82QYqUoZiRSaGbaBIjPEID0rFUIE50kM4unrgnVum7kVS2hHFn6u+JFHGtxzy0nRyZoV70puJ/Xicx0WWQUhEnhgg8XxQlzDXSnb7v9qki2LCxJQgram918RAphI0NqWBD8BdfXibNs4pfrVTvzku1qyyOPBzBMZTBhwuowS3UoQEYBDzDK7w52nlx3p2PeWvOyWYO4Q+czx+3t5BQ</latexit>

G(j!)
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Frequency-domain analysis
• Consider the following LTI system
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g(t) y(t)x(t) = ej!t
<latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit>

-          , the frequency response, characterises the system in frequency domain

<latexit sha1_base64="92uHY7u0QgzyHO0byUcUAHdwAUY=">AAACAXicbVA9TwJBEN3DL8Qv1NJmIzHBhtwZopZEG0tMBEzgQvaWPdiwt3vZnVPJhcreVv+CnbH1l/gP/BnuAYWAL5nk5b2ZzMwLYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNoxJNWYMqofR9QAwTXLIGcBDsPtaMRIFgrWB4nfmtB6YNV/IORjHzI9KXPOSUQCb1y3DaLZbcijsBXibejJTQDPVu8afTUzSJmAQqiDFtz43BT4kGTgUbFzqJYTGhQ9JnbUsliZjx08mtY3xilR4OlbYlAU/UvxMpiYwZRYHtjAgMzKKXif957QTCSz/lMk6ASTpdFCYCg8LZ47jHNaMgRpYQqrm9FdMB0YSCjWduC3sCorV6NGMbjbcYxDJpnlW880r1tlqqXc1CyqMjdIzKyEMXqIZuUB01EEUD9IJe0Zvz7Lw7H87ntDXnzGYO0Rycr19T85e3</latexit>

g(t)

<latexit sha1_base64="lwSoIhoAQtnoobX5TJ2j2d+/v/Q=">AAACC3icbVDLTgJBEJzFF+IL9ehlIjHxRHaNryPRi0dM5JHAQmaHBkZmdzYzvSrZ8AneveoveDNe/Qj/wM9wgT0IWEknlaruVKe8UAqDtv1tZZaWV1bXsuu5jc2t7Z387l7VqEhzqHAlla57zIAUAVRQoIR6qIH5noSaN7ge+7UH0Eao4A6HIbg+6wWiKzjDRGpBK76nTeVDj1EctfMFu2hPQBeJk5ICSVFu53+aHcUjHwLkkhnTcOwQ3ZhpFFzCKNeMDISMD1gPGgkNmA/GjSdfj+hRonRoV+lkAqQT9e9FzHxjhr6XbPoM+2beG4v/eY0Iu5duLIIwQgj4NKgbSYqKjiugHaGBoxwmhHEtkl8p7zPNOCZFzaTAEzKt1aMZV+PMF7FIqidF57x4dntaKF2lJWXJATkkx8QhF6REbkiZVAgnmryQV/JmPVvv1of1OV3NWOnNPpmB9fULa+ucLg==</latexit>

ej!t-        is an eigenfunction of an LTI system with eigenvalue         , which is the 
Fourier transform of the impulse response

<latexit sha1_base64="Z+cJJ2+NDJfJvBGvOLbX7bw9+EA="></latexit>

y(t) =

Z 1

�1
ej!(t�⌧)g(⌧)d⌧ = ej!t G(j!)

<latexit sha1_base64="+JIMzb4WzxK3O3eXuvz1FmVXh9k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXJHoMetBjBPPAZAmzk9lkzDyWmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+6uMGZUG8/7dnIrq2vrG/nNwtb2zu5ecf+gqWWiMGlgyaRqh0gTRgVpGGoYaceKIB4y0gpH11O/9USUplLcm3FMAo4GgkYUI2Olh5vyY1dyMkCnvWLJq3gzuMvEz0gJMtR7xa9uX+KEE2EwQ1p3fC82QYqUoZiRSaGbaBIjPEID0rFUIE50kM4unrgnVum7kVS2hHFn6u+JFHGtxzy0nRyZoV70puJ/Xicx0WWQUhEnhgg8XxQlzDXSnb7v9qki2LCxJQgram918RAphI0NqWBD8BdfXibNs4pfrVTvzku1qyyOPBzBMZTBhwuowS3UoQEYBDzDK7w52nlx3p2PeWvOyWYO4Q+czx+3t5BQ</latexit>
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Fourier transform
• Fourier transform (FT) and inverse FT

16

X(j!) =

Z 1

�1
x(t)e�j!tdt

<latexit sha1_base64="4ntcuk/qRl7wnNsbkGNAdYl3PD0="></latexit>
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Z 1
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X(j!) =

Z 1

�1
x(t)e�j!tdt

y(t) =
1

2⇡

Z 1

�1
Y (j!)ej!td!

• System output via inverse FT
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Fourier series
• Fourier series (FS) for periodic signal
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period
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Fourier series
• Fourier series (FS) for periodic signal

17

• When the period approaches infinity, the spectrum becomes continuous 
leading to FT for aperiodic signal (previous slide)

fundamental 
period
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Time domain vs Frequency domain
• Theorem 

• Proof

18

Convolution in time domain is equivalent to multiplication in frequency 
domain, i.e.,

y(t) = g(t) ⇤ x(t) ⌘ F�1{Y (j!) = G(j!)X(j!)}
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= F{g(t)}F{x(t)}

<latexit sha1_base64="+SCYzZubCvfFL3Kis+6s3EqWmGc="></latexit>

=

Z

⌧
x(⌧)e�j!⌧d⌧F{g(t)}

<latexit sha1_base64="MGQcaLl6XIWVEP4nks9D1GBR81Q="></latexit>

F{g(t) ⇤ x(t)} =

Z

t

Z

⌧
g(t� ⌧)x(⌧)d⌧e�j!tdt
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This allows us to move losslessly between time and frequency domains, 
choosing whichever is the easier to work with 
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Frequency filtering
• Filtering as input-output relationship

19

input filter output

g(t) y(t)

G(j!)X(j!)

x(t)

impulse response

frequency response
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Frequency filtering
• Filters are frequency-selective linear systems 

- low-pass: extract average or eliminate high-frequency fluctuations 

- high-pass: follow small-amplitude high-frequency perturbations in presence of much 
larger slowly-varying component

20

low-pass high-passband-pass

notch

ω

G(   )ω| |

|G(j!)|
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Frequency filtering

21

Fourier transform: f̂(ω) =

�
(ejωx)∗f(x)dx f(x) =

1

2π

�
f̂(ω)ejωxdω



/66

Frequency filtering

21

Fourier transform: f̂(ω) =

�
(ejωx)∗f(x)dx f(x) =

1

2π

�
f̂(ω)ejωxdω

f



/66

Frequency filtering

21

Fourier transform: f̂(ω) =

�
(ejωx)∗f(x)dx f(x) =

1

2π

�
f̂(ω)ejωxdω

FT

f f̂(!)



/66

Frequency filtering

21

Fourier transform: f̂(ω) =

�
(ejωx)∗f(x)dx f(x) =

1

2π

�
f̂(ω)ejωxdω

FT

f f̂(!) ĝ(!)f̂(!)
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Frequency filtering

21

Fourier transform: f̂(ω) =

�
(ejωx)∗f(x)dx f(x) =

1

2π

�
f̂(ω)ejωxdω

FT IFT

f f̂(!) ĝ(!)f̂(!) f ⇤ g
ĝ(!)

Takeaway: signal processing (filtering) requires two considerations 

- find a good representation (e.g., via Fourier transform) of the signal 

- design (or learn) appropriate filters (note that filtering = convolution!)
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Lecture 1
• Introduction & Basic concepts and tools 

• A historical overview of signal representation techniques 

• Applications & Discussion

22
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What is good representation of a signal?
• Sum of delta functions in time or space (sampling domain) 

- good for display or playback 

- not good for analysis (e.g., denoising, compression)

23

T t
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What is good representation of a signal?

24

• Representation often involves transformation of the signal into a new 
domain where signal characteristics are revealed 
- example: Fourier coefficients reveal rate of change of the signal
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What is good representation of a signal?

24

• Usefulness of the representation depends on the analysis goal 
- which may vary but all shares the core desire for simplification

• Representation often involves transformation of the signal into a new 
domain where signal characteristics are revealed 
- example: Fourier coefficients reveal rate of change of the signal
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Example: Denoising

25

0 200 400 600 800 1000 1200
-10

-5

0

5

10
Original Signal
Denoised Signal

goal: recover signal from noisy observation
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Example: Compression

26

goal: compress signal without sacrificing quality

JPEG 2000 (10% in size) JPEG 2000 (1% in size)original
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Example: Recognition

27

goal: capture true “causes” of signal

true “causes”samples PCA ICA sparse coding KSVD

Tošić and Frossard, “Dictionary learning,” IEEE SPM, 2011.
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Signal representation via dictionaries

28

= X

x
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<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

signal coefficientsdictionary

“atoms”

� = [�0 �1 · · · �N�1]
<latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit><latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit><latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit><latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit>
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synthesis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>�

<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>
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x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>�

<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

 T
<latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit>

cn =  T
nx

<latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>
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Signal representation via dictionaries
• Complete dictionaries

29

= X X =

synthesis analysis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>�

<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

 T
<latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit>

cn =  T
nx

<latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>

equivalent for complete and biorthogonal dictionaries
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Signal representation via dictionaries
• Complete dictionaries

29

= X X =

synthesis analysis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

cn = �T
nx

<latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit><latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit><latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit><latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

�T
<latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>

equivalent for complete and biorthogonal dictionaries
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Signal representation via dictionaries
• Overcomplete (redundant) dictionaries

30

synthesis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit> c

<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>
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<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>
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Signal representation via dictionaries
• Overcomplete (redundant) dictionaries
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synthesis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit> c

<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>

= X

analysis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>�T

<latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit>

=X

a
<latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit>

an = �T
nx

<latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit>
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Signal representation via dictionaries
• Overcomplete (redundant) dictionaries

30

synthesis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit> c

<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>

= X

analysis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>�T

<latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit>

=X

a
<latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit>

an = �T
nx

<latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit>

not equivalent for overcomplete dictionaries
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Signal representation via dictionaries

31

= X

Two sources of dictionary design 
- mathematical modelling of data (transforms/analytic dictionaries) 

- a set of realisations of data (learned dictionaries)

= X
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1960s: Fourier basis and DFT
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g(t) y(t)x(t) = ej!t
<latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit>

- recall the LTI system

1960s

discrete 
Fourier 

transform
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1960s: Fourier basis and DFT

32

g(t) y(t)x(t) = ej!t
<latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit>

y(t) =

Z 1

�1
ej!(t�⌧)g(⌧)d⌧ = ej!t G(!)

<latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit>

- recall the LTI system

1960s

discrete 
Fourier 

transform
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1960s: Fourier basis and DFT
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Fourier basis diagonalises 
convolution operator

g(t) y(t)x(t) = ej!t
<latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit>

y(t) =

Z 1

�1
ej!(t�⌧)g(⌧)d⌧ = ej!t G(!)

<latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit>

- recall the LTI system

Y (!) = X(!)G(!)
<latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit><latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit><latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit><latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit>

X(!)
<latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit><latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit><latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit><latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit>

G(!)
<latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit><latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit><latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit><latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit>
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1960s

discrete 
Fourier 

transform

- Fourier basis describes a signal in terms of its global frequency content and hence 
is good at representing uniformly smooth signals
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- discrete Fourier transform (DFT) provides an orthogonal dictionary:

1960s

�n(k) = ej
2⇡
N nk

<latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit>

discrete 
Fourier 

transform

- Fourier basis describes a signal in terms of its global frequency content and hence 
is good at representing uniformly smooth signals

W = ej
2⇡
N

<latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit>

with

- fast Fourier transform (FFT) reduces complexity from           toO(N2)
<latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit>

O(N logN)
<latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit>

1974

discrete 
cosine 

transform
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- discrete Fourier transform (DFT) provides an orthogonal dictionary:

1960s

�n(k) = ej
2⇡
N nk

<latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit>

discrete 
Fourier 

transform

- Fourier basis describes a signal in terms of its global frequency content and hence 
is good at representing uniformly smooth signals

W = ej
2⇡
N

<latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit>

with

- fast Fourier transform (FFT) reduces complexity from           toO(N2)
<latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit>

O(N logN)
<latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit>

- can be made into a real transform called discrete cosine transform (DCT)

1974

discrete 
cosine 

transform
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1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

- projection onto a fixed subset of DFT/DCT atoms leads to compaction
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- from compaction (simplicity) to sparsity: signal as linear combination of a few atoms

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

- sparsity requires shift from linear to nonlinear approximation

- projection onto a fixed subset of DFT/DCT atoms leads to compaction

x ⇡
X

K
ck�k

<latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="+IhsrH3Q3QsY3DYZsy2QSe6D/a4=">AAACInicbVDLSgMxFL3js9ZXdesmWARXZcaNLgVdCG4UbCt0ypBJMzY0L5KMtAzzQ278FRFcKOK3mGm7UOuBkMM5N+Tck2rOrAvD92BpeWV1bb22Ud/c2t7ZbextdazKDaFtorgy9ym2lDNJ2445Tu+1oViknHbT0UXldx+psUzJOzfRtC/wg2QZI9h5KWlcxgK7YZoV4xLFWGujxii2uYil4kwwZ5PpAMG8uC4RSUYoThUf2InwVxHrISuTUdJohq1wCrRIojlpwhw3SeM1HiiSCyod4djaXhRq1y+wcYxwWtbj3FKNyQg/0J6nEgtq+8V02xIdeWWAMmX8kQ5N1Z8vCixslc9PVtHtX68S//N6ucvO+gWTOndUktlHWc6RU6iqDg2YocTxiSeYGOazIjLEBhPnC677EqK/Ky+SzkkrClvRbQg1OIBDOIYITuEcruAG2kDgCV7gHT6C5+At+JzVtRTMe9uHXwi+vgHQB6ji</latexit><latexit sha1_base64="+IhsrH3Q3QsY3DYZsy2QSe6D/a4=">AAACInicbVDLSgMxFL3js9ZXdesmWARXZcaNLgVdCG4UbCt0ypBJMzY0L5KMtAzzQ278FRFcKOK3mGm7UOuBkMM5N+Tck2rOrAvD92BpeWV1bb22Ud/c2t7ZbextdazKDaFtorgy9ym2lDNJ2445Tu+1oViknHbT0UXldx+psUzJOzfRtC/wg2QZI9h5KWlcxgK7YZoV4xLFWGujxii2uYil4kwwZ5PpAMG8uC4RSUYoThUf2InwVxHrISuTUdJohq1wCrRIojlpwhw3SeM1HiiSCyod4djaXhRq1y+wcYxwWtbj3FKNyQg/0J6nEgtq+8V02xIdeWWAMmX8kQ5N1Z8vCixslc9PVtHtX68S//N6ucvO+gWTOndUktlHWc6RU6iqDg2YocTxiSeYGOazIjLEBhPnC677EqK/Ky+SzkkrClvRbQg1OIBDOIYITuEcruAG2kDgCV7gHT6C5+At+JzVtRTMe9uHXwi+vgHQB6ji</latexit><latexit sha1_base64="X4hK8172JWsItThrmsQU8hEfugs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit>

subset of atoms 
(different for each x)



/66

The need for sparsity

34

- from compaction (simplicity) to sparsity: signal as linear combination of a few atoms

- sparsity requires localisation: atoms with concentrated support 

- allow more flexible representations based on local characteristics 

- limit effects of irregularities (a main source of large coefficients)

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

- sparsity requires shift from linear to nonlinear approximation

- projection onto a fixed subset of DFT/DCT atoms leads to compaction

x ⇡
X

K
ck�k

<latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="+IhsrH3Q3QsY3DYZsy2QSe6D/a4=">AAACInicbVDLSgMxFL3js9ZXdesmWARXZcaNLgVdCG4UbCt0ypBJMzY0L5KMtAzzQ278FRFcKOK3mGm7UOuBkMM5N+Tck2rOrAvD92BpeWV1bb22Ud/c2t7ZbextdazKDaFtorgy9ym2lDNJ2445Tu+1oViknHbT0UXldx+psUzJOzfRtC/wg2QZI9h5KWlcxgK7YZoV4xLFWGujxii2uYil4kwwZ5PpAMG8uC4RSUYoThUf2InwVxHrISuTUdJohq1wCrRIojlpwhw3SeM1HiiSCyod4djaXhRq1y+wcYxwWtbj3FKNyQg/0J6nEgtq+8V02xIdeWWAMmX8kQ5N1Z8vCixslc9PVtHtX68S//N6ucvO+gWTOndUktlHWc6RU6iqDg2YocTxiSeYGOazIjLEBhPnC677EqK/Ky+SzkkrClvRbQg1OIBDOIYITuEcruAG2kDgCV7gHT6C5+At+JzVtRTMe9uHXwi+vgHQB6ji</latexit><latexit sha1_base64="+IhsrH3Q3QsY3DYZsy2QSe6D/a4=">AAACInicbVDLSgMxFL3js9ZXdesmWARXZcaNLgVdCG4UbCt0ypBJMzY0L5KMtAzzQ278FRFcKOK3mGm7UOuBkMM5N+Tck2rOrAvD92BpeWV1bb22Ud/c2t7ZbextdazKDaFtorgy9ym2lDNJ2445Tu+1oViknHbT0UXldx+psUzJOzfRtC/wg2QZI9h5KWlcxgK7YZoV4xLFWGujxii2uYil4kwwZ5PpAMG8uC4RSUYoThUf2InwVxHrISuTUdJohq1wCrRIojlpwhw3SeM1HiiSCyod4djaXhRq1y+wcYxwWtbj3FKNyQg/0J6nEgtq+8V02xIdeWWAMmX8kQ5N1Z8vCixslc9PVtHtX68S//N6ucvO+gWTOndUktlHWc6RU6iqDg2YocTxiSeYGOazIjLEBhPnC677EqK/Ky+SzkkrClvRbQg1OIBDOIYITuEcruAG2kDgCV7gHT6C5+At+JzVtRTMe9uHXwi+vgHQB6ji</latexit><latexit sha1_base64="X4hK8172JWsItThrmsQU8hEfugs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit>

subset of atoms 
(different for each x)



/66

Time-frequency representation

35

µt =
1

||x||2

Z 1

�1
t|x(t)|2dt

<latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit>

�t =
⇣ 1

||x||2

Z 1

�1
(t� µt)

2|x(t)|2dt
⌘ 1

2

<latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit>

time localisation

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.



/66

Time-frequency representation

35

µt =
1

||x||2

Z 1

�1
t|x(t)|2dt

<latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit>

�t =
⇣ 1

||x||2

Z 1

�1
(t� µt)

2|x(t)|2dt
⌘ 1

2

<latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit>

time localisation

�f =
⇣ 1

2⇡||x||2

Z 1

�1
(! � µf )

2|X(!)|2d!
⌘ 1

2

<latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit>

µf =
1

2⇡||x||2

Z 1

�1
!|X(!)|2d!

<latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit>

frequency localisation

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.



/66

Time-frequency representation

35

µt =
1

||x||2

Z 1

�1
t|x(t)|2dt

<latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit>

�t =
⇣ 1

||x||2

Z 1

�1
(t� µt)

2|x(t)|2dt
⌘ 1

2

<latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit>

time localisation

�f =
⇣ 1

2⇡||x||2

Z 1

�1
(! � µf )

2|X(!)|2d!
⌘ 1

2

<latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit>

µf =
1

2⇡||x||2

Z 1

�1
!|X(!)|2d!

<latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit>

frequency localisation

time-frequency 
plane

time-frequency tile 
(Heisenberg box)

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.



/66

Time-frequency representation

36

Heisenberg’s uncertainty principle

Let x 2 L2(R), then �t�f � 1

2
<latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.



/66

Time-frequency representation

36

Heisenberg’s uncertainty principle

Let x 2 L2(R), then �t�f � 1

2
<latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit>

examples

FT

FT

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.



/66

Time-frequency representation
• Consider three basic operations
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FT

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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Time-frequency representation
• Consider three basic operations

37

shift in time

y(t) = x(t� t0)
<latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit>

Y (!) = e�j!t0X(!)
<latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit>

FT

shift in frequency

y(t) = ej!0tx(t)
<latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit>

Y (!) = X(! � !0)
<latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit>

FT

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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Time-frequency representation
• Consider three basic operations

37

shift in time

y(t) = x(t� t0)
<latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit>

Y (!) = e�j!t0X(!)
<latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit>

FT

shift in frequency

y(t) = ej!0tx(t)
<latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit>

Y (!) = X(! � !0)
<latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit>

FT

scaling in time

y(t) =
p
ax(at)

<latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit><latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit><latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit><latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit>

Y (!) =
1p
a
X(

!

a
)

<latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit><latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit><latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit><latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit>

FT

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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'(t�mt0)
<latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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'(t�mt0)
<latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit>

shift in frequency

R(ejk!0t'(t))
<latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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shift in time

'(t�mt0)
<latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit>

shift in frequency

R(ejk!0t'(t))
<latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit>

scaling in time

'(a�lt)
<latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit><latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit><latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit><latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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39

time shift and modulation

'k,m(t) = ejk!0t'(t�mt0)
<latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit>

k,m 2 Z
<latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit>

(m, k)
<latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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time shift and scaling

'l,m(t) = '(a�lt�mt0)
<latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit>

l,m 2 Z
<latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit>

(m, l)
<latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit>

time shift and modulation

'k,m(t) = ejk!0t'(t�mt0)
<latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit>

k,m 2 Z
<latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit>

(m, k)
<latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.

<latexit sha1_base64="gMwgIrD6sUgzuxHYdVxb0nDeV7A=">AAACBHicbVDJSgNBEO1xjXGLesxlMAjJIWFGJHoRgl48RjALJJOhptNJmvQsdNcEwpCDF3/FiwdFvPoR3vwbO8tBEx8UPN6roqqeFwmu0LK+jbX1jc2t7dROendv/+Awc3RcV2EsKavRUISy6YFiggeshhwFa0aSge8J1vCGt1O/MWJS8TB4wHHEHB/6Ae9xCqglN5O9bo9ARgOeh05SFJM8Fn3oCHStQsHN5KySNYO5SuwFyZEFqm7mq90NaeyzAKkApVq2FaGTgEROBZuk27FiEdAh9FlL0wB8ppxk9sTEPNNK1+yFUleA5kz9PZGAr9TY93SnDzhQy95U/M9rxdi7chIeRDGygM4X9WJhYmhOEzG7XDKKYqwJUMn1rSYdgASKOre0DsFefnmV1M9LdrlUvr/IVW4WcaRIlpySPLHJJamQO1IlNULJI3kmr+TNeDJejHfjY966ZixmTsgfGJ8/DlGXFQ==</latexit>

= '(a�l(t�malt0))
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1970s-80s: STFT
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<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

- Fourier basis functions (complex exponentials) are not localised in time
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- consider a set of shifted and modulated versions of a low-pass function

1974

discrete 
cosine 

transform

short-time 
Fourier 

transform

discrete 
Fourier 

transform

1970s-80s1960s

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

'k,m(t) = ejk!0t'(t�mt0)
<latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit>

k,m 2 Z
<latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit>

(m, k)
<latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit>

- Fourier basis functions (complex exponentials) are not localised in time
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1974

discrete 
cosine 

transform

- example: consider a box function 
and         ,t0 = 1

<latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit>

!0 = 2⇡
<latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit><latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit><latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit><latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit>

'k,m(t) = ejk2⇡t'(t�m),
<latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit><latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit><latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit><latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit>

1960s

discrete 
Fourier 

transform

1970s-80s

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.

short-time 
Fourier 

transform
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- we can define the following transform

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

1970s-80s

Xk,m =

Z 1

�1
x(t)'⇤

k,m(t)dt =

Z 1

�1
x(t)'(t�mt0)e

�jk!0tdt
<latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit>

short-time 
Fourier 

transform
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- we can define the following transform

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

1970s-80s

Xk,m =

Z 1

�1
x(t)'⇤

k,m(t)dt =

Z 1

�1
x(t)'(t�mt0)e

�jk!0tdt
<latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit>

X(!, ⌧) =

Z 1

�1
x(t)'⇤

!,⌧ (t)dt =

Z 1

�1
x(t)'(t� ⌧)e�j!tdt

<latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit><latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit><latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit><latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit>

short-time 
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- we can define the following transform
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- applying time-localised window to the signal before taking Fourier transform: 
windowed or short-time Fourier transform (STFT)
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- we can define the following transform
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- applying time-localised window to the signal before taking Fourier transform: 
windowed or short-time Fourier transform (STFT)

- Gaussian window achieves localisation in frequency: Gabor transform

- STFT maps a 1-D function into a 2-D function (overcomplete)
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- discrete STFT generally provides an overcomplete dictionary

Rubinstein et al., “Dictionaries for sparse representation modeling,” Proceedings of the IEEE, 2010.
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- discrete STFT generally provides an overcomplete dictionary

Rubinstein et al., “Dictionaries for sparse representation modeling,” Proceedings of the IEEE, 2010.
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- STFT atoms have fixed time-frequency resolution
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1980s: Wavelet transform

44

- STFT atoms have fixed time-frequency resolution
- often times a multiresolution representation is needed to capture various scales in 

natural signals
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- consider a set of shifted and scaled versions of a band-pass function

l,m 2 Z
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45

- consider a set of shifted and scaled versions of a band-pass function
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wavelet 
transform

short-time 
Fourier 

transform
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- consider a set of shifted and scaled versions of a band-pass function

l,m 2 Z
<latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit>

'l,m(t) = '(a�lt�mt0) = '(
t�malt0

al
)

<latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit><latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit><latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit><latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit>

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

1970s-80s 1980s

(m, l)
<latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit>

wavelet 
transform

short-time 
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transform

Piet Mondrian (1921)
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t0 = 1
<latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit>

a = 2
<latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit><latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit><latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit><latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit>

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

1970s-80s 1980s

- example: consider a square wave 
function and         , 'l,m(t) = '(

t� 2lm

2l
),

<latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit><latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit><latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit><latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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- consider a more general function and define the following transform

 s,⌧ (t) =
1p
s
 (

t� ⌧

s
)

<latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit>
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- consider a more general function and define the following transform

 s,⌧ (t) =
1p
s
 (

t� ⌧

s
)

<latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit>

X(s, ⌧) =

Z 1
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s,⌧ (t)dt =
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�1
x(t)
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s
 ⇤(
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s
)dt

<latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit><latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit><latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit><latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit>

- the prototype function       

- has a compact support (small or “-let”) 

- is band-pass with zero mean (“wave”):

 (t)
<latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit><latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit><latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit><latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit>
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<latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit><latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit><latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit><latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit>
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- consider a more general function and define the following transform

 s,⌧ (t) =
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s
 (

t� ⌧

s
)
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- the prototype function       

- has a compact support (small or “-let”) 

- is band-pass with zero mean (“wave”):

 (t)
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- this is called the continuous wavelet transform (CWT)
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- CWT maps a 1-D function into a 2-D function (overcomplete)
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1980s: Wavelet transform
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- examples of prototype function (mother wavelet) 
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1980s: Wavelet transform
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- CWT is an overcomplete transform; however, we can design an orthogonal wavelet 
transform through a multiresolution analysis

 l,m(t) =
1p
2l
 (

t� 2lm

2l
)
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- form nested multiresolution spaces 
using scaling function 

- obtain wavelets     by difference 
between nested subspaces

design principle
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- this leads to the discrete wavelet transform (DWT) which provides an 
orthogonal dictionary
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- this leads to the discrete wavelet transform (DWT) which provides an 
orthogonal dictionary
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- DWT is behind the JEPG 2000 image compression standard

- this leads to the discrete wavelet transform (DWT) which provides an 
orthogonal dictionary
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DCT vs STFT vs DWT
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- comparison of the dictionaries we looked at so far

Rubinstein et al., “Dictionaries for sparse representation modeling,” Proceedings of the IEEE, 2010.
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Transform/analytic dictionary design
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- summary 

modelling data by a simpler class of mathematical functions 

smooth functions (DFT, DCT) 

piecewise-smooth functions (wavelets) 

desired properties 

localisation (STFT, wavelets) 

multiresolution (wavelets) 

adaptivity (wavelet packets) 

fast implementation is usually available 

limited expressiveness

1980s

wavelet 
transform

short-time 
Fourier 

transform
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

= X

orthogonal atoms

complete dictionary

dense coefficients

non-orthogonal atoms

overcomplete dictionary

sparse coefficients

all signals use all atoms different signals use different atoms

mathematical modelling adaptation to data realisations

discrete 
Fourier 

transform

1974

discrete 
cosine 

transform

1960s 1970s-80s 1980s

wavelet 
transform

short-time 
Fourier 

transform
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An illustrative example
• Modelling assumption: Each data point is a combination of only a few 

(sparse) fundamental elements, i.e., dictionary atoms
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Dictionary learning via sparse coding

55

- the dictionary learning problem can be formulated as

min
�,c

||x��c||22 + �||c||1
<latexit sha1_base64="G8KOxohKwU8K1SlfI8ZSyJhmXkA="></latexit><latexit sha1_base64="G8KOxohKwU8K1SlfI8ZSyJhmXkA="></latexit><latexit sha1_base64="G8KOxohKwU8K1SlfI8ZSyJhmXkA="></latexit><latexit sha1_base64="G8KOxohKwU8K1SlfI8ZSyJhmXkA="></latexit>

sparse approximation: given     , solve for c via Lasso�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

sparse 
coding

wavelet 
transform

discrete 
Fourier 

transform

1974

discrete 
cosine 

transform

19961960s 1970s-80s 1980s

dictionary update: given c, update     via gradient descent  �
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

Olshausen and Field, “Emergence of simple-cell receptive field properties by learning a sparse code for natural images,” Nature, 1996.

short-time 
Fourier 

transform
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- the dictionary learning problem can be formulated as

min
�,c

||x��c||22 + �||c||1
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sparse approximation: given     , solve for c via Lasso�
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- works at patch level for efficiency 

- does not necessarily find global optimum
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Olshausen and Field, “Emergence of simple-cell receptive field properties by learning a sparse code for natural images,” Nature, 1996.
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- the dictionary learning problem can be formulated as

min
�,c

||x��c||22 + �||c||1
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sparse approximation: given     , solve for c via Lasso�
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- works at patch level for efficiency 

- does not necessarily find global optimum

- trained atoms are remarkably similar to mammalian simple-cell receptive fields
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Olshausen and Field, “Emergence of simple-cell receptive field properties by learning a sparse code for natural images,” Nature, 1996.
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56Olshausen et al., “ “Learning real and complex overcomplete representations from the statistics of natural images,” SPIE, 2009.
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Dictionary learning
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- summary 

learning representations directly from data realisations 

desired properties 

overcompleteness 

sparse representations 

efficiency in training 

may be combined with analytical dictionary design 

trained dictionary with structures (e.g., parametric dictionary learning via 
double sparsity)
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Lecture 1
• Introduction & Basic concepts and tools 

• A historical overview of signal representation techniques 

• Applications & Discussion

58



/66

Application I: Signal denoising
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denoising using the order 4 symlet wavelets
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Application II: Image compression
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JPEG 2000 (10% in size) JPEG 2000 (1% in size)original

compression using the Cohen-Daubechies-Feauveau wavelets 
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Application III: Image reconstruction

61Aharon et al., “K-SVD: An algorithm for designing overcomplete dictionaries for sparse representation,” IEEE TSP, 2006.
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Application IV: Image restoration

62Mairal et al., “Sparse representation for color image restoration,” IEEE TIP, 2008.
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Connection with machine learning
• Dictionary learning vs Deep learning
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c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit> https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- both extract feature representations from data realisations

https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- both extract feature representations from data realisations

- both apply sparsifying operations such as shrinkage or rectified linear units

https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- both extract feature representations from data realisations

- both apply sparsifying operations such as shrinkage or rectified linear units

- the former often leads to shallow representations while the latter to hierarchical 
representations (via multi-layered convolution and pooling)

https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
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Connection with machine learning
• Dictionary learning vs Deep learning
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- both extract feature representations from data realisations

- both apply sparsifying operations such as shrinkage or rectified linear units

- the former often leads to shallow representations while the latter to hierarchical 
representations (via multi-layered convolution and pooling)

- the former is mainly for reconstruction/approximation (similar to autoencoders) 

while the latter is widely used for classification

https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
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