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Going beyond graph structure 
! Very often data comes with additional features

- Not only graphs, but attributes on the nodes of the graph
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 Transportation networks 

 Weather networks  Social networks 
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 Biological networks 

Disease spreading networks 

 Electric grid networks 



Graph structured data
! Data live on a regular domain


! Weighted graphs capture the geometric structure of complex, i.e., 
irregular, domains
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Processing graph structured data
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RN

+
0

-

How can we extract useful information by taking into account both 
structure (edges) and data (values/features on vertices)?

+



In this lecture…
! How can we infer useful information from graph structured data? 
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Machine learning (ML)/
Statistics on graphs

Actionable 
knowledge

YX,G f(X,G)

e.g., node/graph classification,

signal inpainting/denoising



Outline
! Traditional ML on graphs

- Graph-based feature engineering


! Recent ML on graphs

- Feature learning on graphs  
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Traditional ML pipeline on graphs
! How can we learn useful information from graph structured data? 
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Actionable 
knowledge

Y

Graph-
based 

features


X,G

e.g., node/graph classification,

signal inpainting/denoising

ML model
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Traditional ML pipeline on graphs
! Feature engineering is a way of extracting meaningful information 

from graphs
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Graph-
based 

features


ML model


Feature engineering 

Train data


Test data


Performance


Data

(graphs)




Traditional ML pipeline: Input

! Input: 

! Graph:

! Graph with attributes:  
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X,G

G = (V, E ,W )
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G, X



Traditional ML pipeline: Features
! Should reveal important information regarding the 

graph structure


! Key to achieving good model performance 


! Features can be defined at different scales

- At a node, edge, sets of nodes, entire graph level 


! The choice of the features depends on

- the end task

- prior knowledge on the data
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Graph-
based 

features
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Traditional ML pipeline: Learning tasks
! The features are given as input to an 

ML model

! Examples: logistic regression, SVM, 

neural networks, etc.


! Training phase: 

! Given a set of graph-based features, 

train a model    that predicts the 
correct


! Testing phase:

! Given a new node/link/graph, 

compute its features, and give them 
as an input to    to make a prediction 
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Actionable 
knowledge

e.g., node/graph classification,

signal inpainting/denoising

ML model


Y
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Extracting information at different 
levels

12Dr Dorina Thanou 




Node level features
! Typically useful for node classification/clustering tasks 


! Aim at characterizing the structure and position of a node in the 
network
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Common node level features 
! Node degree


! Node centrality


! Clustering coefficient


! Graphlets
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Color: Betweenness 

Size:   Degree



From node level to graph level task

How can we design features that characterize the structure of the 
entire graph?
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Illustrative example: Graph 
classification
! Common assumption: Graphs with similar structure have similar label


What is a good similarity metric between graphs? 
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Class 1

Class 1

Class 1

Class -1 Class -1

Class -1

Class ?

Class ?

Training data Test data 



Graph level features 
! Bag of nodes


! Graphlet kernel


! The Weisfeiler-Lehman kernel 
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Limitations of hand-crafted graph 
features
! Hand-engineered features are defined a priori: no adaptation to 

the data  


! Designing graph features can very often can be a time consuming 
and expensive process


! Not easy to incorporate additional features on the nodes


! More flexibility can be achieved with an end-to-end learning 
pipeline
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Graph representation learning 
! Intuition: Optimize the feature extraction part by adapting it to 

the specific instances of the graphs/data
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Actionable 
knowledge

e.g., node/graph classification,

signal inpainting/denoising

ML model


Feature Learning  

Y
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f(�(G))

Learned 
graph 

features




Graph representation learning 
! Intuition: Optimize the feature extraction part by adapting it to 

the specific instances of the graphs/data
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Actionable 
knowledge

e.g., node/graph classification,

signal inpainting/denoising

ML model


Feature Learning  

Y
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f(�(G))

Learned components

Learned 
graph 

features




Graph representation learning: basic 
pipeline 

20Dr Dorina Thanou 


Learned 
model


Feature learning

Train data


Test data


Performance


Data

(graphs)


Graph-based feature 
learning


! Feature learning is a way of extracting data-adaptive graph representations



Learning features on graphs
! Learned features convert the graph data in a (low dimensional) 

latent space (i.e., embedding space) where hidden/discriminative 
information about data is revealed

21Dr Dorina Thanou 


Original space Embedding space 
Node embedding Edge embedding Subgraph embedding Graph embedding 

How can we learn the embedding space? 



Supervised graph representation 
learning 
! Learn low-dimensional embeddings for a specific downstream 

task, e.g., node or graph classification

22Dr Dorina Thanou 


ML task

e.g., node/graph classification,

signal inpainting/denoising

ML model

Learned 

graph 
features




Supervised graph representation 
learning 
! Learn low-dimensional embeddings for a specific downstream 

task, e.g., node or graph classification
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ML task

e.g., node/graph classification,

signal inpainting/denoising

ML model


Joint learning 

Learned 
graph 

features




Unsupervised graph representation 
learning 
! Representations are not optimized for a specific downstream task

- They are optimized with respect to some notion of “closeness” in the graph

- The notion of “closeness” defines the design of the embedding algorithm


! Potentially used for many downstream inference tasks
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Learned embedding vector

1. Node/graph classification

2. Node/graph clustering 

3. Link prediction

4. Visualization

5. …

Example of tasks 



Embeddings on graphs: Definition 
! Given an input graph                      , and a predefined 

dimensionality of the embedding                , the goal is to convert     
(or a subgraph, or a node) into a      dimensional space in which 
graph properties are preserved 


! Graph properties can be quantified using proximity measures on 
the graph (e.g.,       hop neighborhood)  
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G = (V, E ,W )
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G
<latexit sha1_base64="CJ7A+E2VXg2X1I7t5OAIqWOiIjs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRU9S8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9NA/65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYbgLb68TJrnVe+y6t5fVGo3eRxFOIJjOAUPrqAGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QMxko0f</latexit>

d�

<latexit sha1_base64="/EGOW5U4cse38e7KHei2f2Rk0c4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSSi6EkKXgQvVewHtKFstpt26WYTdidCCf0HXjwo4tV/5M1/47bNQVsfDDzem2FmXpBIYdB1v52l5ZXVtfXCRnFza3tnt7S33zBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG8mfvOJayNi9YijhPsR7SsRCkbRSg93p91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+ml47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdoQvPmXF0njrOJdVNz783L1Oo+jAIdwBCfgwSVU4RZqUAcGITzDK7w5Q+fFeXc+Zq1LTj5zAH/gfP4AC5WNBg==</latexit>

K�

<latexit sha1_base64="Jcj/AQNR/7BbkxVq3H4DsOyGPTE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoicpeNBjBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyux22qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgPuoAktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AHmKkV0=</latexit>

G Embedding vector/Representations

Learning algorithm



Illustrative example: Node embeddings
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v1
v2

Original network Embedding space

What is the similarity in the graph that should be preserved in the 
embedding space? 

<latexit sha1_base64="dSikSKg8IxAl1gwDKIP7IsbZRuA=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQouiy40GUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94jThfkRHSoSCUbRSrx9RHDMqs7vZoFJ1a+4cZJV4BalCgeag8tUfxiyNuEImqTE9z03Qz6hGwSSflfup4QllEzriPUsVjbjxs3nkGTm3ypCEsbZPIZmrvzcyGhkzjQI7mUc0y14u/uf1Ugxv/EyoJEWu2OKjMJUEY5LfT4ZCc4ZyagllWtishI2ppgxtS2Vbgrd88ipp12veVc19uKw26kUdJTiFM7gAD66hAffQhBYwiOEZXuHNQefFeXc+FqNrTrFzAn/gfP4Ade6RUQ==</latexit>

G
<latexit sha1_base64="MLMnix8waPoVAx+HNGtMzZuSx24=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5kO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVbd5kWlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPs7+M0Q==</latexit>

Y

<latexit sha1_base64="fGbYHa2n849FnJVa29eSMNdVEJs="></latexit>

simG(v1, v2) ⇡ simY (Y1, Y2)



Example 1: Laplacian Eigenmaps 
! Intuition: Preserve pairwise node similarities derived from the 

adjacency/weight matrix 


! Measure similarity in the embedding space using the mean 
square error  


! Impose larger penalty if two nodes with larger pairwise similarity 
are embedded far apart 
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<latexit sha1_base64="vLHBLlcNk/6Jmjb83AbpehPzf6U=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoQctMUXSjFNy4rGBfdMYhk6Zt2syDJCOU6XyDG3/FjQtF3Lpy59+YtrPQ1gOXezjnXpJ73JBRIQ3jW8ssLa+srmXXcxubW9s7+u5eXQQRx6SGAxbwposEYdQnNUklI82QE+S5jDTc4fXEbzwQLmjg38lRSGwP9XzapRhJJTl6UVDPiVtJoeXENDmGqg2SIryE1rjlUHiihIE1vi87ZUfPGyVjCrhIzJTkQYqqo39ZnQBHHvElZkiItmmE0o4RlxQzkuSsSJAQ4SHqkbaiPvKIsOPpSQk8UkoHdgOuypdwqv7eiJEnxMhz1aSHZF/MexPxP68dye6FHVM/jCTx8eyhbsSgDOAkH9ihnGDJRoogzKn6K8R9xBGWKsWcCsGcP3mR1Msl86xk3J7mK1dpHFlwAA5BAZjgHFTADaiCGsDgETyDV/CmPWkv2rv2MRvNaOnOPvgD7fMHez2cDA==</latexit>

simY (Yi, Yj) = kYi � Yjk22

<latexit sha1_base64="6i+EWDZnfLRMarugrY/Qhd/s6Y8=">AAACEXicbVBNS8MwGE7n15xfVY9egkOYIKMVRS/KwIMeJ7gP2EpJs3TLlqYlSQej9C948a948aCIV2/e/DemWw+6+UDIk+d5X/K+jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91kfmtMhKQhf1CTiDgB6nPqU4yUllyzImngJt0AqQFGLLlN08rYTWh6AvU1TI/hFWzp9zB1zbJVtaaAi8TOSRnkqLvmV7cX4jggXGGGpOzYVqScBAlFMSNpqRtLEiE8Qn3S0ZSjgEgnmW6UwiOt9KAfCn24glP1d0eCAikngacrs9HlvJeJ/3mdWPmXTkJ5FCvC8ewjP2ZQhTCLB/aoIFixiSYIC6pnhXiABMJKh1jSIdjzKy+S5mnVPq9a92fl2nUeRxEcgENQATa4ADVwB+qgATB4BM/gFbwZT8aL8W58zEoLRt6zD/7A+PwBa92dWA==</latexit>

simG(vi, vj) = Wij

<latexit sha1_base64="L7UKDB0jtky+7fQYuUIDVWFNCf4="></latexit>

l(simG(vi, vj), simY (Yi, Yj)) = simG(vi, vj) · simY (Yi, Yj)

= WijkYi � Yjk22



Laplacian Eigenmaps - reminder
! Compute embeddings that minimize the expected square distance 

between connected nodes


Laplacian Eigenmaps:      first non-trivial eigenvectors of the Laplacian!  
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<latexit sha1_base64="pl4yZ8DoAQIzUowUiGsEneAjxbc="></latexit>

min
Y 2RN⇥K :Y T 1=0;Y TY=IK

X

(i,j)2E

WijkYi � Yjk2

+
min

Y 2RN⇥K :Y T 1=0;Y TY=IK
tr(Y TLY )

Graph smoothness 
Uncorrelated 
embedding coordinates 

Centered embeddings 

<latexit sha1_base64="D2Ffv0kH5NjK0ImYGxtjyzjgvrM="></latexit>

min
Y 2RN⇥K ;Y T 1=0

tr(Y TLY � (Y TY � IK)�)

<latexit sha1_base64="iFClavgP14XpRl8nEV+0ls/XdLI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRb0V9OCxgv3AdinZNNuGZpMlyVrK0n/hxYMiXv033vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbmt56o0kyKBzOJqR/hgWAhI9hY6bF7K8cCKyXHvXLFrboZ0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n2YXT9GJVfoolMqWMChTf0+kONJ6EgW2M8JmqBe9mfif10lMeOWnTMSJoYLMF4UJR0ai2fuozxQlhk8swUQxeysiQ6wwMTakkg3BW3x5mTTPqt5F1b0/r9Su8ziKcATHcAoeXEIN7qAODSAg4Ble4c3Rzovz7nzMWwtOPnMIf+B8/gDMKZD4</latexit>

+

<latexit sha1_base64="fng5TQTlxDYtNpdz2xnDYxZH5DI=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5EUQshYKGFRQTzRe4Ic5u9ZMnu3rG7J4Qjf8PGQhFb/4yd/8ZNcoVGHww83pthZl6YcKaN6345haXlldW14nppY3Nre6e8u9fUcaoIbZCYx6odgqacSdowzHDaThQFEXLaCkfXU7/1SJVmsXww44QGAgaSRYyAsZJ/18FXuOPfgBDQK1fcqjsD/ku8nFRQjnqv/On3Y5IKKg3hoHXXcxMTZKAMI5xOSn6qaQJkBAPatVSCoDrIZjdP8JFV+jiKlS1p8Ez9OZGB0HosQtspwAz1ojcV//O6qYkugozJJDVUkvmiKOXYxHgaAO4zRYnhY0uAKGZvxWQICoixMZVsCN7iy39J86TqnVXd+9NK7TKPo4gO0CE6Rh46RzV0i+qogQhK0BN6Qa9O6jw7b877vLXg5DP76Becj299j5Cn</latexit>

LY = Y �

<latexit sha1_base64="iFClavgP14XpRl8nEV+0ls/XdLI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRb0V9OCxgv3AdinZNNuGZpMlyVrK0n/hxYMiXv033vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbmt56o0kyKBzOJqR/hgWAhI9hY6bF7K8cCKyXHvXLFrboZ0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n2YXT9GJVfoolMqWMChTf0+kONJ6EgW2M8JmqBe9mfif10lMeOWnTMSJoYLMF4UJR0ai2fuozxQlhk8swUQxeysiQ6wwMTakkg3BW3x5mTTPqt5F1b0/r9Su8ziKcATHcAoeXEIN7qAODSAg4Ble4c3Rzovz7nzMWwtOPnMIf+B8/gDMKZD4</latexit>

+

Lagrangian 

Gradient  

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="DN5GMOklHLL+V3KBBbWko6VPrcE="></latexit>

) ui ! (�2(i), ...,�K+1(i))

[Belkin et al, 2003, Laplacian Eigenmaps for Dimensionality Reduction and Data Representation,  Neural Comp.]



Example 2: DeepWalk
! Intuition: Nodes have similar embeddings if they tend to cooccur 

on short random walks over the graph


! Objective: Given node     learn a mapping                                         
such that the feature representation     are predictive of the nodes 
in its random walk neighborhood 


! Measure the similarity in the embedding space in a probabilistic 
manner
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<latexit sha1_base64="gtK+LcmxPEymFOygT8KvL0W1q9c=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgtlJKIohul4EKXFewD2hAm00k77UwSZiaFEvMTbvwVNy4UcSu482+ctllo64FhDufcy733eBGjUlnWt7G0vLK6tp7byG9ube/smnv7DRnGApM6DlkoWh6ShNGA1BVVjLQiQRD3GGl6w+uJ3xwRIWkY3KtxRByOegH1KUZKS65ZlpS7SYcj1ceIJTdpWhy5CU3LUH+DtAQvYaSVwcPIpSXXLFgVawq4SOyMFECGmmt+dbohjjkJFGZIyrZtRcpJkFAUM5LmO7EkEcJD1CNtTQPEiXSS6VUpPNZKF/qh0C9QcKr+7kgQl3LMPV05WV/OexPxP68dK//CSWgQxYoEeDbIjxlUIZxEBLtUEKzYWBOEBdW7QtxHAmGlg8zrEOz5kxdJ46Rin1Wsu9NC9SqLIwcOwREoAhucgyq4BTVQBxg8gmfwCt6MJ+PFeDc+ZqVLRtZzAP7A+PwBGYGeuQ==</latexit>

simG(vi, vj) = p(vj |vi)

<latexit sha1_base64="OjEgnLA38I+ba0LK/GYlcPl6gsg="></latexit>

simY (Yi, Yj) =
eY

T
i Yj

P
k2V eY

T
i Yk

<latexit sha1_base64="D/eMeFd6NA7YXCZQcyJyvZUgKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57oleuuFV3DrJKvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I6likbc+Nn81Ck5s0qfhLG2pZDM1d8TGY2MmUSB7YwoDs2yNxP/8zophjd+JlSSIldssShMJcGYzP4mfaE5QzmxhDIt7K2EDammDG06JRuCt/zyKmleVL2rqvtwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wddoo3W</latexit>vi

<latexit sha1_base64="agmS0xMWvrK+Sou+ROSGADjv6jU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVRJRdCUFN66kin1AG8JkOmmHTiZhZlKoMfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOX7MqFS2/W0sLC4tr6yW1srrG5tb2+bOblNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/vAq91sjIiSN+L0ax8QNUZ/TgGKktOSZ+90QqQFGLL3JvHTk0ce7VuaZFbtqT2DNE6cgFShQ98yvbi/CSUi4wgxJ2XHsWLkpEopiRrJyN5EkRniI+qSjKUchkW46SZ9ZR1rpWUEk9OPKmqi/N1IUSjkOfT2ZZ5WzXi7+53USFVy4KeVxogjH00NBwiwVWXkVVo8KghUba4KwoDqrhQdIIKx0YWVdgjP75XnSPKk6Z1X79rRSuyzqKMEBHMIxOHAONbiGOjQAwwM8wyu8GU/Gi/FufExHF4xiZw/+wPj8ASdAlak=</latexit>

Nvi|RW

<latexit sha1_base64="pCjO1Xh1h159HlRaqoGIiRKF3ws=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURRVGUghuXVexDmhgmk0k7dPJgZlIoof6DG3/FjQtF3Lpw5984abPQ6oGBwzn3MvccN2ZUSMP40gozs3PzC8XF0tLyyuqavr7RFFHCMWngiEW87SJBGA1JQ1LJSDvmBAUuIy23f5H5rQHhgkbhjRzGxA5QN6Q+xUgqydH3rLhHTwYOhZaMoBUg2XPd9Hp0553C+8yrKG8XnsFbhzp62agaY8C/xMxJGeSoO/qn5UU4CUgoMUNCdEwjlnaKuKSYkVHJSgSJEe6jLukoGqKACDsdhxrBHaV40I+4eqGEY/XnRooCIYaBqyazq8W0l4n/eZ1E+sd2SsM4kSTEk4/8hEGVP2sIepQTLNlQEYQ5VbdC3EMcYal6LKkSzOnIf0lzv2oeVo2rg3LtPK+jCLbANqgAExyBGrgEddAAGDyAJ/ACXrVH7Vl7094nowUt39kEv6B9fAPaIJ1m</latexit>

� : vi ! Rd; �(vi) = Yi
<latexit sha1_base64="i32drR/7l9n9be43rxWJh7/Au1Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisaD+kDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+8ce75UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3oXVffuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8xdI25</latexit>

Yi

<latexit sha1_base64="mPFUa/sJO26sehw31PT36KeN64w="></latexit>

max
�

X

vi2V
log simY (Yi, Yj) = max

�

X

vi2V
logP (Yj for vj 2 Ri|RW |Yi)

Softmax 

Maximum likelihood  



DeepWalk - Algorithm 
! Run fixed length random walks starting from each node of the 

graph 


! For each node      define its random walk neighborhood 


! Find embeddings to maximize the likelihood of random walk co-
occurrences  


! Embeddings are optimized using stochastic gradient descent 
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<latexit sha1_base64="D/eMeFd6NA7YXCZQcyJyvZUgKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57oleuuFV3DrJKvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I6likbc+Nn81Ck5s0qfhLG2pZDM1d8TGY2MmUSB7YwoDs2yNxP/8zophjd+JlSSIldssShMJcGYzP4mfaE5QzmxhDIt7K2EDammDG06JRuCt/zyKmleVL2rqvtwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wddoo3W</latexit>vi
<latexit sha1_base64="agmS0xMWvrK+Sou+ROSGADjv6jU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVRJRdCUFN66kin1AG8JkOmmHTiZhZlKoMfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOX7MqFS2/W0sLC4tr6yW1srrG5tb2+bOblNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/vAq91sjIiSN+L0ax8QNUZ/TgGKktOSZ+90QqQFGLL3JvHTk0ce7VuaZFbtqT2DNE6cgFShQ98yvbi/CSUi4wgxJ2XHsWLkpEopiRrJyN5EkRniI+qSjKUchkW46SZ9ZR1rpWUEk9OPKmqi/N1IUSjkOfT2ZZ5WzXi7+53USFVy4KeVxogjH00NBwiwVWXkVVo8KghUba4KwoDqrhQdIIKx0YWVdgjP75XnSPKk6Z1X79rRSuyzqKMEBHMIxOHAONbiGOjQAwwM8wyu8GU/Gi/FufExHF4xiZw/+wPj8ASdAlak=</latexit>

Nvi|RW

<latexit sha1_base64="zYjRb5D8ZL4iHLt3NhS2gBEtY7w="></latexit>

loss(vi,vj)2NTrain
=

X

vi2NTrain

X

vj2Rvi|RW

�log
⇣ eY

T
i Yj

P
vk2NTrain

eY
T
i Yk

⌘

Predicted probability of two nodes 
co-occurring in a random walk 



DeepWalk - Schematic overview 
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[Perozzi et al. 2014. DeepWalk: Online Learning of Social Representations. KDD]


<latexit sha1_base64="PJkC+qmeZrleRMOkL6qLyiCqzA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0WPBi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj27nfnnBtRKIecZryIKZDJSLBKFrpYdIX/WrNc70FyF/iF6QGBRr96mdvkLAs5gqZpMZ0fS/FIKcaBZN8VullhqeUjemQdy1VNOYmyBenzsiZVQYkSrQthWSh/pzIaWzMNA5tZ0xxZFa9ufif180wuglyodIMuWLLRVEmCSZk/jcZCM0ZyqkllGlhbyVsRDVlaNOp2BD81Zf/ktaF61+53v1lre4WcZThBE7hHHy4hjrcQQOawGAIT/ACr450np03533ZWnKKmWP4BefjG1jSjcY=</latexit>vi

<latexit sha1_base64="UCOOWm8j0cDsiWO3vA9+MF+xjPM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0WPBi8eK9gPaUDbbSbt2swm7m0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU0EmmGNZZIhLVCqlGwSXWDTcCW6lCGocCm+HwduY3R6g0T+SjGacYxLQvecQZNVZ6GHWfuuWK53pzkFXi56QCOWrd8lenl7AsRmmYoFq3fS81wYQqw5nAaamTaUwpG9I+ti2VNEYdTOanTsmZVXokSpQtachc/T0xobHW4zi0nTE1A73szcT/vHZmoptgwmWaGZRssSjKBDEJmf1NelwhM2JsCWWK21sJG1BFmbHplGwI/vLLq6Rx4fpXrnd/Wam6eRxFOIFTOAcfrqEKd1CDOjDowzO8wpsjnBfn3flYtBacfOYY/sD5/AFaVo3H</latexit>vj

<latexit sha1_base64="MSsyxd5ODVr480EGNafRKabaMNw=">AAACDnicbVDLSsNAFL3xWesr6tLNYClUkJKIosuCiC4r2Ae0oUymk3bo5MHMRCghX+DGX3HjQhG3rt35N07aULT1wMCZc+7l3nvciDOpLOvbWFpeWV1bL2wUN7e2d3bNvf2mDGNBaIOEPBRtF0vKWUAbiilO25Gg2Hc5bbmjq8xvPVAhWRjcq3FEHR8PAuYxgpWWema562M1JJgnN2llxpvpCZp9rtPjnlmyqtYEaJHYOSlBjnrP/Or2QxL7NFCEYyk7thUpJ8FCMcJpWuzGkkaYjPCAdjQNsE+lk0zOSVFZK33khUK/QKGJ+rsjwb6UY9/VldmOct7LxP+8Tqy8SydhQRQrGpDpIC/mSIUoywb1maBE8bEmmAimd0VkiAUmSidY1CHY8ycvkuZp1T6vWndnpVo1j6MAh3AEFbDhAmpwC3VoAIFHeIZXeDOejBfj3fiYli4Zec8B/IHx+QMjl5wW</latexit>

G(V, E)

<latexit sha1_base64="NXgVaihHkYfMpiEnkrWeoAn+fNo=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxChVISUXQjFFzospbeoA1hMp20QyeTMDMplJCtG1/FjQtF3PoG7nwbJ20W2vrDwMd/zmHO+b2IUaks69tYWV1b39gsbBW3d3b39s2Dw7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFtVu9MiJA05E01jYgToCGnPsVIacs1YcNNJi5N4Q1sdMqaKv0AqRFGLLlLK7B55polq2rNBJfBzqEEctVd86s/CHEcEK4wQ1L2bCtSToKEopiRtNiPJYkQHqMh6WnkKCDSSWaXpPBUOwPoh0I/ruDM/T2RoEDKaeDpzmxNuVjLzP9qvVj5105CeRQrwvH8Iz9mUIUwiwUOqCBYsakGhAXVu0I8QgJhpcMr6hDsxZOXoX1etS+r1sNFqVbN4yiAY3ACysAGV6AG7kEdtAAGj+AZvII348l4Md6Nj3nripHPHIE/Mj5/AEYbmLg=</latexit>

Rvi = RW (vi,G, T )
<latexit sha1_base64="1qX9nYzTCjIZhcgkH0rWRDidyXM=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQwmJKHosePFYxX5AG8Jmu2mXbjZhd1Mpof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHbdb6u0tr6xuVXeruzs7u0f2IdHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho9uZ3x5TqVgiHvUkpX6MB4JFjGBtpMC2e+mQ1dBDkI8DNq2hp8Cuuo47B1olXkGqUKAR2F+9fkKymApNOFaq67mp9nMsNSOcTiu9TNEUkxEe0K6hAsdU+fn88ik6M0ofRYk0JTSaq78nchwrNYlD0xljPVTL3kz8z+tmOrrxcybSTFNBFouijCOdoFkMqM8kJZpPDMFEMnMrIkMsMdEmrIoJwVt+eZW0LhzvynHvL6t1p4ijDCdwCufgwTXU4Q4a0AQCY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8Aa1+Szg==</latexit>

�, Rvi , w
<latexit sha1_base64="KI8kCZ/cRR9fqgjLO1G2gELDNiU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5CIohuh4MZlFfuQJobJdNIOnUzCzKRQQrdu/BU3LhRx6x+482+ctFlo64ELh3Pu5d57goRRqWz72ygtLa+srpXXKxubW9s75u5eS8apwKSJYxaLToAkYZSTpqKKkU4iCIoCRtrB8Cr32yMiJI35nRonxItQn9OQYqS05JvQTQa0NvLpMbyE9z6FLuXQjZAaBEF2O3no+WbVtuwp4CJxClIFBRq++eX2YpxGhCvMkJRdx06UlyGhKGZkUnFTSRKEh6hPuppyFBHpZdNPJvBIKz0YxkIXV3Cq/p7IUCTlOAp0Z36jnPdy8T+vm6rwwssoT1JFOJ4tClMGVQzzWGCPCoIVG2uCsKD6VogHSCCsdHgVHYIz//IiaZ1Yzpll35xW61YRRxkcgENQAw44B3VwDRqgCTB4BM/gFbwZT8aL8W58zFpLRjGzD/7A+PwBjouY7g==</latexit>

�(vi) = Yi 2 Rd



Application of node embeddings: 

Node clustering/Community detection 
! The karate-club example

- Compute node embeddings 

- Apply any clustering algorithm (e.g., K-means) on the learned embeddings
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Node 
embeddings


Clustering 
algorithm


e.g., K-means 



Summary so far  
! Feature learning on graphs is a data-driven (and ofter more 

flexible) alternative to designing hand-crafted features 


! Unsupervised learning on graphs provides representations i.e., 
embeddings, that are not adapted to specific tasks


! Different assumptions lead to different ways of preserving 
information from the original graph in the embedding space (e.g., 
weight matrix, random walks…)


! The choice of what structure information to preserve depends on 
the application  
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Limitations of the (discussed) node 
embedding algorithms  
! Usually transductive not inductive 

- Learned embedding models often do not generalize to new nodes


! Do not incorporate node attributes 


! Independent of downstream tasks 


! No parameter sharing:

- Every node has its own unique embedding
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! A different way of obtaining ‘deeper’ embeddings inspired by deep 
learning 


! They generalize to graphs with node attributes

Graph neural networks (GNNs)
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! A different way of obtaining ‘deeper’ embeddings inspired by deep 
learning 


! They generalize to graphs with node attributes

Graph neural networks (GNNs)
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Actionable 
knowledge

e.g., node/graph classification,

signal inpainting/denoising

ML model


Learned components

GNN-based 
embeddings




GNNs: A growing trend 

35Dr Dorina Thanou 


ICLR 2022



Computing embeddings from graphs 
with node attributes
! A naive approach: 

- Embed graph and node attributes into a Euclidean space

- Feed them into a deep neural net (e.g., MLP)


! Issues with that:

- Computationally expensive  

- Not applicable to graphs of different sizes

- Not invariant to node ordering: if we reorder nodes the representations will be different
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Can we do better? Yes! 

Graph with node 
attributes Predicted labels Node embedding

…… +

Node attributes



Good priors are key to learning
! We build intuition from classical deep learning algorithms

! CNNs exploit structure in the images
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Translation invariance Composability



CNN architecture: Illustrative example
! CNNs hierarchically aggregate (through convolution) and pool 

(i.e., subsample) images along pixel-grid
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https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
https://en.wikipedia.org/wiki/File:Typical_cnn.png


How can we extend CNNs on graphs?
! Desirable properties


- Convolution: how to achieve translation invariance


- Localization: what is the notion of locality


- Graph pooling: how to downsample on graphs


- Efficiency: how to keep the computational complexity low 


- Generalization: how to build models that generalize to unseen graphs
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Towards a convolution on graphs:

A spectral viewpoint
! Key intuition: Convolution in the vertex domain is equivalent to multiplication in 

the spectral domain

! Recall that: The graph Fourier transform of a graph signal     is defined using the 

eigenvectors and the eigenvalues of the Laplacian matrix (                    )

! We define convolution on graphs starting from the multiplication in the GFT 

domain


How can we interpret graph convolution?
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Classical convolution Convolution on graphs

<latexit sha1_base64="h/4nbm94XgT+cOAEQCPysYHKkgo=">AAACIHicbVDLSgMxFM34rPVVdekmWISpYJkRRRcKBTcuK9gHdGrJpJkazGSG5I50GPopbvwVNy4U0Z1+jWk7C18Hkns4516Se/xYcA2O82HNzM7NLywWlorLK6tr66WNzaaOEkVZg0YiUm2faCa4ZA3gIFg7VoyEvmAt//Z87LfumNI8kleQxqwbkoHkAacEjNQrHdvDvUHFhgo+wx6X0Mv2TQkgHV1nORnasO8BSSoDe1L647tXKjtVZwL8l7g5KaMc9V7p3etHNAmZBCqI1h3XiaGbEQWcCjYqeolmMaG3ZMA6hkoSMt3NJguO8K5R+jiIlDkS8ET9PpGRUOs09E1nSOBG//bG4n9eJ4HgpJtxGSfAJJ0+FCQCQ4THaeE+V4yCSA0hVHHzV0xviCIUTKZFE4L7e+W/pHlQdY+qzuVhuXaax1FA22gH2chFx6iGLlAdNRBF9+gRPaMX68F6sl6tt2nrjJXPbKEfsD6/ADnSonA=</latexit>

(x ⇤ g)(t) =
Z 1

�1
x(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="Vre9cF2P9W3RntK/RNIQqzZlLmY=">AAACJnicbZBNSwMxEIazflu/qh69BItQPZRdUfSgIHjxqGBboVtKNjvdBrObJZnVlqW/xot/xYsHRcSbP8W0lqLVFwIvz8wwmTdIpTDouh/O1PTM7Nz8wmJhaXllda24vlEzKtMcqlxJpW8CZkCKBKooUMJNqoHFgYR6cHs+qNfvQBuhkmvspdCMWZSItuAMLWoVT/17EUKHYV7u7kW7/bKvYojYLj2l/oB2x8TnocIhi8asVSy5FXco+td4I1MiI122ii9+qHgWQ4JcMmManptiM2caBZfQL/iZgZTxWxZBw9qExWCa+fDMPt2xJKRtpe1LkA7pz4mcxcb04sB2xgw7ZrI2gP/VGhm2j5u5SNIMIeHfi9qZpKjoIDMaCg0cZc8axrWwf6W8wzTjaJMt2BC8yZP/mtp+xTusuFcHpbOTURwLZItskzLxyBE5IxfkklQJJw/kibyQV+fReXbenPfv1ilnNLNJfsn5/AKnu6VF</latexit>

\(x ⇤ g)(!) = x̂(!) · ĝ(!)
<latexit sha1_base64="Ibbo5dSZxRFVep7yjxwrFZ0pni4="></latexit>

\(x ⇤ g)(�) =
�
(�Tx) � ĝ

�
(�)

FT

GFT

IGFT

<latexit sha1_base64="Nsu0rk97piIt9HundhcqxaZoep4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/5leM/A==</latexit>x

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x

<latexit sha1_base64="cCtbzLcxZf0K9h3dHdg2SfVU4sE=">AAACAHicbVC7SgNBFL3rM8bXqoWFzWAQrMKuKNooARuLFBHyguwaZmdnkyGzD2ZmhbCk8VdsLBSx9TPs/Bsnmy008cDA4Zx7uHOPl3AmlWV9G0vLK6tr66WN8ubW9s6uubfflnEqCG2RmMei62FJOYtoSzHFaTcRFIcepx1vdDv1O49USBZHTTVOqBviQcQCRrDSUt88rKNr5JAhc+o65OOcPzRR36xYVSsHWiR2QSpQoNE3vxw/JmlII0U4lrJnW4lyMywUI5xOyk4qaYLJCA9oT9MIh1S6WX7ABJ1oxUdBLPSLFMrV34kMh1KOQ09PhlgN5bw3Ff/zeqkKrtyMRUmqaERmi4KUIxWjaRvIZ4ISxceaYCKY/isiQywwUbqzsi7Bnj95kbTPqvZF1bo/r9RuijpKcATHcAo2XEIN7qABLSAwgWd4hTfjyXgx3o2P2eiSUWQO4A+Mzx94qpUJ</latexit>

L = �⇤�T



Reminder: Graph spectral filtering
! It is defined in direct analogy with classical filtering in the 

frequency domain

- Filtering a graph signal    with a spectral filter         is performed in the graph 

Fourier domain  
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<latexit sha1_base64="a8r1iIHVbQ4g8L4cqOGkoE3yspc=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbCwTMB+QHGFvM5es2ds7dvfEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W4+oNI/lvRkn6Ed0IHnIGTVWqj/1SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw4L8678zFvXXHymSP4A+fzB+W9jPo=</latexit>x

ĝ(⇤) IGFT
<latexit sha1_base64="UppGZ125ucyblzCcuR2Nt8tkWZo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUIBANDJRYGhiL1JTWhchynseo4ke0gqqgDC7/CwgBCrHwEG3+D02aAliNZOjrnHl3f4yWMSmVZ38bS8srq2nppo7y5tb2za+7td2ScCkzaOGax6HlIEkY5aSuqGOklgqDIY6Trja5yv3tPhKQxb6lxQtwIDTkNKEZKSwOz4uCQOiFS2XBSc2500EfHuXbXehiYVatuTQEXiV2QKijQHJhfjh/jNCJcYYak7NtWotwMCUUxI5Oyk0qSIDxCQ9LXlKOISDebHjGBR1rxYRAL/biCU/V3IkORlOPI05MRUqGc93LxP6+fquDCzShPUkU4ni0KUgZVDPNGoE8FwYqNNUFYUP1XiEMkEFa6t7IuwZ4/eZF0Tur2Wd26Pa02Los6SqACDkEN2OAcNMA1aII2wOARPINX8GY8GS/Gu/ExG10yiswB+APj8wdiu5fn</latexit>

�ĝ(⇤)�Tx

` ` `

Shuman et al., “The emerging field of signal processing on graphs”, IEEE Signal Process. Mag., 2013

ĝ(·)

Convolution on graphs is equivalent to filtering! 

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

GFT
<latexit sha1_base64="VCH3LEWnCW+82gQ0HVZ4XDfkrOw=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0oWlgEbCwj5AuSM+xt9pIle3vH7pwYjvwIGwtFbP09dv4bN8kVmvhg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W49cGxGrOo4T7kd0oEQoGEUrtbpsKB7qT71S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz2M6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0nzvOJdVtz7i3L1Jo+jAMdwAmfgwRVU4Q5q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AN4iPeA==</latexit>

�Tx
<latexit sha1_base64="BoMFWV2nukY/0IA4hfEfObqv7cc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuVIBAMDJVYGBiK1JfUhMpxnMaq40S2g6iiLPwKCwMIsfIZbPwNbpsBWo5k6eice3R9j5cwKpVlfRulpeWV1bXyemVjc2t7x9zd68g4FZi0ccxi0fOQJIxy0lZUMdJLBEGRx0jXG11P/O4DEZLGvKXGCXEjNOQ0oBgpLQ3MAydEKhvmNedWh3x04uCQ3rceB2bVqltTwEViF6QKCjQH5pfjxziNCFeYISn7tpUoN0NCUcxIXnFSSRKER2hI+ppyFBHpZtMDcnisFR8GsdCPKzhVfycyFEk5jjw9GSEVynlvIv7n9VMVXLoZ5UmqCMezRUHKoIrhpA3oU0GwYmNNEBZU/xXiEAmEle6sokuw509eJJ3Tun1et+7Oqo2roo4yOARHoAZscAEa4AY0QRtgkINn8ArejCfjxXg3PmajJaPI7IM/MD5/AElUli8=</latexit>

ĝ(⇤)�Tx

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
! In general the answer is no! 

! However, if we consider polynomial filters, the answer is yes
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ĝ✓(�) =
KX

j=0

✓j�
j , ✓ 2 RK+1

<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>
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Example:

!        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K
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Example:

!        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
! In general the answer is no! 

! However, if we consider polynomial filters, the answer is yes
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<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit>

Example:

!        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



Is the graph convolution localized?
! In general the answer is no! 

! However, if we consider polynomial filters, the answer is yes
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<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>

ĝ✓(L) =
KX

j=0

✓jL
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<latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit>

Example:

!        defines the     -hop neighborhood: 
<latexit sha1_base64="aSdXv7DoCjSXx0lbSWXlpj7Yjzk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJeBH0ENE8IFnD7KQ3GTI7u8zMCmHJJ3jxoIhXv8ibf+PkcdDEgoaiqpvuriARXBvX/XZyS8srq2v59cLG5tb2TnF3r67jVDGssVjEqhlQjYJLrBluBDYThTQKBDaCwdXYbzyh0jyWD2aYoB/RnuQhZ9RY6f728aZTLLlldwKySLwZKcEM1U7xq92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ5NQRObJKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTadgQ/DmX14k9ZOyd1Z2705LlctZHHk4gEM4Bg/OoQLXUIUaMOjBM7zCmyOcF+fd+Zi25pzZzD78gfP5A+6ajY0=</latexit>

LK
<latexit sha1_base64="+PB+W+h7g1d6IfBq7/zTlq1j3lg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGVGFN1YCi4U6qKCfUA7DplMpk2byQxJplCGfoAbf8WNC0Xc+gHu/BvTx0JbDwQO55zLzT1uxKhUpvltpJaWV1bX0uuZjc2t7Z3s7l5dhrHApIZDFoqmiyRhlJOaooqRZiQIClxGGm7/auw3BkRIGvJ7NYyIHaAOpz7FSGnJyeY85zo/cOgxHDi9AixVYFuFMH/7UCk4Ce2N4CU0dcosmhPARWLNSA7MUHWyX20vxHFAuMIMSdmyzEjZCRKKYkZGmXYsSYRwH3VIS1OOAiLtZHLMCB5pxYN+KPTjCk7U3xMJCqQcBq5OBkh15bw3Fv/zWrHyL+yE8ihWhOPpIj9mUN87bgZ6VBCs2FAThAXVf4W4iwTCSveX0SVY8ycvkvpJ0TormnenuXJpVkcaHIBDkAcWOAdlcAOqoAYweATP4BW8GU/Gi/FufEyjKWM2sw/+wPj8ARMSmHI=</latexit>

dG(vi, vj) > K ! (LK)ij = 0
<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

<latexit sha1_base64="HohOUz6VFQjsUbiM9hFbM3/5/ls=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiti5KIoguFghsXXVToC5pYJpNJOnTyYGYiLaHf4cZfceNCEXfixr9x0mahrQcGDufcw517nJhRIQ3jW1taXlldWy9sFDe3tnd29b39togSjkkLRyziXQcJwmhIWpJKRroxJyhwGOk4w5vM7zwQLmgUNuU4JnaA/JB6FCOppL5ujk58eA0tPKDQGiCZ+pOyVVd5F1Uy8b4JR5mfW/XKqK+XjKoxBVwkZk5KIEejr39aboSTgIQSMyREzzRiaaeIS4oZmRStRJAY4SHySU/REAVE2On0tAk8VooLvYirF0o4VX8nUhQIMQ4cNRkgORDzXib+5/US6V3aKQ3jRJIQzxZ5CYMygllP0KWcYMnGiiDMqforxAPEEZaqzaIqwZw/eZG0T6vmedW4OyvVrvI6CuAQHIEyMMEFqIFb0AAtgMEjeAav4E170l60d+1jNrqk5ZkD8Afa1w8rc58T</latexit>

x ⇤ g = �ĝ(⇤)�Tx = ĝ(L)x



A spatial interpretation of graph 
convolution 
! Localization of the Laplacian polynomials leads to a spatial interpretation 

on the graph


! Note that:


! Graph convolution can be computed recursively by exchanging 
information in a local neighborhood (i.e., message passing) 


! The kernel         does not depend on the order of the nodes: permutation 
invariant! 
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<latexit sha1_base64="nrd0bt6v7HKFXefUaIsWr6s9F5k=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQL2VXFD1JwYvHCvYDumvJptk2NJssyaxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0wEN+C6305hZXVtfaO4Wdra3tndK+8ftIxKNWVNqoTSnZAYJrhkTeAgWCfRjMShYO1wdDP1249MG67kPYwTFsRkIHnEKQErPfhDAtlgUvVpX8Fpr1xxa+4MeJl4OamgHI1e+cvvK5rGTAIVxJiu5yYQZEQDp4JNSn5qWELoiAxY11JJYmaCbHb1BJ9YpY8jpW1JwDP190RGYmPGcWg7YwJDs+hNxf+8bgrRVZBxmaTAJJ0vilKBQeFpBLjPNaMgxpYQqrm9FdMh0YSCDapkQ/AWX14mrbOad1Fz784r9es8jiI6Qseoijx0ieroFjVQE1Gk0TN6RW/Ok/PivDsf89aCk88coj9wPn8AQPSSVQ==</latexit>

ĝ(·)

<latexit sha1_base64="KCGiflVHiSYMZxLTgXyrLVqmuv4="></latexit>

x ⇤ g = ĝ(L)x =
KX

k=0

✓kL
kx =

KX

k=0

✓kzk

<latexit sha1_base64="9AKgYgpmNI0vgKVu6SEqnCrt5BI="></latexit>z0 = x

z1 = Lz0

z2 = Lz1 = L2z0
...

zK = LzK�1 = · · · = LKz0



The receptive field of graph convolution
! Node embeddings are based on local neighborhood propagation


! Due to the irregular nature of the graph, there is no fixed size 
neighbourhood


! The degree    of the polynomial defines the receptive field of each 
node
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Receptive field on an image Receptive field on a graph 

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K



! Typical GNN architectures consist of a set of graph convolutional 
layers, each of which is followed by elementwise nonlinearity


! By learning the parameters of the each convolutional filter, we 
learn how to propagate information on a graph to compute node 
embeddings 

The basic GNN: a spectral viewpoint 
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Nonlinearity 

(e.g., ReLU) 

.


.


.
.

.


<latexit sha1_base64="D62OslnIOu2XfuYBmMCgoS5ABnQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQbspEFF0WBHHhooJ9QJuGyXTSDp1MwsxEKCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WPOlEbo21paXlldWy9sFDe3tnd27b39pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80dXEbz1QqVgk7vU4pm6IB4IFjGBtJM8+7A6xTgeZl157KOuh8m1l2EvLqJJ5dglV0RRwkTg5KYEcdc/+6vYjkoRUaMKxUh0HxdpNsdSMcJoVu4miMSYjPKAdQwUOqXLT6QsZPDFKHwaRNCU0nKq/J1IcKjUOfdMZYj1U895E/M/rJDq4dFMm4kRTQWaLgoRDHcFJHrDPJCWajw3BRDJzKyRDLDHRJrWiCcGZf3mRNE+rznkV3Z2VaiiPowCOwDEoAwdcgBq4AXXQAAQ8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBhGOWJQ==</latexit>

ĝ0F0
(L)h(0)

<latexit sha1_base64="vB/Ye8o9wld5825lGvTq/ywd67k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0G7KpCi6LLhx4aKCfUCbhsl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp20W2nrgwuGce7n3Hj/mTGmEvq3C2vrG5lZxu7Szu7d/YB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT25mfueRSsUi8aCnMXVDPBIsYARrI3n2SX+MdTrKvLSeDVDlrjoepBVUzTy7jGpoDrhKnJyUQY6mZ3/1hxFJQio04VipnoNi7aZYakY4zUr9RNEYkwke0Z6hAodUuen8gQyeG2UIg0iaEhrO1d8TKQ6Vmoa+6QyxHqtlbyb+5/USHVy7KRNxoqkgi0VBwqGO4CwNOGSSEs2nhmAimbkVkjGWmGiTWcmE4Cy/vEra9ZpzWUP3F+UGyuMoglNwBirAAVegAW5BE7QAARl4Bq/gzXqyXqx362PRWrDymWPwB9bnDzISlW4=</latexit>

ĝ02(L)h
(0)

<latexit sha1_base64="yDJzkjq1je/s3QysD+jYVP+fleU=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR2k2ZiKLLghsXLirYB7RpmEwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8RPOlEbo21pZXVvf2Cxtlbd3dvf27YPDtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88c3U7zxSqVgsHvQkoW6ER4IFjGBtJM8+7odYZ6Pcy5x8gKp3tXCQVVEt9+wKqqMZ4DJxClIBBZqe/dUfxiSNqNCEY6V6Dkq0m2GpGeE0L/dTRRNMxnhEe4YKHFHlZrMHcnhmlCEMYmlKaDhTf09kOFJqEvmmM8I6VIveVPzP66U6uHYzJpJUU0Hmi4KUQx3DaRpwyCQlmk8MwUQycyskIZaYaJNZ2YTgLL68TNrndeeyju4vKg1UxFECJ+AUVIEDrkAD3IImaAECcvAMXsGb9WS9WO/Wx7x1xSpmjsAfWJ8/MIGVbQ==</latexit>

ĝ01(L)h
(0)

<latexit sha1_base64="a+GXAg5wULcqQJIcLdxk+yyojYE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR2k3JiKLLghsXLirYB7RpmEwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8RPOlHacb2tldW19Y7O0Vd7e2d3btw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxzdTv/NIpWKxeNCThLoRHgkWMIK1kTz7uB9inY1yL0P5AFXvauEgq6Ja7tkVp+7MAJcJKkgFFGh69ld/GJM0okITjpXqISfRboalZoTTvNxPFU0wGeMR7RkqcESVm80eyOGZUYYwiKUpoeFM/T2R4UipSeSbzgjrUC16U/E/r5fq4NrNmEhSTQWZLwpSDnUMp2nAIZOUaD4xBBPJzK2QhFhiok1mZRMCWnx5mbTP6+iy7txfVBpOEUcJnIBTUAUIXIEGuAVN0AIE5OAZvII368l6sd6tj3nrilXMHIE/sD5/ADOVlW8=</latexit>

ĝ11(L)h
(1)

<latexit sha1_base64="tb+CsZV6kKbVe87DiBok+SDd+Mw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWob2UpCh6LHjx4KGC/YA2DZvtpl262YTdiVBCLv4VLx4U8erP8Oa/cdvmoK0PBh7vzTAzz485U2Db30ZhbX1jc6u4XdrZ3ds/MA+P2ipKJKEtEvFIdn2sKGeCtoABp91YUhz6nHb8yc3M7zxSqVgkHmAaUzfEI8ECRjBoyTNP+mMM6Sjz0no2cCp31fEgrTjVzDPLds2ew1olTk7KKEfTM7/6w4gkIRVAOFaq59gxuCmWwAinWamfKBpjMsEj2tNU4JAqN50/kFnnWhlaQSR1CbDm6u+JFIdKTUNfd4YYxmrZm4n/eb0Egms3ZSJOgAqyWBQk3ILImqVhDZmkBPhUE0wk07daZIwlJqAzK+kQnOWXV0m7XnMua/b9Rblh53EU0Sk6QxXkoCvUQLeoiVqIoAw9o1f0ZjwZL8a78bFoLRj5zDH6A+PzBzUmlXA=</latexit>

ĝ12(L)h
(1)

<latexit sha1_base64="s2AEJjYEf339/McduFpHSsVLPZQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQbkpGFF0WBHHhooJ9QJuGyXTSDp1MwsxEKCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WPOlHacb2tpeWV1bb2wUdzc2t7Ztff2mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR1cTv/VApWKRuNfjmLohHggWMIK1kTz7sDvEOh1kXnrtoayHyreVYS8to0rm2SWn6kwBFwnKSQnkqHv2V7cfkSSkQhOOleogJ9ZuiqVmhNOs2E0UjTEZ4QHtGCpwSJWbTl/I4IlR+jCIpCmh4VT9PZHiUKlx6JvOEOuhmvcm4n9eJ9HBpZsyESeaCjJbFCQc6ghO8oB9JinRfGwIJpKZWyEZYomJNqkVTQho/uVF0jytovOqc3dWqjl5HAVwBI5BGSBwAWrgBtRBAxDwCJ7BK3iznqwX6936mLUuWfnMAfgD6/MHiQiWKA==</latexit>

ĝ1F1
(L)h(1)

Nonlinearity 

(e.g., ReLU) MLP Predictive 

task…

<latexit sha1_base64="7nlOKocbUIywWrQ7kNBvBoTN9Gg=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKohcl4MVjBPPAZA2zk95kyOzsMjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbsZ+4wmV5rG8N8ME/Yj2JA85o8ZKD/3HrOSejMhVs1MoumV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk4hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh90uUKmRFDSyhT3N5KWJ8qyowNKW9D8OZfXiT107J3XnbvzoqV61kcOTiEIyiBBxdQgVuoQg0YSHiGV3hztPPivDsf09YlZzZzAH/gfP4ABVqP0g==</latexit>

h(0) = X



Spectral approaches in one slide
! Convolution is defined in the graph Fourier domain


! Spectral GCNN: 


! ChebNet:


! GCN:


! Parameters     are learned through the network   
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x ⇤✓ g = �ĝ(✓)�Tx

K = 1

<latexit sha1_base64="d487f2DEwpPL2EwMAIH9aA9g+hY=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAI4qIkouhGKbhxWaE3aGKZTCfN0MmFmRNpKQU3voobF4q49SXc+TZO0yy09YeBj/+cw5nze4ngCizr21hYXFpeWS2sFdc3Nre2zZ3dhopTSVmdxiKWLY8oJnjE6sBBsFYiGQk9wZpe/2ZSbz4wqXgc1WCYMDckvYj7nBLQVsfcH5z08BV2aMCxAwEDkvF9DQ86ZskqW5nwPNg5lFCuasf8croxTUMWARVEqbZtJeCOiAROBRsXnVSxhNA+6bG2xoiETLmj7IYxPtJOF/ux1C8CnLm/J0YkVGoYerozJBCo2drE/K/WTsG/dEc8SlJgEZ0u8lOBIcaTQHCXS0ZBDDUQKrn+K6YBkYSCjq2oQ7BnT56HxmnZPi9bd2elynUeRwEdoEN0jGx0gSroFlVRHVH0iJ7RK3oznowX4934mLYuGPnMHvoj4/MHxGiWUQ==</latexit>

x ⇤ g = �✓�Tx
<latexit sha1_base64="p2nem2thtdzU1BXkyn7sFLiblI8=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoMQm7ArijZKwMYygnlAdgl3ZyfJkNkHM3eFsARs/BUbC0Vs/Qk7/8bJo9DEAwOHc+7hzj1+IoVG2/62ckvLK6tr+fXCxubW9k5xd6+h41QxXmexjFXLB82liHgdBUreShSH0Je86Q9uxn7zgSst4ugehwn3QuhFoisYoJE6xQO3D5j1RmVXmlAAJ/SKutjnCLRTLNkVewK6SJwZKZEZap3ilxvELA15hEyC1m3HTtDLQKFgko8Kbqp5AmwAPd42NIKQay+b3DCix0YJaDdW5kVIJ+rvRAah1sPQN5MhYF/Pe2PxP6+dYvfSy0SUpMgjNl3UTSXFmI4LoYFQnKEcGgJMCfNXyvqggKGprWBKcOZPXiSN04pzXrHvzkrV61kdeXJIjkiZOOSCVMktqZE6YeSRPJNX8mY9WS/Wu/UxHc1Zs8w++QPr8weDAJbE</latexit>

ĝ(�) = ✓

<latexit sha1_base64="/vSYyRljHddYi5OtjtpV7NrysnE=">AAACGHicbZBNS0JBFIbn2pfZ162WbYYksEC9V4raFEItWhrkB6jJ3HHUwbkfzJwbysWf0aa/0qZFEW3d9W8a9QalvTDw8J5zOHNeJxBcgWV9GYml5ZXVteR6amNza3vH3N2rKD+UlJWpL3xZc4hignusDBwEqwWSEdcRrOr0ryf16iOTivvePQwD1nRJ1+MdTgloq2XmByddfIkzDegxIC0L4yyO2cY3D1HWzhdG1R84HrTMtJWzpsKLYMeQRrFKLXPcaPs0dJkHVBCl6rYVQDMiEjgVbJRqhIoFhPZJl9U1esRlqhlNDxvhI+20cceX+nmAp+7viYi4Sg1dR3e6BHpqvjYx/6vVQ+hcNCPuBSEwj84WdUKBwceTlHCbS0ZBDDUQKrn+K6Y9IgkFnWVKh2DPn7wIlULOPstZd6fp4lUcRxIdoEOUQTY6R0V0i0qojCh6Qi/oDb0bz8ar8WF8zloTRjyzj/7IGH8D3JCciQ==</latexit>

x ⇤ g = (✓0 � ✓1D
�1/2WD�1/2)x

<latexit sha1_base64="lihwHep4jpqmjbob2xoHKN8oZ1Y=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJePEYwTwgWcLspDcZMvtgplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpEoact1vp7C2vrG5Vdwu7ezu7R+UD4+aJsm0wIZIVKLbATeoZIwNkqSwnWrkUaCwFYzuZn7rCbWRSfxI4xT9iA9iGUrByUqtLg2ROOuVK27VnYOtEi8nFchR75W/uv1EZBHGJBQ3puO5KfkTrkkKhdNSNzOYcjHiA+xYGvMIjT+ZnztlZ1bpszDRtmJic/X3xIRHxoyjwHZGnIZm2ZuJ/3mdjMIbfyLjNCOMxWJRmClGCZv9zvpSoyA1toQLLe2tTAy55oJsQiUbgrf88ippXlS9q6r7cFmp3eZxFOEETuEcPLiGGtxDHRogYATP8ApvTuq8OO/Ox6K14OQzx/AHzucP+/WPUg==</latexit>

✓

<latexit sha1_base64="lK4l37NywuZwtBY2jnmTgBFT6EY=">AAACHnicbVDJSgNBFOxxjXGLevTSGAS9hBkx6EURvAheImQRMnF40+nJNOlZ6H4jhCFf4sVf8eJBEcGT/o2dBVwLGoqqerx+5adSaLTtD2tmdm5+YbGwVFxeWV1bL21sNnWSKcYbLJGJuvZBcyli3kCBkl+nikPkS97y++cjv3XLlRZJXMdByjsR9GIRCAZoJK9UdUPAvDfcc6UZ6sI+PaGuziIv75/Yw5tLF0OO4Ala98RXxiuV7Yo9Bv1LnCkpkylqXunN7SYsi3iMTILWbcdOsZODQsEkHxbdTPMUWB96vG1oDBHXnXx83pDuGqVLg0SZFyMdq98ncoi0HkS+SUaAof7tjcT/vHaGwXEnF3GaIY/ZZFGQSYoJHXVFu0JxhnJgCDAlzF8pC0EBQ9No0ZTg/D75L2keVJxqxb46LJ+dTusokG2yQ/aIQ47IGbkgNdIgjNyRB/JEnq1769F6sV4n0RlrOrNFfsB6/wR9Z6Ft</latexit>

ĝ(�) =
KX

k=0

✓iTi(�)

<latexit sha1_base64="ftauyYahqYYZaQMQVGxUTzC8LoI=">AAACDHicbVDLSgMxFM34rPVVdekmWITqosyIoptKwY2giwp9QWccMmnahmYeJHekZegHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHi8SXIFpfhsLi0vLK6uZtez6xubWdm5nt67CWFJWo6EIZdMjigkesBpwEKwZSUZ8T7CG178a+40HJhUPgyoMI+b4pBvwDqcEtOTm8oPjLi5hW8W+m/RL5uj+xoYeA+JyXHV54fYID3TKLJoT4HlipSSPUlTc3JfdDmnsswCoIEq1LDMCJyESOBVslLVjxSJC+6TLWpoGxGfKSSbHjPChVtq4E0r9AsAT9fdEQnylhr6nkz6Bnpr1xuJ/XiuGzoWT8CCKgQV0uqgTCwwhHjeD21wyCmKoCaGS679i2iOSUND9ZXUJ1uzJ86R+UrTOiubdab58mdaRQfvoABWQhc5RGV2jCqohih7RM3pFb8aT8WK8Gx/T6IKRzuyhPzA+fwAm2JnD</latexit>

x ⇤ g =
KX

k=0

✓iTi(L)x



Graph Convolutional Networks (GCN)
! Main intuition: Design a scalable architecture with first-order 

approximation of spectral graph convolution


! A convolutional layer is defined as: 
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<latexit sha1_base64="ARwdK2Ke2PHkCjnA70zAf6UAnK8="></latexit>

g ⇤ x ⇡ ✓0x+ ✓1(L� IN )x = ✓0x� ✓1D
�1/2WD�1/2x

<latexit sha1_base64="kFXcD8XlZ6/YowUkaWBLFub3Sqk=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAI9VZniqIrKehCdxXsBdqxZNK0Dc1cSM5Iy9CXcOOruHGhiFvBnW9j2o6grQdCPv7/HJLzO4HgCkzzy0jMzM7NLyQXU0vLK6tr6fWNsvJDSVmJ+sKXVYcoJrjHSsBBsGogGXEdwSpO92LoV+6ZVNz3bqEfMNslbY+3OCWgpUb6oL3Xw3USBNLXN3QYEJy9xvv48i46tI7yg8oP7OJeI50xc+ao8DRYMWRQXMVG+rPe9GnoMg+oIErVLDMAOyISOBVskKqHigWEdkmb1TR6xGXKjkZbDfCOVpq45Ut9PMAj9fdERFyl+q6jO10CHTXpDcX/vFoIrTM74l4QAvPo+KFWKDD4eBgRbnLJKIi+BkIl13/FtEMkoaCDTOkQrMmVp6Gcz1knOfPmOFM4j+NIoi20jbLIQqeogK5QEZUQRQ/oCb2gV+PReDbejPdxa8KIZzbRnzI+vgGBdpva</latexit>

g ⇤ x ⇡ ✓(I +D�1/2WD�1/2)x

<latexit sha1_base64="8uEdqj07VaBEg96g7+/Ub/QgT5o=">AAACJXicbVDLSgMxFM34rPVVdekmWAQRrDOi6EKkoAuXFawVOmPJpLdtaOZBckcsw/yMG3/FjQuLCK78FdM6C60eCDk5515u7vFjKTTa9oc1NT0zOzdfWCguLi2vrJbW1m90lCgOdR7JSN36TIMUIdRRoITbWAELfAkNv38+8hv3oLSIwmscxOAFrBuKjuAMjdQqnXZ3H6jL4lhF5sYeIHNRyDakF9lduufsH2T5u5FNGg+tUtmu2GPQv8TJSZnkqLVKQ7cd8SSAELlkWjcdO0YvZQoFl5AV3URDzHifdaFpaMgC0F463jKj20Zp006kzAmRjtWfHSkLtB4EvqkMGPb0pDcS//OaCXZOvFSEcYIQ8u9BnURSjOgoMtoWCjjKgSGMK2H+SnmPKcbRBFs0ITiTK/8lNwcV56hiXx2Wq2d5HAWySbbIDnHIMamSS1IjdcLJI3kmr2RoPVkv1pv1/l06ZeU9G+QXrM8vw7ulZw==</latexit>

g ⇤ x ⇡ ✓D̃�1/2W̃ D̃�1/2x

<latexit sha1_base64="1fuaeyufgvmm7ER3BVOaVF/HFRc=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0UQhJCIoheh4EUvUsE2hTaEzWbTLt18sLsRSqh/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzAsyzqSy7W9jaXlldW29slHd3Nre2TX39tsyzQWhLZLyVHQCLClnCW0ppjjtZILiOODUDYbXE999pEKyNHlQo4x6Me4nLGIEKy35Zq2nGA9p4Y7RFXLRCbr173yzblv2FGiROCWpQ4mmb371wpTkMU0U4VjKrmNnyiuwUIxwOq72ckkzTIa4T7uaJjim0iumx4/RkVZCFKVCV6LQVP09UeBYylEc6M4Yq4Gc9ybif143V9GlV7AkyxVNyGxRlHOkUjRJAoVMUKL4SBNMBNO3IjLAAhOl86rqEJz5lxdJ+9Ryzi37/qzesMo4KnAAh3AMDlxAA26gCS0gMIJneIU348l4Md6Nj1nrklHO1OAPjM8ffSmTSw==</latexit>

W̃ = W + IN

<latexit sha1_base64="TxGjtwuSJbjDCLBFrdLEXVXYGWc=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuDEkouhGKLhxWcFeoA1hMp20QyeTMHMilNCVG1/FjQtF3PoM7nwbp20W2vrDwMd/zuHM+cNUcA2u+22VlpZXVtfK65WNza3tHXt3r6mTTFHWoIlIVDskmgkuWQM4CNZOFSNxKFgrHN5M6q0HpjRP5D2MUubHpC95xCkBYwX2YRcGDAi+xjMIXIOnBXuBXXUddyq8CF4BVVSoHthf3V5Cs5hJoIJo3fHcFPycKOBUsHGlm2mWEjokfdYxKEnMtJ9PzxjjY+P0cJQo8yTgqft7Iiex1qM4NJ0xgYGer03M/2qdDKIrP+cyzYBJOlsUZQJDgieZ4B5XjIIYGSBUcfNXTAdEEQomuYoJwZs/eRGaZ4534bh359WaU8RRRgfoCJ0gD12iGrpFddRAFD2iZ/SK3qwn68V6tz5mrSWrmNlHf2R9/gDMEJdZ</latexit>

✓ = ✓0 = �✓1

<latexit sha1_base64="HSWFwkX6koJ4g9R2Nhr6LGFds/A="></latexit>

hl+1 = �(D̃�1/2W̃ D̃�1/2hl✓l+1)

Adjacency/Weight matrix
Degree matrix

Learned parameters 



GCN architecture 
! Very often, it consists of two GCN layers
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<latexit sha1_base64="zGDbAnr1ox51avn+wwOkVYcAnpI="></latexit>

hl+1 = �(D̃�1/2W̃D̃�1/2hl✓l+1)

<latexit sha1_base64="jjNmH2qbFa6zZ39ImrqeiFrdKq8=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjOiqAuh4MZlBfuAdiyZNNOGJpkhyRTK0D9x40IRt/6JO//GTDsLbT0QOJxzL/fkhAln2njet7Oyura+sVnaKm/v7O7tuweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0V3ut8ZUaRbLRzNJaCDwQLKIEWys1HPdrsBmGEbZ8MlDt6g97bkVr+rNgJaJX5AKFKj33K9uPyapoNIQjrXu+F5iggwrwwin03I31TTBZIQHtGOpxILqIJsln6JTq/RRFCv7pEEz9fdGhoXWExHayTynXvRy8T+vk5roOsiYTFJDJZkfilKOTIzyGlCfKUoMn1iCiWI2KyJDrDAxtqyyLcFf/PIyaZ5X/cuq93BRqd0UdZTgGE7gDHy4ghrcQx0aQGAMz/AKb07mvDjvzsd8dMUpdo7gD5zPH26dktc=</latexit>

h0 = X

[Kipf et al., Semi-Supervised Classification with Graph Convolutional Networks, ICLR, 2017]




Each layer increases the receptive field 
of each node
! Each layer increases the receptive field by     hops


! Example:    

49Dr Dorina Thanou 


<latexit sha1_base64="StyRNWdB+7DfW2Ga8LrlYIKxFN4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtS8CJ4qWDaQhvKZjttl242YXcjlNDf4MWDIl79Qd78N27bHLT1wcDjvRlm5oWJ4Nq47rdTWFldW98obpa2tnd298r7Bw0dp4qhz2IRq1ZINQou0TfcCGwlCmkUCmyGo9up33xCpXksH804wSCiA8n7nFFjJf+eXBOvW664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvwoyLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVe+i6j6cV2o3eRxFOIJjOAUPLqEGd1AHHxhweIZXeHOk8+K8Ox/z1oKTzxzCHzifPz+7jaU=</latexit>

K = 1

<latexit sha1_base64="9FrhDtJ2t/ElGEKlgl6NHEvLqJo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/vlcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVt35Rrt7kcRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD6IjjM8=</latexit>

K

Layer 1Layer 0 Layer 2



! Key intuition: Generalize the notion of convolution from images 
(grid graph) to networks (irregular graph) 


! Example of a single CNN layer with 3x3 filter

- Fixed neighbourhood 

- Canonical order across neighbors 

Towards a graph convolution: 

A spatial viewpoint

50Dr Dorina Thanou 


Animation from V. Dumoulin

Can we exploit similar structure for graph data? 

<latexit sha1_base64="x6pjUN7zgt+Miq+S8V3T5gauOVw=">AAACGnicbZDJSgNBEIZ74hbjNurRS2MQEoQwI4rxEAh48RjBLJBl6Ol0kiY9C901QjLMc3jxVbx4UMSbePFt7CyCJhY0fPx/FdX1u6HgCizry0itrK6tb6Q3M1vbO7t75v5BTQWRpKxKAxHIhksUE9xnVeAgWCOUjHiuYHV3eD3x6/dMKh74dzAKWdsjfZ/3OCWgJce0xw7vxDlxaucTXMItFXlOzEtW0im2YMCAzOx8Mv4Bx8xaBWtaeBnsOWTRvCqO+dHqBjTymA9UEKWathVCOyYSOBUsybQixUJCh6TPmhp94jHVjqenJfhEK13cC6R+PuCp+nsiJp5SI8/VnR6BgVr0JuJ/XjOCXrEdcz+MgPl0tqgXCQwBnuSEu1wyCmKkgVDJ9V8xHRBJKOg0MzoEe/HkZaidFeyLgnV7ni1fzeNIoyN0jHLIRpeojG5QBVURRQ/oCb2gV+PReDbejPdZa8qYzxyiP2V8fgNgLZ/U</latexit>

z(l+1)
i =

8X

i=0

✓(l)i z(l)i

<latexit sha1_base64="LnSLE+9MOfzBuSYnLaWfXr9U4lw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z6kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMTi4/W</latexit>

z(l)0

<latexit sha1_base64="XfDcnVB1MvKts/Vd5fNPUj7S4iM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMVFY/X</latexit>

z(l)1

<latexit sha1_base64="0E4Fy+eY+JLPHMejnfZHglZteM4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteJdVNzb81LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcWn4/Y</latexit>

z(l)2

<latexit sha1_base64="Zw79NKSBgtJ6E1d2xznu/Bl/+hk=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghez6iB5JvHjERB4GVjI7zMKEmdnNzKwJbvgKLx40xquf482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk78wopr7AfclCRrCx0v1T9+whLfOTcbdYcivuFGiReBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtlVhQ7afTg8fo2Co9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE175KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUcGG4M2/vEgapxXvouLenpeqR1kceTiAQyiDB5dQhRuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz8YKY/Z</latexit>

z(l)3

<latexit sha1_base64="uVJcTHqtpd7YArLdpwQyEMkF0V0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquVPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7qLi31VLtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcZs4/a</latexit>

z(l)4

<latexit sha1_base64="6Xn2F3KGqHnsrB2J5hFoe6Y2fqI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquWPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecWrVtzbi1LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcbPY/b</latexit>

z(l)5

<latexit sha1_base64="9r9/pjIbpkkObPWJvweRzN4MceQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghewaX0cSLx4xkYeBlcwOszBhZnYzM2uCG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdP/UvXhIy/xk3C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6tkoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhFd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7i3Z6XqURZHHg7gEMrgwSVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8cx4/c</latexit>

z(l)6

<latexit sha1_base64="g4sTnvdJqrI7VvdaVaczPS/JVrY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPVY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7rLi3F6XaSRZHHo7gGMrgQRVqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wceUY/d</latexit>

z(l)7

<latexit sha1_base64="OSpeL38VyJgDTTyjgd5AIkAXaI0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPZY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFU/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzvOJdVtzbi1LtJIsjD0dwDGXw4ApqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcf24/e</latexit>

z(l)8

<latexit sha1_base64="BZ59uN/xHBDTE6vHMsEPRxNInXs=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyURxR4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CQdVLuYwTZJIuFgWJsDGyZxHYA64YRTExhFDFza02HRFFKJqgCiYEd/nlVdK8rLjXFef+qlQ7y+LIwwmcQhlcuIEa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/qkpII</latexit>

✓(l)8

<latexit sha1_base64="wlg4WQ9YOmH4m3g0A1ZHDq/pKX4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBTiJeyKoseAF48RzAOSTZidTJIhs7PLTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBGMbqd+45FrIyL1gOOY+yEdKNEXjKKVOm0ccqRdt5OW5PmkWyi6ZXcGsky8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bop1SjYJJP8u3E8JiyER3wlqWKhtz46ezqCTmzSo/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRLs3/ipUHGCXLH5on4iCUZkGgHpCc0ZyrEllGlhbyVsSDVlaIPK2xC8xZeXSf2i7F2V3fvLYuU0iyMHx3ACJfDgGipwB1WoAQMNz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwDeQpIA</latexit>

✓(l)0

<latexit sha1_base64="bWlAlXHgDSirHzWmo6X4zJrJ7Wg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyUpih4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CwY2XchknyCRdLAoSYWNkzyKwB1wximJiCKGKm1ttOiKKUDRBFUwI7vLLq6RZrbhXFef+slQ7y+LIwwmcQhlcuIYa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/hVpIC</latexit>

✓(l)2



! Key intuition: Generalize the notion of convolution from images 
(grid graph) to networks (irregular graph) 


! Example of a single CNN layer with 3x3 filter

- Fixed neighbourhood 

- Canonical order across neighbors 

Towards a graph convolution: 

A spatial viewpoint

50Dr Dorina Thanou 


Animation from V. Dumoulin

Can we exploit similar structure for graph data? 

<latexit sha1_base64="x6pjUN7zgt+Miq+S8V3T5gauOVw=">AAACGnicbZDJSgNBEIZ74hbjNurRS2MQEoQwI4rxEAh48RjBLJBl6Ol0kiY9C901QjLMc3jxVbx4UMSbePFt7CyCJhY0fPx/FdX1u6HgCizry0itrK6tb6Q3M1vbO7t75v5BTQWRpKxKAxHIhksUE9xnVeAgWCOUjHiuYHV3eD3x6/dMKh74dzAKWdsjfZ/3OCWgJce0xw7vxDlxaucTXMItFXlOzEtW0im2YMCAzOx8Mv4Bx8xaBWtaeBnsOWTRvCqO+dHqBjTymA9UEKWathVCOyYSOBUsybQixUJCh6TPmhp94jHVjqenJfhEK13cC6R+PuCp+nsiJp5SI8/VnR6BgVr0JuJ/XjOCXrEdcz+MgPl0tqgXCQwBnuSEu1wyCmKkgVDJ9V8xHRBJKOg0MzoEe/HkZaidFeyLgnV7ni1fzeNIoyN0jHLIRpeojG5QBVURRQ/oCb2gV+PReDbejPdZa8qYzxyiP2V8fgNgLZ/U</latexit>

z(l+1)
i =

8X

i=0

✓(l)i z(l)i

<latexit sha1_base64="LnSLE+9MOfzBuSYnLaWfXr9U4lw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z6kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMTi4/W</latexit>

z(l)0

<latexit sha1_base64="XfDcnVB1MvKts/Vd5fNPUj7S4iM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMVFY/X</latexit>

z(l)1

<latexit sha1_base64="0E4Fy+eY+JLPHMejnfZHglZteM4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteJdVNzb81LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcWn4/Y</latexit>

z(l)2

<latexit sha1_base64="Zw79NKSBgtJ6E1d2xznu/Bl/+hk=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghez6iB5JvHjERB4GVjI7zMKEmdnNzKwJbvgKLx40xquf482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk78wopr7AfclCRrCx0v1T9+whLfOTcbdYcivuFGiReBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtlVhQ7afTg8fo2Co9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE175KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUcGG4M2/vEgapxXvouLenpeqR1kceTiAQyiDB5dQhRuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz8YKY/Z</latexit>

z(l)3

<latexit sha1_base64="uVJcTHqtpd7YArLdpwQyEMkF0V0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquVPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7qLi31VLtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcZs4/a</latexit>

z(l)4

<latexit sha1_base64="6Xn2F3KGqHnsrB2J5hFoe6Y2fqI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquWPRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecWrVtzbi1LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcbPY/b</latexit>

z(l)5

<latexit sha1_base64="9r9/pjIbpkkObPWJvweRzN4MceQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIprghewaX0cSLx4xkYeBlcwOszBhZnYzM2uCG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdP/UvXhIy/xk3C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6tkoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhFd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7i3Z6XqURZHHg7gEMrgwSVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8cx4/c</latexit>

z(l)6

<latexit sha1_base64="g4sTnvdJqrI7VvdaVaczPS/JVrY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPVY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7rLi3F6XaSRZHHo7gGMrgQRVqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wceUY/d</latexit>

z(l)7

<latexit sha1_base64="OSpeL38VyJgDTTyjgd5AIkAXaI0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPZY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFU/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzvOJdVtzbi1LtJIsjD0dwDGXw4ApqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcf24/e</latexit>

z(l)8

<latexit sha1_base64="BZ59uN/xHBDTE6vHMsEPRxNInXs=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyURxR4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CQdVLuYwTZJIuFgWJsDGyZxHYA64YRTExhFDFza02HRFFKJqgCiYEd/nlVdK8rLjXFef+qlQ7y+LIwwmcQhlcuIEa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/qkpII</latexit>

✓(l)8

<latexit sha1_base64="wlg4WQ9YOmH4m3g0A1ZHDq/pKX4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBTiJeyKoseAF48RzAOSTZidTJIhs7PLTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBGMbqd+45FrIyL1gOOY+yEdKNEXjKKVOm0ccqRdt5OW5PmkWyi6ZXcGsky8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bop1SjYJJP8u3E8JiyER3wlqWKhtz46ezqCTmzSo/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRLs3/ipUHGCXLH5on4iCUZkGgHpCc0ZyrEllGlhbyVsSDVlaIPK2xC8xZeXSf2i7F2V3fvLYuU0iyMHx3ACJfDgGipwB1WoAQMNz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwDeQpIA</latexit>

✓(l)0

<latexit sha1_base64="bWlAlXHgDSirHzWmo6X4zJrJ7Wg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BKtQLyUpih4LXjxWsB/QpmWz3bRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/vp35rUemNI/kA05i5oVkKHnAKUEj9bo4Ykj61V5aFhfTfrHkVJw57FXiZqQEGer94ld3ENEkZBKpIFp3XCdGLyUKORVsWugmmsWEjsmQdQyVJGTaS+dXT+1zowzsIFKmJNpz9fdESkKtJ6FvOkOCI73szcT/vE6CwY2XchknyCRdLAoSYWNkzyKwB1wximJiCKGKm1ttOiKKUDRBFUwI7vLLq6RZrbhXFef+slQ7y+LIwwmcQhlcuIYa3EEdGkBBwTO8wpv1ZL1Y79bHojVnZTPH8AfW5w/hVpIC</latexit>

✓(l)2



Spatial graph convolution 
! Main issue: We cannot have variable number of weights; it 

requires assuming an order on the nodes


! Solution: Impose same filter weights for all nodes  
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<latexit sha1_base64="LnSLE+9MOfzBuSYnLaWfXr9U4lw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z6kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMTi4/W</latexit>

z(l)0
<latexit sha1_base64="XfDcnVB1MvKts/Vd5fNPUj7S4iM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2kZX426RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0mzWvEuKu7teal2ksWRhyM4hjJ4cAk1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMVFY/X</latexit>

z(l)1

<latexit sha1_base64="0E4Fy+eY+JLPHMejnfZHglZteM4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteJdVNzb81LtJIsjD0dwDGXw4BJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcWn4/Y</latexit>

z(l)2

<latexit sha1_base64="g4sTnvdJqrI7VvdaVaczPS/JVrY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPVY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmecW7rLi3F6XaSRZHHo7gGMrgQRVqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wceUY/d</latexit>

z(l)7
<latexit sha1_base64="OSpeL38VyJgDTTyjgd5AIkAXaI0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKPZY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pV31Iy/xs0iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFU/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzvOJdVtzbi1LtJIsjD0dwDGXw4ApqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcf24/e</latexit>

z(l)8

<latexit sha1_base64="d8KNCb0iPnEhqNScg1YvxNufxrE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXspuUfRY8OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6pxx7SMj+b9Iolt+LOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrdJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4ZWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6RZrXgXFff2vFQ7yeLIwxEcQxk8uIQa3EAdGkBAwDO8wpujnBfn3fmYt+acbOYQ/sD5/AFrRZAP</latexit>

z(l)i

<latexit sha1_base64="VEZfIib27hfnjfS8dYCzO6E1vPk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CVahXsquKHosePFYwX5Iu5Zsmm1jk+ySZIW69Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDXxm49UaRbJWzOKqS9wX7KQEWysdPfUfbhPy/xk3C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6tkoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhJd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7g3Z6XqURZHHg7gEMrgwQVU4RpqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w9sz5AQ</latexit>

z(l)j

<latexit sha1_base64="NSIKjVI0WWbttmwU2xGEAyDN4Xg="></latexit>

z(l+1)
i =

X

j2Ni

✓(l)j z(l)j

<latexit sha1_base64="KxCNH863riJrFBwo/1SquJrdJCM="></latexit>

z(l+1)
i =

X

j2Ni

✓(l)z(l)j

<latexit sha1_base64="UEafmKretz1bxwbbXvhrguYggig="></latexit>

z(l+1)
i = ✓(l)z(l)i +

X

j2Ni

✓(l)z(l)j

Update embeddings by exchanging information with 1-hop neighbors



The basic GNN: a spatial viewpoint 
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Nonlinearity 

(e.g., ReLU) 

.


.


.
.

.


Nonlinearity 

(e.g., ReLU) MLP Predictive 
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! Consists of a set of graph convolutional layers, each of which is 
followed by elementwise nonlinearity, i.e., 


! Each layer increases the receptive field by 1-hop neighbors
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Message Passing Neural Network 
(MPNN)  
! Main intuition: Each node exchange messages with its 

neighbors and update its representations based on these 
messages 


! The message passing scheme runs for T time steps and updates 
the representation of each vertex based on its previous 
representation and the representation of its neighbors 
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[Gilmer et al, Neural Message Passing for Quantum Chemistry, ICML, 2017] 


Message function 

Vertex update function 

Learned differentiable functions! 



MPNN - Example 
! At each iteration, the embeddings are updated as follows:


! The output of the message passing is: 
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Comparison between spatial and 
spectral design 
! Spectral convolution: Generalizes the notion of convolution by 

following a frequency viewpoint


! Spatial convolution: Generalizes the notion of convolution by 
following a spatial viewpoint


! Strong links exist between both; The practical difference usually 
relies on the receptive field

- Spectral approaches: Every layer can ‘reach’ K-hops neighbors

- Spatial approaches: Each layer can ‘reach’ 1-hops neighbors
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A summary of the GNN landscape 
! Convolutional GNNs can be generalised as: 


! Message passing GNNs:


! Attentional GNNs: 


! Depending on how these functions are instantiated, different 
architectures are obtained
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Functions to be learned! 
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! GNNs typically provide embeddings at a node level  

! These embeddings can be used for learning a downstream task 

How to use GNNs?

57Dr Dorina Thanou 


Node 
classification

GNN-based 
embeddings


Graph 
classification

Link prediction
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Neuroscience: learn to compare brain 
networks
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[Ktena et al., Metric learning with spectral graph convolutions on brain connectivity networks, NeuroImage, 2018]



Protein-protein interactions
! Predicting interactions between proteins and other biomolecules 

solely based on structure remains a challenge in biology

! Exploit GNNs to learn interaction fingerprints in protein molecular 

surfaces
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[Gainza et al, Deciphering interaction fingerprints from protein molecular surfaces using geometric deep learning, Nature methods, 2019]
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[Gainza et al, Deciphering interaction fingerprints from protein molecular surfaces using geometric deep learning, Nature methods, 2019]
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[Gainza et al, Deciphering interaction fingerprints from protein molecular surfaces using geometric deep learning, Nature methods, 2019]
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[Gainza et al, Deciphering interaction fingerprints from protein molecular surfaces using geometric deep learning, Nature methods, 2019]



Medical imaging 
! Digital pathology: Graph based representations provide a flexible 

tool for modelling complex dependencies at different levels of 
hierarchy (e.g., cells, tissues)
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[Pati et al, “Hierarchical graph representation in digital pathology,” MEDIA, 2022]


[Li et al, Representation learning for networks in biology and medicine: Advancements, challenges, and opportunities, arXiv, 2021]



Spherical imaging
• Spherical data has specific spatial and statistical properties that cannot 

be captured by regular CNN models  


• Sphere is modelled as a graph and classical operation (convolution,  
translation, pooling…) are performed on the graph 
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[Perraudin et al., “DeepSphere”, Astronomy and Computing, 2019]

[Bidgoli et al, OSLO: On-the-Sphere Learning for Omnidirectional images and its application to 360-degree image compression, arXiv, 2021] 

Brain activity (MEG) Cosmic microwave 

background temperature Omnidirectional images



Point cloud semantic segmentation
! Graph attention convolution are successful in capturing specific 

shapes that adapt to the structure of an object 
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[Wang et al., Graph Attention Convolution for Point Cloud Semantic Segmentation, CVPR, 2019]



Point clouds semantic segmentation
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[Li et al., DeepGCNs: Can GCNs Go as Deep as CNNs?, ICCV 2019] 




Recommender systems 
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Recommender systems: Aligraph 
! The system is currently deployed at Alibaba to support product 

recommendation and personalized search at Alibaba’s E-
Commerce platform 
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[Zhu et al., AliGraph: A Comprehensive Graph Neural Network Platform, 2019]



Self driving cars 
! GNNs provide probabilistic estimates of future trajectories

- A CNN detects objects 

- A GNN captures interactions between objects and predicts behaviors 
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[Casas et al,  Spatially aware graph neural networks for relational behaviour forecasting for sensor data, ICRA, 2020]  



Molecular graph generation
! Recent advances in antibiotic discovery …
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[Simonovsky et al, 2017, De Cao et al 2018, Stokes et al 2020] 



Traffic prediction
! As the road network is naturally modelled by a graph of road 

segments and intersections, ETA prediction can be improved with 
graph representation learning 
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[Derrow-Pinion et al., ETA Prediction with Graph Neural Networks in Google Maps, 2021]
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[Derrow-Pinion et al., ETA Prediction with Graph Neural Networks in Google Maps, 2021]



Drug repurposing for COVID-19
! Deep GNN approaches have been used to derive the candidate 

drug’s representation based on the biological interactions
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[Hsieh et al, Drug repurposing for COVID-19 using graph neural network and harmonizing multiple evidence, Nature Sc. Rep., 2021]



Learning physical simulations
! Mesh-based simulations are central to modeling complex physical 

systems 

! High-dimensional scientific simulations are very expensive 

! GNNs have been used to learn mesh-based simulations and 

predict the dynamics of physical systems    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[Pfaff et al, Learning mesh-based simulation with Graph Networks, ICML 2021]
[Sanchez-Gonzales et al, Learning to Simulate Complex Physics with Graph Networks, ICML 2020]



Useful resources 
! Toolboxes


- https://github.com/rusty1s/pytorch_geometric

- https://github.com/dmlc/dgl

- https://github.com/deepmind/jraph

- https://github.com/tensorflow/gnn


! Datasets

- All GNN libraries contain different datasets 

- https://chrsmrrs.github.io/datasets/

- https://chrsmrrs.github.io/datasets/

- https://ogb.stanford.edu
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https://ogb.stanford.edu
https://github.com/rusty1s/pytorch_geometric
https://github.com/dmlc/dgl
https://github.com/deepmind/jraph
https://github.com/tensorflow/gnn
https://chrsmrrs.github.io/datasets/
https://chrsmrrs.github.io/datasets/
https://ogb.stanford.edu


Some interesting links
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https://towardsdatascience.com/graph-ml-in-2022-where-are-we-now-f7f8242599e0#2ddd

https://towardsdatascience.com/predictions-and-hopes-for-geometric-graph-ml-in-2022-aa3b8b79f5cc

https://towardsdatascience.com/graph-ml-in-2022-where-are-we-now-f7f8242599e0#2ddd
https://towardsdatascience.com/graph-ml-in-2022-where-are-we-now-f7f8242599e0#2ddd
https://towardsdatascience.com/predictions-and-hopes-for-geometric-graph-ml-in-2022-aa3b8b79f5cc
http://www.apple.com/uk
https://towardsdatascience.com/predictions-and-hopes-for-geometric-graph-ml-in-2022-aa3b8b79f5cc


Summary 
! Machine learning on graphs/networks requires developing new 

tools that extract information (i.e., features) from complex 
structures  


! Graph-based features (i.e., embeddings) can be designed based 
on some prior, or learned from data


! Graph neural networks: A very active area of research

- Different architecture designs, most of them can be categorized as 

convolutional, message passing, attentional


! A variety of applications, and probably many more to come! 
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