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Signal Processing
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Graphs are everywhere
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geographical network traffic network

brain networksocial network
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Graph-structured data are everywhere
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• vertices  
- geographical regions 

• edges  
- geographical proximity between 

regions
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Graph-structured data are everywhere

4

• signal  
- temperature records in these 

regions

• vertices  
- geographical regions 

• edges  
- geographical proximity between 

regions
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Graph-structured data are everywhere
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• vertices  
- road junctions  

• edges 
- road connections
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Graph-structured data are everywhere

5

• signal  
- traffic congestion at junctions

• vertices  
- road junctions  

• edges 
- road connections
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Graph-structured data are everywhere
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• vertices  
- individuals 

• edges 
- friendship between individuals
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Graph-structured data are everywhere
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• signal  
- political view

• vertices  
- individuals 

• edges 
- friendship between individuals
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Graph-structured data are everywhere
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• vertices  
- brain regions 

• edges  
- structural connectivity between 

brain regions



/72

Graph-structured data are everywhere
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• signal  
- blood-oxygen-level-dependent 

(BOLD) time series

• vertices  
- brain regions 

• edges  
- structural connectivity between 

brain regions

Richiardi et al., “Machine learning with brain graphs,” IEEE SPM, 2013.
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Graph-structured data are everywhere
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• signal  
- pixel values

• nodes  
- pixels 

• edges 
- spatial proximity between pixels
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Graph signal processing

9

RN

+
0

-

v1

v2
v3 v4

v5
v6v7v8

v9

takes into account both structure (edges) and 
data (values at vertices)

! Graph-structured data can be represented by signals defined on graphs 
or graph signals

v1

v2
v3 v4

v5
v6v7v8

v9

f : V ! R
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Graph signal processing

10

how to generalise classical signal processing tools 
on irregular domains such as graphs?

v1

v2
v3 v4

v5
v6v7v8

v9

f : V ! R
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Graph signal processing
• Graph signals provide a nice compact format to encode structure within 

data 

• Generalisation of classical signal processing tools can greatly benefit 
analysis of such data 

• Numerous applications: Transportation, biomedical,                                 
social, economic network analysis

11

• An increasingly rich literature 
- classical signal processing 

- algebraic and spectral graph theory 

- computational harmonic analysis 

- machine learning

v1

v2
v3 v4

v5
v6v7v8

v9

f : V ! R
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Outline

12

• Graph signal processing (GSP): Basic concepts

• Graph spectral filtering: Basic tools of GSP

• Connection with literature

• Representation of graph signals

• Applications
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Two paradigms

13

! Main GSP approaches can be categorised into two families: 

- vertex (spatial) domain designs 

- frequency (graph spectral) domain designs

important for analysis of signal properties

v1

v2
v3 v4

v5
v6v7v8

v9

f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>
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Need for notion of frequency
• Classical Fourier transform provides frequency domain representation of 

signals

14

we need the graph Laplacian matrix

• What about a notion of frequency for graph 
signals?

- “building blocks” of signal 

- different frequency (oscillation)

v1

v2
v3 v4

v5
v6v7v8

v9

f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>
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v1

v2

v3

v4 v5

v6

v7
v8

weighted and undirected graph:

equivalent to W!

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! symmetric 

! off-diagonal entries non-positive 

! rows sum up to zero

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>
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- converges to the Laplace-Beltrami operator (given certain conditions) 

- provides a notion of “frequency” on graphs

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

vj1
<latexit sha1_base64="MMoibnViGv7rQC7CiLUYHHmUZvY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbwma7adduNmF3UiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8PR3cxvj7k2IlGPOEm5H9OBEpFgFK3UHgf5U+BNg0rVrblzkFXiFaQKBRpB5avXT1gWc4VMUmO6npuin1ONgkk+Lfcyw1PKRnTAu5YqGnPj5/Nzp+TcKn0SJdqWQjJXf0/kNDZmEoe2M6Y4NMveTPzP62YY3fi5UGmGXLHFoiiTBBMy+530heYM5cQSyrSwtxI2pJoytAmVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawGAEz/AKb07qvDjvzseidc0pZk7gD5zPH0xuj4c=</latexit><latexit sha1_base64="MMoibnViGv7rQC7CiLUYHHmUZvY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbwma7adduNmF3UiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8PR3cxvj7k2IlGPOEm5H9OBEpFgFK3UHgf5U+BNg0rVrblzkFXiFaQKBRpB5avXT1gWc4VMUmO6npuin1ONgkk+Lfcyw1PKRnTAu5YqGnPj5/Nzp+TcKn0SJdqWQjJXf0/kNDZmEoe2M6Y4NMveTPzP62YY3fi5UGmGXLHFoiiTBBMy+530heYM5cQSyrSwtxI2pJoytAmVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawGAEz/AKb07qvDjvzseidc0pZk7gD5zPH0xuj4c=</latexit><latexit sha1_base64="MMoibnViGv7rQC7CiLUYHHmUZvY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbwma7adduNmF3UiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8PR3cxvj7k2IlGPOEm5H9OBEpFgFK3UHgf5U+BNg0rVrblzkFXiFaQKBRpB5avXT1gWc4VMUmO6npuin1ONgkk+Lfcyw1PKRnTAu5YqGnPj5/Nzp+TcKn0SJdqWQjJXf0/kNDZmEoe2M6Y4NMveTPzP62YY3fi5UGmGXLHFoiiTBBMy+530heYM5cQSyrSwtxI2pJoytAmVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawGAEz/AKb07qvDjvzseidc0pZk7gD5zPH0xuj4c=</latexit><latexit sha1_base64="MMoibnViGv7rQC7CiLUYHHmUZvY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbwma7adduNmF3UiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8PR3cxvj7k2IlGPOEm5H9OBEpFgFK3UHgf5U+BNg0rVrblzkFXiFaQKBRpB5avXT1gWc4VMUmO6npuin1ONgkk+Lfcyw1PKRnTAu5YqGnPj5/Nzp+TcKn0SJdqWQjJXf0/kNDZmEoe2M6Y4NMveTPzP62YY3fi5UGmGXLHFoiiTBBMy+530heYM5cQSyrSwtxI2pJoytAmVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawGAEz/AKb07qvDjvzseidc0pZk7gD5zPH0xuj4c=</latexit>

vj2
<latexit sha1_base64="0WpiUtTuwSLZ3suMV9SflJtIxbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdN84+I</latexit><latexit sha1_base64="0WpiUtTuwSLZ3suMV9SflJtIxbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdN84+I</latexit><latexit sha1_base64="0WpiUtTuwSLZ3suMV9SflJtIxbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdN84+I</latexit><latexit sha1_base64="0WpiUtTuwSLZ3suMV9SflJtIxbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdN84+I</latexit>

vj3
<latexit sha1_base64="gNwBRORUkG0svNV4vLepOappi8M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaEDbbbbt2swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThfkQHSvQFo2il1jjInoLLaVCuuFV3DrJKvJxUIEc9KH91ezFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+7pScWaVH+rG2pZDM1d8TGY2MmUSh7YwoDs2yNxP/8zop9m/8TKgkRa7YYlE/lQRjMvud9ITmDOXEEsq0sLcSNqSaMrQJlWwI3vLLq6R5UfXcqvdwVand5nEU4QRO4Rw8uIYa3EMdGsBgBM/wCm9O4rw4787HorXg5DPH8AfO5w9PeI+J</latexit><latexit sha1_base64="gNwBRORUkG0svNV4vLepOappi8M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaEDbbbbt2swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThfkQHSvQFo2il1jjInoLLaVCuuFV3DrJKvJxUIEc9KH91ezFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+7pScWaVH+rG2pZDM1d8TGY2MmUSh7YwoDs2yNxP/8zop9m/8TKgkRa7YYlE/lQRjMvud9ITmDOXEEsq0sLcSNqSaMrQJlWwI3vLLq6R5UfXcqvdwVand5nEU4QRO4Rw8uIYa3EMdGsBgBM/wCm9O4rw4787HorXg5DPH8AfO5w9PeI+J</latexit><latexit sha1_base64="gNwBRORUkG0svNV4vLepOappi8M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaEDbbbbt2swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThfkQHSvQFo2il1jjInoLLaVCuuFV3DrJKvJxUIEc9KH91ezFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+7pScWaVH+rG2pZDM1d8TGY2MmUSh7YwoDs2yNxP/8zop9m/8TKgkRa7YYlE/lQRjMvud9ITmDOXEEsq0sLcSNqSaMrQJlWwI3vLLq6R5UfXcqvdwVand5nEU4QRO4Rw8uIYa3EMdGsBgBM/wCm9O4rw4787HorXg5DPH8AfO5w9PeI+J</latexit><latexit sha1_base64="gNwBRORUkG0svNV4vLepOappi8M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaEDbbbbt2swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThfkQHSvQFo2il1jjInoLLaVCuuFV3DrJKvJxUIEc9KH91ezFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+7pScWaVH+rG2pZDM1d8TGY2MmUSh7YwoDs2yNxP/8zop9m/8TKgkRa7YYlE/lQRjMvud9ITmDOXEEsq0sLcSNqSaMrQJlWwI3vLLq6R5UfXcqvdwVand5nEU4QRO4Rw8uIYa3EMdGsBgBM/wCm9O4rw4787HorXg5DPH8AfO5w9PeI+J</latexit>

vj4
<latexit sha1_base64="OCG9IK2LIUnKt4ohP8DOu+UBQsQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66R1VfXcqvdQq9Rv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdQ/Y+K</latexit><latexit sha1_base64="OCG9IK2LIUnKt4ohP8DOu+UBQsQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66R1VfXcqvdQq9Rv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdQ/Y+K</latexit><latexit sha1_base64="OCG9IK2LIUnKt4ohP8DOu+UBQsQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66R1VfXcqvdQq9Rv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdQ/Y+K</latexit><latexit sha1_base64="OCG9IK2LIUnKt4ohP8DOu+UBQsQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0IWy223btZhN2J4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2O7+Z+e8K1EbF6xGnC/YgOlRgIRtFK7UmQPQW1WVCuuFV3AbJOvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx7oxcWKVPBrG2pZAs1N8TGY2MmUah7YwojsyqNxf/87opDm78TKgkRa7YctEglQRjMv+d9IXmDOXUEsq0sLcSNqKaMrQJlWwI3urL66R1VfXcqvdQq9Rv8ziKcAbncAkeXEMd7qEBTWAwhmd4hTcncV6cd+dj2Vpw8plT+APn8wdQ/Y+K</latexit>

- approximation of the Laplace operator

Why graph Laplacian?

�r2f
<latexit sha1_base64="2+8ZFeB5iqb5LZu1Xh8egbpiWzY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsB/QxrLZbtqlm03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuhc9RQNJH2sk7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/eUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8Slq1qudWvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAYxPMMrvDnovDjvzseiteDkM8fwB87nDy6XkIU=</latexit><latexit sha1_base64="2+8ZFeB5iqb5LZu1Xh8egbpiWzY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsB/QxrLZbtqlm03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuhc9RQNJH2sk7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/eUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8Slq1qudWvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAYxPMMrvDnovDjvzseiteDkM8fwB87nDy6XkIU=</latexit><latexit sha1_base64="2+8ZFeB5iqb5LZu1Xh8egbpiWzY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsB/QxrLZbtqlm03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuhc9RQNJH2sk7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/eUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8Slq1qudWvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAYxPMMrvDnovDjvzseiteDkM8fwB87nDy6XkIU=</latexit><latexit sha1_base64="2+8ZFeB5iqb5LZu1Xh8egbpiWzY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh6LXjxWsB/QxrLZbtqlm03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVuhc9RQNJH2sk7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/eUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms//JQGjOUE4soUwLeythI6opQ5tSyYbgLb+8Slq1qudWvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAYxPMMrvDnovDjvzseiteDkM8fwB87nDy6XkIU=</latexit>

standard 5-point stencil for approximating

(Lf)(i) =
�
4f(i)� f(j1)� f(j2)� f(j3)� f(j4)

�
/(�x)2

<latexit sha1_base64="hNX7DwKLBLX72y53LDPAE+jdXbY="></latexit><latexit sha1_base64="hNX7DwKLBLX72y53LDPAE+jdXbY="></latexit><latexit sha1_base64="hNX7DwKLBLX72y53LDPAE+jdXbY="></latexit><latexit sha1_base64="hNX7DwKLBLX72y53LDPAE+jdXbY="></latexit>
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Graph Laplacian
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f(1)

f(2)

f(3)

f(4)
f(5)

f(6)

f(7)

f(8)

a measure of “smoothness”

T

fTLf =
1

2

NX

i,j=1

Wij (f(i)� f(j))2

graph signal

Lf(i) =
NX

j=1

Wij(f(i)� f(j))
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Zhou and Schölkopf, “A regularization framework for learning from graph data,” ICML Workshop, 2004.

f : V ! R
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Graph Laplacian
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fTLf = 1 fTLf = 21
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Graph Laplacian
•     has a complete set of orthonormal eigenvectors: 

19

L L = �⇤�T

2

64
�0 0

. . .
0 �N�1

3

75L

2

64
�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1

2

64
�0 0

. . .
0 �N�1

3

75· · ·

�0

�N-1

! Eigenvalues are usually sorted increasingly: 0 = �0 < �1  . . .  �N�1

� ⇤ �T

T
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Graph Fourier transform

20

�0 �50�1

low frequency high frequency

�T
50L�50 = �50

! Eigenvectors associated with smaller eigenvalues have values that vary less rapidly 
along the edges

L = �⇤�T �T
0 L�0 = �0 = 0

Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013. 
Hammond et al., “Wavelets on graphs via spectral graph theory,” ACHA, 2011.
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Graph Fourier transform

20

�0 �50�1

low frequency high frequency

�T
50L�50 = �50L = �⇤�T

low frequency high frequency

ff̂(`) = h�`, fi :

2

64
�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1

T
graph Fourier transform:

�0 �4

· · ·
· · ·�1 �2 �3 �N�1

�T
0 L�0 = �0 = 0

Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013. 
Hammond et al., “Wavelets on graphs via spectral graph theory,” ACHA, 2011.
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Graph Fourier transform
• The Laplacian     admits the following eigendecomposition:

21

L�` = �`�`L

one-dimensional Laplace operator: 

eigenfunctions: ej�x

Classical FT:

f(x) =
1

2�

Z
f̂(⇥)ej�xd⇥

graph Laplacian: 

eigenvectors: �`

Graph FT: f̂(⇥) = h��, fi =
NX

i=1

�⇤
� (i)f(i)

f(i) =
N�1X

�=0

f̂(⇥)��(i)

f̂(�) =

Z
(ej�x)⇤f(x)dx

L

f : V ! RN

�r2
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Two special cases

22Vandergheynst and Shuman, “Wavelets on graphs, an introduction,” Université de Provence, 2011.
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Two special cases

23Vandergheynst and Shuman, “Wavelets on graphs, an introduction,” Université de Provence, 2011.
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Graph Fourier transform
• Example on a simple graph

24
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Outline

25

• Graph signal processing (GSP): Basic concepts

• Graph spectral filtering: Basic tools of GSP

• Connection with literature

• Representation of graph signals

• Applications
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Classical frequency filtering

26

Classical FT: f̂(�) =

Z
(ej�x)⇤f(x)dx f(x) =

1

2�

Z
f̂(⇥)ej�xd⇥

FT IFT

f f̂(!) ĝ(!)f̂(!) f ⇤ g
ĝ(!)
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Graph spectral filtering

27

f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

GFT

f̂(`) ĝ(�`)f̂(`)

IGFT

f(i) =
N�1X

`=0

ĝ(�`)f̂(`)�`(i)

ĝ(�`)

` ` `
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Graph Laplacian revisited

28

The Laplacian     is a difference operator:

GFT IGFT

f �⇤�T f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

�T f ⇤�T f

The Laplacian operator filters the signal in the spectral domain by its eigenvalues!

The Laplacian quadratic form:

2

64
�0 0

. . .
0 �N�1

3

75

ĝ(⇤) = ⇤

L Lf = �⇤�T f

fTLf = ||L 1
2 f ||22 = ||�⇤ 1

2�T f ||22

<latexit sha1_base64="12P/R8Mz7xHSg6pqkO5YbsGx9tk="></latexit>
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Graph transform/dictionary design
• Transforms and dictionaries can be designed through graph spectral 
filtering: Functions of graph Laplacian!

29

! Important properties can be achieved by properly defining        , such 
as localisation of atoms

ĝ(L)

! Closely related to kernels and regularisation on graphs

Smola and Kondor, “Kernels and regularization on graphs”, COLT, 2003.

: function of L!ĝ(L)

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)
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A practical example

30

ĝ(L)

problem: we observe a noisy graph signal                 and wish to recoverf = y0 + ⌘ y0

y⇤ = (I + �L)�1f

y⇤ = argmin
y

{||y � f ||22 + �yTLy}
data fitting term

“smoothness” assumption

remove noise by low-pass filtering 
in graph spectral domain!ĝ(L)

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)

= �(1 + �⇤)�1�T f
<latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit><latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit><latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit><latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit>
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A practical example
• noisy image as observed noisy graph signal 

• regular grid graph (weights inversely proportional to pixel value difference)

31

i
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Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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A practical example
• noisy image as observed noisy graph signal 

• regular grid graph (weights inversely proportional to pixel value difference)

31Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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Graph transform/dictionary design

32Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.
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Outline

33

• Graph signal processing (GSP): Basic concepts

• Graph spectral filtering: Basic tools of GSP

• Connection with literature

• Representation of graph signals

• Applications
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GSP and the literature

34

there is a rich literature about data analysis and learning on graphs

unsupervised learning (dimensionality 
reduction, clustering)

network science (node centrality)

semi-supervised learning

diffusion on graphs

v1

v2
v3 v4

v6v7v8

v9

v5

v1

v2
v3 v4

v5
v6v7v8

v9
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Network centrality

35

eigenvector centrality degree centrality

- Google’s PageRank is a variant of eigenvector centrality 

- eigenvectors of W can also be used to provide a frequency 
interpretation for graph signals

Wx = �maxx
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d = [d(v1), · · · , d(vN )]
<latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit>

PageRank: http://www.ams.org/publicoutreach/feature-column/fcarc-pagerank 
Sandryhaila and Moura, “Discrete signal processing on graphs,” IEEE TSP, 2013.

http://www.ams.org/publicoutreach/feature-column/fcarc-pagerank
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Diffusion on graphs

36

- heat diffusion on graphs is a typical physical process on graphs 

- other possibilities exist (e.g., random walk on graphs) 

- many have an interpretation of filtering on graphs

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

v1

v2
v3 v4

v6v7v8

v9

v5

v1

v2
v3 v4

v5
v6v7v8

v9

heat diffusion

x(v, ⌧) = e�⌧Lx0(v)
<latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit><latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit><latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit><latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit>

x(v, 0) = x0(v)
<latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit><latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit><latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit><latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit>

@x

@⌧
+ Lx = 0

<latexit sha1_base64="V6gy1BOH+oc0SbIET3rwrz+V50k=">AAACEnicbZDLSgMxFIbP1Futt1GXboJFUIQyI4JuhKIbFy4q2At0SsmkmTY0cyHJSMswz+DGV3HjQhG3rtz5NmbaAbX1h8DHf85Jcn434kwqy/oyCguLS8srxdXS2vrG5pa5vdOQYSwIrZOQh6LlYkk5C2hdMcVpKxIU+y6nTXd4ldWb91RIFgZ3ahzRjo/7AfMYwUpbXfPI8QQmiRNhoRjmaJT+sKNwnKJjdDNCF8jqmmWrYk2E5sHOoQy5al3z0+mFJPZpoAjHUrZtK1KdJLuccJqWnFjSCJMh7tO2xgD7VHaSyUopOtBOD3mh0CdQaOL+nkiwL+XYd3Wnj9VAztYy879aO1beeSdhQRQrGpDpQ17MkQpRlg/qMUGJ4mMNmAim/4rIAOuMlE6xpEOwZ1eeh8ZJxbYq9u1puXqZx1GEPdiHQ7DhDKpwDTWoA4EHeIIXeDUejWfjzXifthaMfGYX/sj4+AYBzpz5</latexit><latexit sha1_base64="V6gy1BOH+oc0SbIET3rwrz+V50k=">AAACEnicbZDLSgMxFIbP1Futt1GXboJFUIQyI4JuhKIbFy4q2At0SsmkmTY0cyHJSMswz+DGV3HjQhG3rtz5NmbaAbX1h8DHf85Jcn434kwqy/oyCguLS8srxdXS2vrG5pa5vdOQYSwIrZOQh6LlYkk5C2hdMcVpKxIU+y6nTXd4ldWb91RIFgZ3ahzRjo/7AfMYwUpbXfPI8QQmiRNhoRjmaJT+sKNwnKJjdDNCF8jqmmWrYk2E5sHOoQy5al3z0+mFJPZpoAjHUrZtK1KdJLuccJqWnFjSCJMh7tO2xgD7VHaSyUopOtBOD3mh0CdQaOL+nkiwL+XYd3Wnj9VAztYy879aO1beeSdhQRQrGpDpQ17MkQpRlg/qMUGJ4mMNmAim/4rIAOuMlE6xpEOwZ1eeh8ZJxbYq9u1puXqZx1GEPdiHQ7DhDKpwDTWoA4EHeIIXeDUejWfjzXifthaMfGYX/sj4+AYBzpz5</latexit><latexit sha1_base64="V6gy1BOH+oc0SbIET3rwrz+V50k=">AAACEnicbZDLSgMxFIbP1Futt1GXboJFUIQyI4JuhKIbFy4q2At0SsmkmTY0cyHJSMswz+DGV3HjQhG3rtz5NmbaAbX1h8DHf85Jcn434kwqy/oyCguLS8srxdXS2vrG5pa5vdOQYSwIrZOQh6LlYkk5C2hdMcVpKxIU+y6nTXd4ldWb91RIFgZ3ahzRjo/7AfMYwUpbXfPI8QQmiRNhoRjmaJT+sKNwnKJjdDNCF8jqmmWrYk2E5sHOoQy5al3z0+mFJPZpoAjHUrZtK1KdJLuccJqWnFjSCJMh7tO2xgD7VHaSyUopOtBOD3mh0CdQaOL+nkiwL+XYd3Wnj9VAztYy879aO1beeSdhQRQrGpDpQ17MkQpRlg/qMUGJ4mMNmAim/4rIAOuMlE6xpEOwZ1eeh8ZJxbYq9u1puXqZx1GEPdiHQ7DhDKpwDTWoA4EHeIIXeDUejWfjzXifthaMfGYX/sj4+AYBzpz5</latexit><latexit sha1_base64="V6gy1BOH+oc0SbIET3rwrz+V50k=">AAACEnicbZDLSgMxFIbP1Futt1GXboJFUIQyI4JuhKIbFy4q2At0SsmkmTY0cyHJSMswz+DGV3HjQhG3rtz5NmbaAbX1h8DHf85Jcn434kwqy/oyCguLS8srxdXS2vrG5pa5vdOQYSwIrZOQh6LlYkk5C2hdMcVpKxIU+y6nTXd4ldWb91RIFgZ3ahzRjo/7AfMYwUpbXfPI8QQmiRNhoRjmaJT+sKNwnKJjdDNCF8jqmmWrYk2E5sHOoQy5al3z0+mFJPZpoAjHUrZtK1KdJLuccJqWnFjSCJMh7tO2xgD7VHaSyUopOtBOD3mh0CdQaOL+nkiwL+XYd3Wnj9VAztYy879aO1beeSdhQRQrGpDpQ17MkQpRlg/qMUGJ4mMNmAim/4rIAOuMlE6xpEOwZ1eeh8ZJxbYq9u1puXqZx1GEPdiHQ7DhDKpwDTWoA4EHeIIXeDUejWfjzXifthaMfGYX/sj4+AYBzpz5</latexit>
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Graph clustering (community detection)

37von Luxburg, “A tutorial on spectral clustering,” Statistics and Computing, 2007.

- first k eigenvectors of graph Laplacian provide solution to 
graph cut minimisation 

- eigenvectors of graph Laplacian enable a Fourier-like analysis 
for graph signals

NCut(A1, ..., Ak) =
1

2

kX

i=1

W (Ai, Ai)

vol(Ai)

i

j
wij

A1

A2

A3
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Semi-supervised learning

38

- learning by assuming smoothness of predicted labels (label 
propagation) 

- this is equivalent to a denoising problem for graph signal y

Zhu, “Semi-supervised learning with graphs,” Ph.D. dissertation, CMU, 2005.

min
x2RN

||y � x||22 + ↵ xTLx,
<latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit><latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit><latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit><latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit>

y :
<latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit><latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit><latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit><latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit>
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GSP and the literature

39

centrality, diffused information, cluster membership, node labels 
(and node features in general) can ALL be viewed as graph signals

unsupervised learning (dimensionality 
reduction, clustering)

network science

semi-supervised learning

diffusion on graphs

v1

v2
v3 v4

v6v7v8

v9

v5

v1

v2
v3 v4

v5
v6v7v8

v9
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Outline

40

• Graph signal processing (GSP): Basic concepts

• Graph spectral filtering: Basic tools of GSP

• Connection with literature

• Representation of graph signals

• Applications
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Why representations for graph signals?

41

image analysis (e.g., 
denoising, compression)

social network analysis (e.g., 
community, recommendation)

neuroscience (e.g., 
brain analysis)

traffic analysis (e.g., 
mobility, congestion)
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Classical vs. Graph dictionaries
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= Xclassical signal

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>�

<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

= X

v1

v2

v1
v2

graph signal

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�(G)
<latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit>

G
<latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit>
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vertex domain

frequency (graph spectral) domain

�0
��1�2 �8

<latexit sha1_base64="25rKlfKjvQ93VuvgycbMM7RFkJw=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdll047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m43qQc5Vmlim6+CjOBLYJnl2PI64ZtWLiCKGau10xHRFNqHUdlV0J/vLJq6R9WfO9mn9/VW3cFHWU4BTO4AJ8uIYG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB3FrkCg=</latexit><latexit sha1_base64="25rKlfKjvQ93VuvgycbMM7RFkJw=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdll047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m43qQc5Vmlim6+CjOBLYJnl2PI64ZtWLiCKGau10xHRFNqHUdlV0J/vLJq6R9WfO9mn9/VW3cFHWU4BTO4AJ8uIYG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB3FrkCg=</latexit><latexit sha1_base64="25rKlfKjvQ93VuvgycbMM7RFkJw=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdll047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m43qQc5Vmlim6+CjOBLYJnl2PI64ZtWLiCKGau10xHRFNqHUdlV0J/vLJq6R9WfO9mn9/VW3cFHWU4BTO4AJ8uIYG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB3FrkCg=</latexit><latexit sha1_base64="25rKlfKjvQ93VuvgycbMM7RFkJw=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdll047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m43qQc5Vmlim6+CjOBLYJnl2PI64ZtWLiCKGau10xHRFNqHUdlV0J/vLJq6R9WfO9mn9/VW3cFHWU4BTO4AJ8uIYG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB3FrkCg=</latexit>

�6
<latexit sha1_base64="Slrna7cmdGQoxht6lsul6HC6r5I=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP25jkCY=</latexit><latexit sha1_base64="Slrna7cmdGQoxht6lsul6HC6r5I=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP25jkCY=</latexit><latexit sha1_base64="Slrna7cmdGQoxht6lsul6HC6r5I=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP25jkCY=</latexit><latexit sha1_base64="Slrna7cmdGQoxht6lsul6HC6r5I=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP25jkCY=</latexit>

�7
<latexit sha1_base64="sdhgAP6//NaCsw9JXpY0HRVnz3E=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdVl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0n7suZ7Nf/+qtq4KeoowSmcwQX4UIcG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2/nkCc=</latexit><latexit sha1_base64="sdhgAP6//NaCsw9JXpY0HRVnz3E=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdVl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0n7suZ7Nf/+qtq4KeoowSmcwQX4UIcG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2/nkCc=</latexit><latexit sha1_base64="sdhgAP6//NaCsw9JXpY0HRVnz3E=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdVl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0n7suZ7Nf/+qtq4KeoowSmcwQX4UIcG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2/nkCc=</latexit><latexit sha1_base64="sdhgAP6//NaCsw9JXpY0HRVnz3E=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyowIdVl047KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpFBfVCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m4+sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0n7suZ7Nf/+qtq4KeoowSmcwQX4UIcG3EETWkBBwjO8whvS6AW9o49FdA0VMyfwB+jzB2/nkCc=</latexit>

�3,4
<latexit sha1_base64="ZkWvKAf1hEoITHCF+wDmUYv9rYE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFnRZdOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywupv57TFVmknxaCYJ9WM8ECxiBBsr+T1uoyHuZ1cXtWm/XHGr7hxolXg5qUCORr/81QslSWMqDOFY667nJsbPsDKMcDot9VJNE0xGeEC7lgocU+1n86On6MwqIYqksk8YNFd/T2Q41noSBzYZYzPUy95M/M/rpia68TMmktRQQRaLopQjI9GsARQyRYnhE0swUczeisgQK0yM7alkS/CWv7xKWpdVz616D7VK/TavowgncArn4ME11OEeGtAEAk/wDK/w5oydF+fd+VhEC04+cwx/4Hz+ABbBkaM=</latexit><latexit sha1_base64="ZkWvKAf1hEoITHCF+wDmUYv9rYE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFnRZdOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywupv57TFVmknxaCYJ9WM8ECxiBBsr+T1uoyHuZ1cXtWm/XHGr7hxolXg5qUCORr/81QslSWMqDOFY667nJsbPsDKMcDot9VJNE0xGeEC7lgocU+1n86On6MwqIYqksk8YNFd/T2Q41noSBzYZYzPUy95M/M/rpia68TMmktRQQRaLopQjI9GsARQyRYnhE0swUczeisgQK0yM7alkS/CWv7xKWpdVz616D7VK/TavowgncArn4ME11OEeGtAEAk/wDK/w5oydF+fd+VhEC04+cwx/4Hz+ABbBkaM=</latexit><latexit sha1_base64="ZkWvKAf1hEoITHCF+wDmUYv9rYE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFnRZdOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywupv57TFVmknxaCYJ9WM8ECxiBBsr+T1uoyHuZ1cXtWm/XHGr7hxolXg5qUCORr/81QslSWMqDOFY667nJsbPsDKMcDot9VJNE0xGeEC7lgocU+1n86On6MwqIYqksk8YNFd/T2Q41noSBzYZYzPUy95M/M/rpia68TMmktRQQRaLopQjI9GsARQyRYnhE0swUczeisgQK0yM7alkS/CWv7xKWpdVz616D7VK/TavowgncArn4ME11OEeGtAEAk/wDK/w5oydF+fd+VhEC04+cwx/4Hz+ABbBkaM=</latexit><latexit sha1_base64="ZkWvKAf1hEoITHCF+wDmUYv9rYE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFnRZdOOygn1AO5RMJtOGZpIxyRTK0O9w40IRt36MO//GtJ2Fth4IHM45l3tzgoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywupv57TFVmknxaCYJ9WM8ECxiBBsr+T1uoyHuZ1cXtWm/XHGr7hxolXg5qUCORr/81QslSWMqDOFY667nJsbPsDKMcDot9VJNE0xGeEC7lgocU+1n86On6MwqIYqksk8YNFd/T2Q41noSBzYZYzPUy95M/M/rpia68TMmktRQQRaLopQjI9GsARQyRYnhE0swUczeisgQK0yM7alkS/CWv7xKWpdVz616D7VK/TavowgncArn4ME11OEeGtAEAk/wDK/w5oydF+fd+VhEC04+cwx/4Hz+ABbBkaM=</latexit>

f̂(`)
<latexit sha1_base64="2E1xBQpQhCgskrYZsUnxKfAHYHM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+a8y1EbF6xEnC/YgOlAgFo2glvzukmIXTSpdLedErld2qOwdZJV5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwyafFbmp4QtmIDnjHUkUjbvxsfvSUnFulT8JY21JI5urviYxGxkyiwHZGFIdm2ZuJ/3mdFMMbPxMqSZErtlgUppJgTGYJkL7QnKGcWEKZFvZWwoZUU4Y2p6INwVt+eZU0L6ueW/Uersq12zyOApzCGVTAg2uowT3UoQEMnuAZXuHNGTsvzrvzsWhdc/KZE/gD5/MHb/mR3Q==</latexit><latexit sha1_base64="2E1xBQpQhCgskrYZsUnxKfAHYHM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+a8y1EbF6xEnC/YgOlAgFo2glvzukmIXTSpdLedErld2qOwdZJV5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwyafFbmp4QtmIDnjHUkUjbvxsfvSUnFulT8JY21JI5urviYxGxkyiwHZGFIdm2ZuJ/3mdFMMbPxMqSZErtlgUppJgTGYJkL7QnKGcWEKZFvZWwoZUU4Y2p6INwVt+eZU0L6ueW/Uersq12zyOApzCGVTAg2uowT3UoQEMnuAZXuHNGTsvzrvzsWhdc/KZE/gD5/MHb/mR3Q==</latexit><latexit sha1_base64="2E1xBQpQhCgskrYZsUnxKfAHYHM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+a8y1EbF6xEnC/YgOlAgFo2glvzukmIXTSpdLedErld2qOwdZJV5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwyafFbmp4QtmIDnjHUkUjbvxsfvSUnFulT8JY21JI5urviYxGxkyiwHZGFIdm2ZuJ/3mdFMMbPxMqSZErtlgUppJgTGYJkL7QnKGcWEKZFvZWwoZUU4Y2p6INwVt+eZU0L6ueW/Uersq12zyOApzCGVTAg2uowT3UoQEMnuAZXuHNGTsvzrvzsWhdc/KZE/gD5/MHb/mR3Q==</latexit><latexit sha1_base64="2E1xBQpQhCgskrYZsUnxKfAHYHM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+a8y1EbF6xEnC/YgOlAgFo2glvzukmIXTSpdLedErld2qOwdZJV5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwyafFbmp4QtmIDnjHUkUjbvxsfvSUnFulT8JY21JI5urviYxGxkyiwHZGFIdm2ZuJ/3mdFMMbPxMqSZErtlgUppJgTGYJkL7QnKGcWEKZFvZWwoZUU4Y2p6INwVt+eZU0L6ueW/Uersq12zyOApzCGVTAg2uowT3UoQEMnuAZXuHNGTsvzrvzsWhdc/KZE/gD5/MHb/mR3Q==</latexit>

�5
<latexit sha1_base64="aWv+UkHlxG81mbdWyWmYf2/fXaE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP2zfkCU=</latexit><latexit sha1_base64="aWv+UkHlxG81mbdWyWmYf2/fXaE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP2zfkCU=</latexit><latexit sha1_base64="aWv+UkHlxG81mbdWyWmYf2/fXaE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP2zfkCU=</latexit><latexit sha1_base64="aWv+UkHlxG81mbdWyWmYf2/fXaE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/ol+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5CrMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htyd1xrXRR1lOIJjOIUALqEBt9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP2zfkCU=</latexit>

ff̂(`) = h�`, fi :
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f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>
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f
<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit>

f̂`
<latexit sha1_base64="e0frXfTDFNVWzpNKtzYFgXZCbzI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RTAxkQ5id9CZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFqZKGXPfbKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehOwA0qGWOLJCnspBp5FCh8DMa3M//xCbWRSfxAkxR7ER/GMpSCk5V8f8QpD6d9H5XqV2tu3Z2DrRKvIDUo0OxXv/xBIrIIYxKKG9P13JR6OdckhcJpxc8MplyM+RC7lsY8QtPL5zdP2ZlVBixMtK2Y2Fz9PZHzyJhJFNjOiNPILHsz8T+vm1F43ctlnGaEsVgsCjPFKGGzANhAahSkJpZwoaW9lYkR11yQjaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACASk8wyu8OZnz4rw7H4vWklPMHMMfOJ8/XFuR4Q==</latexit><latexit sha1_base64="e0frXfTDFNVWzpNKtzYFgXZCbzI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RTAxkQ5id9CZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFqZKGXPfbKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehOwA0qGWOLJCnspBp5FCh8DMa3M//xCbWRSfxAkxR7ER/GMpSCk5V8f8QpD6d9H5XqV2tu3Z2DrRKvIDUo0OxXv/xBIrIIYxKKG9P13JR6OdckhcJpxc8MplyM+RC7lsY8QtPL5zdP2ZlVBixMtK2Y2Fz9PZHzyJhJFNjOiNPILHsz8T+vm1F43ctlnGaEsVgsCjPFKGGzANhAahSkJpZwoaW9lYkR11yQjaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACASk8wyu8OZnz4rw7H4vWklPMHMMfOJ8/XFuR4Q==</latexit><latexit sha1_base64="e0frXfTDFNVWzpNKtzYFgXZCbzI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RTAxkQ5id9CZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFqZKGXPfbKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehOwA0qGWOLJCnspBp5FCh8DMa3M//xCbWRSfxAkxR7ER/GMpSCk5V8f8QpD6d9H5XqV2tu3Z2DrRKvIDUo0OxXv/xBIrIIYxKKG9P13JR6OdckhcJpxc8MplyM+RC7lsY8QtPL5zdP2ZlVBixMtK2Y2Fz9PZHzyJhJFNjOiNPILHsz8T+vm1F43ctlnGaEsVgsCjPFKGGzANhAahSkJpZwoaW9lYkR11yQjaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACASk8wyu8OZnz4rw7H4vWklPMHMMfOJ8/XFuR4Q==</latexit><latexit sha1_base64="e0frXfTDFNVWzpNKtzYFgXZCbzI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RTAxkQ5id9CZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFqZKGXPfbKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehOwA0qGWOLJCnspBp5FCh8DMa3M//xCbWRSfxAkxR7ER/GMpSCk5V8f8QpD6d9H5XqV2tu3Z2DrRKvIDUo0OxXv/xBIrIIYxKKG9P13JR6OdckhcJpxc8MplyM+RC7lsY8QtPL5zdP2ZlVBixMtK2Y2Fz9PZHzyJhJFNjOiNPILHsz8T+vm1F43ctlnGaEsVgsCjPFKGGzANhAahSkJpZwoaW9lYkR11yQjaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACASk8wyu8OZnz4rw7H4vWklPMHMMfOJ8/XFuR4Q==</latexit>

�

�0
<latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit><latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit><latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit><latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit>

�1
<latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit><latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit><latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit><latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit>

�2
<latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit><latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit><latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit><latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit>

�3
<latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit><latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit><latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit><latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit>

�4
<latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit><latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit><latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit><latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit>

GFT atoms (corresponding to discrete frequencies)
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�0
<latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit><latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit><latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit><latexit sha1_base64="q0+2xc7ggOojMD44GrymyyyETWk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxnt8rV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJdqO1Q==</latexit>

�1
<latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit><latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit><latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit><latexit sha1_base64="ikDI8I+hVIxET/DXYhpWKVISvu4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNLhvxXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPJ16O1g==</latexit>

�2
<latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit><latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit><latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit><latexit sha1_base64="k+rEYmKiZGa7nz4Gn7rs8X3GzY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTYUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPKOKO1w==</latexit>

�3
<latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit><latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit><latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit><latexit sha1_base64="DA079FNeyqljhBNMIoXWmm1sYRc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRYQPeveiWyn7Fn4EskyAnZchR65a+Oj3FsgSlZYIa0w781IZjqi1nAifFTmYwpWxI+9h2VNIETTieXTshp07pkVhpV9KSmfp7YkwTY0ZJ5DoTagdm0ZuK/3ntzMbX4ZjLNLMo2XxRnAliFZm+TnpcI7Ni5AhlmrtbCRtQTZl1ARVdCMHiy8ukcV4J/Epwf1mu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fKmaO2A==</latexit>

�4
<latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit><latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit><latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit><latexit sha1_base64="pBdwSD6wP1xSFjPolMBXK5/Q6IU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u2woepe9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/K+qO2Q==</latexit>

- like complex exponentials in classical FT, eigenvectors in GFT have global support

- can we design localised atoms on graphs?

i
<latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit><latexit sha1_base64="9jtkmSnVkzQh6f031uh1XGFh3yI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/PfYzt</latexit>

k (frequency index)
<latexit sha1_base64="PAjeJ6bebutaawCyS6hbvyXS7mc=">AAACA3icbVC7SgNBFJ31GeNr1U6bwSBoE3ZF0FK0sYxgHpCEMDt7V4fMzq4zd8WwRGz8FRsLRWz9CTv/xsmj0MQDA4dz7uXOOUEqhUHP+3ZmZufmFxYLS8XlldW1dXdjs2aSTHOo8kQmuhEwA1IoqKJACY1UA4sDCfWgez7w63egjUjUFfZSaMfsWolIcIZW6rjb3Yf9FsI95pGG2wwU71GhQrjvH3Tcklf2hqDTxB+TEhmj0nG/WmHCsxgUcsmMafpeiu2caRRcQr/YygykjHfZNTQtVSwG086HGfp0zyohjRJtn0I6VH9v5Cw2phcHdjJmeGMmvYH4n9fMMDpp50KlGdp0o0NRJikmdFAIDYUGjrJnCeNa2L9SfsM042hrK9oS/MnI06R2WPa9sn95VDo9G9dRIDtkl+wTnxyTU3JBKqRKOHkkz+SVvDlPzovz7nyMRmec8c4W+QPn8wd/4JgM</latexit><latexit sha1_base64="PAjeJ6bebutaawCyS6hbvyXS7mc=">AAACA3icbVC7SgNBFJ31GeNr1U6bwSBoE3ZF0FK0sYxgHpCEMDt7V4fMzq4zd8WwRGz8FRsLRWz9CTv/xsmj0MQDA4dz7uXOOUEqhUHP+3ZmZufmFxYLS8XlldW1dXdjs2aSTHOo8kQmuhEwA1IoqKJACY1UA4sDCfWgez7w63egjUjUFfZSaMfsWolIcIZW6rjb3Yf9FsI95pGG2wwU71GhQrjvH3Tcklf2hqDTxB+TEhmj0nG/WmHCsxgUcsmMafpeiu2caRRcQr/YygykjHfZNTQtVSwG086HGfp0zyohjRJtn0I6VH9v5Cw2phcHdjJmeGMmvYH4n9fMMDpp50KlGdp0o0NRJikmdFAIDYUGjrJnCeNa2L9SfsM042hrK9oS/MnI06R2WPa9sn95VDo9G9dRIDtkl+wTnxyTU3JBKqRKOHkkz+SVvDlPzovz7nyMRmec8c4W+QPn8wd/4JgM</latexit><latexit sha1_base64="PAjeJ6bebutaawCyS6hbvyXS7mc=">AAACA3icbVC7SgNBFJ31GeNr1U6bwSBoE3ZF0FK0sYxgHpCEMDt7V4fMzq4zd8WwRGz8FRsLRWz9CTv/xsmj0MQDA4dz7uXOOUEqhUHP+3ZmZufmFxYLS8XlldW1dXdjs2aSTHOo8kQmuhEwA1IoqKJACY1UA4sDCfWgez7w63egjUjUFfZSaMfsWolIcIZW6rjb3Yf9FsI95pGG2wwU71GhQrjvH3Tcklf2hqDTxB+TEhmj0nG/WmHCsxgUcsmMafpeiu2caRRcQr/YygykjHfZNTQtVSwG086HGfp0zyohjRJtn0I6VH9v5Cw2phcHdjJmeGMmvYH4n9fMMDpp50KlGdp0o0NRJikmdFAIDYUGjrJnCeNa2L9SfsM042hrK9oS/MnI06R2WPa9sn95VDo9G9dRIDtkl+wTnxyTU3JBKqRKOHkkz+SVvDlPzovz7nyMRmec8c4W+QPn8wd/4JgM</latexit><latexit sha1_base64="PAjeJ6bebutaawCyS6hbvyXS7mc=">AAACA3icbVC7SgNBFJ31GeNr1U6bwSBoE3ZF0FK0sYxgHpCEMDt7V4fMzq4zd8WwRGz8FRsLRWz9CTv/xsmj0MQDA4dz7uXOOUEqhUHP+3ZmZufmFxYLS8XlldW1dXdjs2aSTHOo8kQmuhEwA1IoqKJACY1UA4sDCfWgez7w63egjUjUFfZSaMfsWolIcIZW6rjb3Yf9FsI95pGG2wwU71GhQrjvH3Tcklf2hqDTxB+TEhmj0nG/WmHCsxgUcsmMafpeiu2caRRcQr/YygykjHfZNTQtVSwG086HGfp0zyohjRJtn0I6VH9v5Cw2phcHdjJmeGMmvYH4n9fMMDpp50KlGdp0o0NRJikmdFAIDYUGjrJnCeNa2L9SfsM042hrK9oS/MnI06R2WPa9sn95VDo9G9dRIDtkl+wTnxyTU3JBKqRKOHkkz+SVvDlPzovz7nyMRmec8c4W+QPn8wd/4JgM</latexit>

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>
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Basic operations for graph signals

46

- recall that we used a set of structured functions (e.g., 
shifted and modulated) to produce localised items

basic operations in Euclidean domain
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Basic operations for graph signals

46

- recall that we used a set of structured functions (e.g., 
shifted and modulated) to produce localised items

- we need to define for graph signals the basic operations 
of convolution, shift, modulation
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Convolution

47

(f ⇤ g)(t) =
Z 1

�1
f(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

classical convolution

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>

\(f ⇤ g)(�) = (f̂ � ĝ)(�)
<latexit sha1_base64="T0ZLFhih2nCVvT6ZDhkbajO81xA="></latexit><latexit sha1_base64="T0ZLFhih2nCVvT6ZDhkbajO81xA="></latexit><latexit sha1_base64="T0ZLFhih2nCVvT6ZDhkbajO81xA="></latexit><latexit sha1_base64="T0ZLFhih2nCVvT6ZDhkbajO81xA="></latexit>

(f ⇤ g)(n) :=
N�1X

`=0

f̂(`)ĝ(`)�`(n)
<latexit sha1_base64="J5KlQh/G51wFjU2qC1X5XSt9VrY="></latexit><latexit sha1_base64="J5KlQh/G51wFjU2qC1X5XSt9VrY="></latexit><latexit sha1_base64="J5KlQh/G51wFjU2qC1X5XSt9VrY="></latexit><latexit sha1_base64="J5KlQh/G51wFjU2qC1X5XSt9VrY="></latexit>

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.

multiplication in graph spectral domaingraph convolution
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Vertex-domain shift

48

classical shift (Tuf)(t) := f(t� u) = (f ⇤ �u)(t)
<latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit><latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit><latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit><latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit>

graph shift convolution with a “delta” on graph

(Tif)(n) :=
p
N(f ⇤ �i)(n)

<latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit><latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit><latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit><latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit>

=
p
N

N�1X

`=0

f̂(`)�⇤
` (i)�`(n)

<latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit><latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit><latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit><latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit>

original signal

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.
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Vertex-domain shift

48

classical shift (Tuf)(t) := f(t� u) = (f ⇤ �u)(t)
<latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit><latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit><latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit><latexit sha1_base64="gU6HyjT5or5QFu5bGCBpSTi4pK0=">AAACFHicbVDLSgMxFM3UV62vqks3wSJMEcuMCIpQKLpxWaEvaMuQSTNtaOZBciOU0o9w46+4caGIWxfu/BszbRfaeiBwOOdcbu7xE8EVOM63lVlZXVvfyG7mtrZ3dvfy+wcNFWtJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7wNvWbD0wqHkc1GCWsG5J+xANOCRjJy5/aNU/joGhDEV+XcWDDmS7iMrYD3CEKcKfHBBBPpwEvX3BKzhR4mbhzUkBzVL38V6cXUx2yCKggSrVdJ4HumEjgVLBJrqMVSwgdkj5rGxqRkKnueHrUBJ8YpYeDWJoXAZ6qvyfGJFRqFPomGRIYqEUvFf/z2hqCq+6YR4kGFtHZokALDDFOG8I9LhkFMTKEUMnNXzEdEEkomB5zpgR38eRl0jgvuU7Jvb8oVG7mdWTRETpGNnLRJaqgO1RFdUTRI3pGr+jNerJerHfrYxbNWPOZQ/QH1ucPdfuauA==</latexit>

graph shift convolution with a “delta” on graph

(Tif)(n) :=
p
N(f ⇤ �i)(n)

<latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit><latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit><latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit><latexit sha1_base64="voj5lqClsRGXib5wikrjpEbUuiE=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0CGVGBEUQim5cSYW+oFOGTJppQzOZMbkjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM45l5t7/FhwDbb9bWWWlldW17LruY3Nre2d/O5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uB77zQemNI9kDYYx64SkJ3nAKQEjefnjYs3jOCgVZQlfXGJX3ytIb0e4GGCXaMBulwkgHh8HvHzBLtsT4EXizEgBzVD18l9uN6JJyCRQQbRuO3YMnZQo4FSwUc5NNIsJHZAeaxsqSch0J50cNcJHRuniIFLmScAT9fdESkKth6FvkiGBvp73xuJ/XjuB4LyTchknwCSdLgoSgSHC44ZwlytGQQwNIVRx81dM+0QRCqbHnCnBmT95kTROyo5ddu5OC5WrWR1ZdIAOURE56AxV0A2qojqi6BE9o1f0Zj1ZL9a79TGNZqzZzD76A+vzB0J1m9Y=</latexit>

=
p
N

N�1X

`=0

f̂(`)�⇤
` (i)�`(n)

<latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit><latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit><latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit><latexit sha1_base64="+0HvAi1s9Yq+cVjLmvPkWZR7EvE="></latexit>

shifted version of the signal to different centring vertex (in green)

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.
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Modulation

49

classical modulation (M⇠f)(t) := ej2⇡⇠tf(t)
<latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit><latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit><latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit><latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit>

graph modulation multiply by a graph Laplacian eigenvector

(Mkf)(n) :=
p
Nf(n)�k(n)

<latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit><latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit><latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit><latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit>

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.
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Modulation

49

classical modulation (M⇠f)(t) := ej2⇡⇠tf(t)
<latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit><latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit><latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit><latexit sha1_base64="NXRJwk1F6AJtOt2w556v5s4maic=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJE3YDYIiCEEbGyGCuUCyLrOT2WTM7IWZs2JY8gQ2voqNhSK21na+jZNLoYk/DPx85xzOnN+LBVdgWd9GZml5ZXUtu57b2Nza3jF39xoqSiRldRqJSLY8opjgIasDB8FasWQk8ARreoOLcb15z6TiUXgDw5g5AemF3OeUgEauWSheuWnngY+wXypCCZ+eYXab3lU6MccaYxj5Grtm3ipbE+FFY89MHs1Uc82vTjeiScBCoIIo1batGJyUSOBUsFGukygWEzogPdbWNiQBU046OWeEC5p0sR9J/ULAE/p7IiWBUsPA050Bgb6ar43hf7V2Av6Jk/IwToCFdLrITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBHM6BHv+5EXTqJRtq2xfH+Wr57M4sugAHaIistExqqJLVEN1RNEjekav6M14Ml6Md+Nj2poxZjP76I+Mzx+tppn5</latexit>

graph modulation multiply by a graph Laplacian eigenvector

(Mkf)(n) :=
p
Nf(n)�k(n)

<latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit><latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit><latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit><latexit sha1_base64="xQMdJZzbIQqyb8gYRCARQRGwI9g=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSiKAIQtGNG6WCvUATwmQ6aYdOJnFmIpTQJ3Djq7hxoYhb1+58GydtFtr6w8DHf87hzPn9mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMqt3HoiQNOJ3ahwTN0QDTgOKkdKWZ1aq194IBrUqr8Gzc+jIe6HSmwkMMsPBQ+qNNHlm2apbU8FFsHMog1xNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMik5iSQxwiM0ID2NHIVEuun0nAmsaKcPg0joxxWcur8nUhRKOQ593RkiNZTztcz8r9ZLVHDqppTHiSIczxYFCYMqglk2sE8FwYqNNSAsqP4rxEMkEFY6wZIOwZ4/eRHaR3Xbqtu3x+XGRR5HERyAQ1AFNjgBDXAFmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sj4/AHGWJlr</latexit>

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.

original signal modulated signal
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Windowed graph Fourier transform
• With the shift and modulation operators for graph signals we can now 

define a windowed graph Fourier transform

50

classical windowed 
Fourier atom

gu,⇠(t) := (M⇠Tug)(t) = ej2⇡⇠tg(t� u)
<latexit sha1_base64="KykWUiAuaTS53uxIML3n2+8H/H8="></latexit><latexit sha1_base64="KykWUiAuaTS53uxIML3n2+8H/H8="></latexit><latexit sha1_base64="KykWUiAuaTS53uxIML3n2+8H/H8="></latexit><latexit sha1_base64="KykWUiAuaTS53uxIML3n2+8H/H8="></latexit>

windowed graph 
Fourier atom

= N�k(n)
N�1X

`=0

ĝ(�`)�
⇤
` (i)�`(n)

<latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit><latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit><latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit><latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit>

gi,k(n) := (MkTig)(n)
<latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit><latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit><latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit><latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit>

windowed graph Fourier 
transform (WGFT)

Sf(i, k) := hf, gi,ki
<latexit sha1_base64="eOj40cHoWSXnRnsAsr7n9nhJBsg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFCqUkIiiCUHTjsqK9QBPCZDpJh04mYWYilNAncOOruHGhiFvX7nwbp2kW2vrDwM93zuHM+f2EUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dH1tN59IELSmN+rcULcCIWcBhQjpZFnVu9gUKP10TG8uIQOQzxkBAb10Ms0nEBH5MQzK1bDygUXjV2YCijU8swvZxDjNCJcYYak7NtWotwMCUUxI5Oyk0qSIDxCIelry1FEpJvl50xgVZMBDGKhH1cwp78nMhRJOY583RkhNZTztSn8r9ZPVXDuZpQnqSIczxYFKYMqhtNs4IAKghUba4OwoPqvEA+RQFjpBMs6BHv+5EXTOWnYVsO+Pa00r4o4SuAQHIEasMEZaIIb0AJtgMEjeAav4M14Ml6Md+Nj1rpkFDMH4I+Mzx/3mpoy</latexit><latexit sha1_base64="eOj40cHoWSXnRnsAsr7n9nhJBsg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFCqUkIiiCUHTjsqK9QBPCZDpJh04mYWYilNAncOOruHGhiFvX7nwbp2kW2vrDwM93zuHM+f2EUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dH1tN59IELSmN+rcULcCIWcBhQjpZFnVu9gUKP10TG8uIQOQzxkBAb10Ms0nEBH5MQzK1bDygUXjV2YCijU8swvZxDjNCJcYYak7NtWotwMCUUxI5Oyk0qSIDxCIelry1FEpJvl50xgVZMBDGKhH1cwp78nMhRJOY583RkhNZTztSn8r9ZPVXDuZpQnqSIczxYFKYMqhtNs4IAKghUba4OwoPqvEA+RQFjpBMs6BHv+5EXTOWnYVsO+Pa00r4o4SuAQHIEasMEZaIIb0AJtgMEjeAav4M14Ml6Md+Nj1rpkFDMH4I+Mzx/3mpoy</latexit><latexit sha1_base64="eOj40cHoWSXnRnsAsr7n9nhJBsg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFCqUkIiiCUHTjsqK9QBPCZDpJh04mYWYilNAncOOruHGhiFvX7nwbp2kW2vrDwM93zuHM+f2EUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dH1tN59IELSmN+rcULcCIWcBhQjpZFnVu9gUKP10TG8uIQOQzxkBAb10Ms0nEBH5MQzK1bDygUXjV2YCijU8swvZxDjNCJcYYak7NtWotwMCUUxI5Oyk0qSIDxCIelry1FEpJvl50xgVZMBDGKhH1cwp78nMhRJOY583RkhNZTztSn8r9ZPVXDuZpQnqSIczxYFKYMqhtNs4IAKghUba4OwoPqvEA+RQFjpBMs6BHv+5EXTOWnYVsO+Pa00r4o4SuAQHIEasMEZaIIb0AJtgMEjeAav4M14Ml6Md+Nj1rpkFDMH4I+Mzx/3mpoy</latexit><latexit sha1_base64="eOj40cHoWSXnRnsAsr7n9nhJBsg=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFCqUkIiiCUHTjsqK9QBPCZDpJh04mYWYilNAncOOruHGhiFvX7nwbp2kW2vrDwM93zuHM+f2EUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dH1tN59IELSmN+rcULcCIWcBhQjpZFnVu9gUKP10TG8uIQOQzxkBAb10Ms0nEBH5MQzK1bDygUXjV2YCijU8swvZxDjNCJcYYak7NtWotwMCUUxI5Oyk0qSIDxCIelry1FEpJvl50xgVZMBDGKhH1cwp78nMhRJOY583RkhNZTztSn8r9ZPVXDuZpQnqSIczxYFKYMqhtNs4IAKghUba4OwoPqvEA+RQFjpBMs6BHv+5EXTOWnYVsO+Pa00r4o4SuAQHIEasMEZaIIb0AJtgMEjeAav4M14Ml6Md+Nj1rpkFDMH4I+Mzx/3mpoy</latexit>

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.
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ĝ(�`) = 1.45e�3�`
<latexit sha1_base64="6rzTH5fHt4dBjgFPg7HQ2e/Hzog=">AAACF3icbVC7SgNBFJ2Nrxhfq5Y2g0GIhcuuRrQRgjaWEcwDsmuYndwkQ2YfzMwKYdm/sPFXbCwUsdXOv3HyKGLigYHDOfdw5x4/5kwq2/4xckvLK6tr+fXCxubW9o65u1eXUSIo1GjEI9H0iQTOQqgppjg0YwEk8Dk0/MHNyG88gpAsCu/VMAYvIL2QdRklSktt03L7RKW9rORyHeqQtgucH+Mr7Fjlc3hIT85mjaxtFm3LHgMvEmdKimiKatv8djsRTQIIFeVEypZjx8pLiVCMcsgKbiIhJnRAetDSNCQBSC8d35XhI610cDcS+oUKj9XZREoCKYeBrycDovpy3huJ/3mtRHUvvZSFcaIgpJNF3YRjFeFRSbjDBFDFh5oQKpj+K6Z9IghVusqCLsGZP3mR1E8tx7acu3Kxcj2tI48O0CEqIQddoAq6RVVUQxQ9oRf0ht6NZ+PV+DA+J6M5Y5rZR39gfP0C+imeig==</latexit><latexit sha1_base64="6rzTH5fHt4dBjgFPg7HQ2e/Hzog=">AAACF3icbVC7SgNBFJ2Nrxhfq5Y2g0GIhcuuRrQRgjaWEcwDsmuYndwkQ2YfzMwKYdm/sPFXbCwUsdXOv3HyKGLigYHDOfdw5x4/5kwq2/4xckvLK6tr+fXCxubW9o65u1eXUSIo1GjEI9H0iQTOQqgppjg0YwEk8Dk0/MHNyG88gpAsCu/VMAYvIL2QdRklSktt03L7RKW9rORyHeqQtgucH+Mr7Fjlc3hIT85mjaxtFm3LHgMvEmdKimiKatv8djsRTQIIFeVEypZjx8pLiVCMcsgKbiIhJnRAetDSNCQBSC8d35XhI610cDcS+oUKj9XZREoCKYeBrycDovpy3huJ/3mtRHUvvZSFcaIgpJNF3YRjFeFRSbjDBFDFh5oQKpj+K6Z9IghVusqCLsGZP3mR1E8tx7acu3Kxcj2tI48O0CEqIQddoAq6RVVUQxQ9oRf0ht6NZ+PV+DA+J6M5Y5rZR39gfP0C+imeig==</latexit><latexit sha1_base64="6rzTH5fHt4dBjgFPg7HQ2e/Hzog=">AAACF3icbVC7SgNBFJ2Nrxhfq5Y2g0GIhcuuRrQRgjaWEcwDsmuYndwkQ2YfzMwKYdm/sPFXbCwUsdXOv3HyKGLigYHDOfdw5x4/5kwq2/4xckvLK6tr+fXCxubW9o65u1eXUSIo1GjEI9H0iQTOQqgppjg0YwEk8Dk0/MHNyG88gpAsCu/VMAYvIL2QdRklSktt03L7RKW9rORyHeqQtgucH+Mr7Fjlc3hIT85mjaxtFm3LHgMvEmdKimiKatv8djsRTQIIFeVEypZjx8pLiVCMcsgKbiIhJnRAetDSNCQBSC8d35XhI610cDcS+oUKj9XZREoCKYeBrycDovpy3huJ/3mtRHUvvZSFcaIgpJNF3YRjFeFRSbjDBFDFh5oQKpj+K6Z9IghVusqCLsGZP3mR1E8tx7acu3Kxcj2tI48O0CEqIQddoAq6RVVUQxQ9oRf0ht6NZ+PV+DA+J6M5Y5rZR39gfP0C+imeig==</latexit><latexit sha1_base64="6rzTH5fHt4dBjgFPg7HQ2e/Hzog=">AAACF3icbVC7SgNBFJ2Nrxhfq5Y2g0GIhcuuRrQRgjaWEcwDsmuYndwkQ2YfzMwKYdm/sPFXbCwUsdXOv3HyKGLigYHDOfdw5x4/5kwq2/4xckvLK6tr+fXCxubW9o65u1eXUSIo1GjEI9H0iQTOQqgppjg0YwEk8Dk0/MHNyG88gpAsCu/VMAYvIL2QdRklSktt03L7RKW9rORyHeqQtgucH+Mr7Fjlc3hIT85mjaxtFm3LHgMvEmdKimiKatv8djsRTQIIFeVEypZjx8pLiVCMcsgKbiIhJnRAetDSNCQBSC8d35XhI610cDcS+oUKj9XZREoCKYeBrycDovpy3huJ/3mtRHUvvZSFcaIgpJNF3YRjFeFRSbjDBFDFh5oQKpj+K6Z9IghVusqCLsGZP3mR1E8tx7acu3Kxcj2tI48O0CEqIQddoAq6RVVUQxQ9oRf0ht6NZ+PV+DA+J6M5Y5rZR39gfP0C+imeig==</latexit>

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.
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wavelet atoms  
(time shift and scaling)

'l,m(t) = '(a�lt�mt0)
<latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit>

l,m 2 Z
<latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit>

Fourier atoms  
(time shift and modulation)

'k,m(t) = ejk!0t'(t�mt0)
<latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit>

k,m 2 Z
<latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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SGWT kernel functions ĝ(s�`)
<latexit sha1_base64="wNg0dc4yx+Evxt9fhnbOW5P3yo0=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZQkBtvuim5cVrAPaEKYTCbt0MmDmYlQYhf+ihsXirj1N9z5N07aCip6YOBwzj3cO8dPGRXSMD60peWV1bX10kZ5c2t7Z1ff2++KJOOYdHDCEt73kSCMxqQjqWSkn3KCIp+Rnj++LPzeLeGCJvGNnKTEjdAwpiHFSCrJ0w+dEZL5cFoVDlOpAHkOYezU0ytGzTBsu16HijStRsNSxDLt5tk5NJVVoAIWaHv6uxMkOItILDFDQgxMI5VujrikmJFp2ckESREeoyEZKBqjiAg3n90/hSdKCWCYcPViCWfq90SOIiEmka8mIyRH4rdXiH95g0yGDTencZpJEuP5ojBjUCawKAMGlBMs2UQRhDlVt0I8QhxhqSorqxK+fgr/J12rZho189qutC4WdZTAETgGVWCCOmiBK9AGHYDBHXgAT+BZu9cetRftdT66pC0yB+AHtLdPRpKWRA==</latexit><latexit sha1_base64="wNg0dc4yx+Evxt9fhnbOW5P3yo0=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZQkBtvuim5cVrAPaEKYTCbt0MmDmYlQYhf+ihsXirj1N9z5N07aCip6YOBwzj3cO8dPGRXSMD60peWV1bX10kZ5c2t7Z1ff2++KJOOYdHDCEt73kSCMxqQjqWSkn3KCIp+Rnj++LPzeLeGCJvGNnKTEjdAwpiHFSCrJ0w+dEZL5cFoVDlOpAHkOYezU0ytGzTBsu16HijStRsNSxDLt5tk5NJVVoAIWaHv6uxMkOItILDFDQgxMI5VujrikmJFp2ckESREeoyEZKBqjiAg3n90/hSdKCWCYcPViCWfq90SOIiEmka8mIyRH4rdXiH95g0yGDTencZpJEuP5ojBjUCawKAMGlBMs2UQRhDlVt0I8QhxhqSorqxK+fgr/J12rZho189qutC4WdZTAETgGVWCCOmiBK9AGHYDBHXgAT+BZu9cetRftdT66pC0yB+AHtLdPRpKWRA==</latexit><latexit sha1_base64="wNg0dc4yx+Evxt9fhnbOW5P3yo0=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZQkBtvuim5cVrAPaEKYTCbt0MmDmYlQYhf+ihsXirj1N9z5N07aCip6YOBwzj3cO8dPGRXSMD60peWV1bX10kZ5c2t7Z1ff2++KJOOYdHDCEt73kSCMxqQjqWSkn3KCIp+Rnj++LPzeLeGCJvGNnKTEjdAwpiHFSCrJ0w+dEZL5cFoVDlOpAHkOYezU0ytGzTBsu16HijStRsNSxDLt5tk5NJVVoAIWaHv6uxMkOItILDFDQgxMI5VujrikmJFp2ckESREeoyEZKBqjiAg3n90/hSdKCWCYcPViCWfq90SOIiEmka8mIyRH4rdXiH95g0yGDTencZpJEuP5ojBjUCawKAMGlBMs2UQRhDlVt0I8QhxhqSorqxK+fgr/J12rZho189qutC4WdZTAETgGVWCCOmiBK9AGHYDBHXgAT+BZu9cetRftdT66pC0yB+AHtLdPRpKWRA==</latexit><latexit sha1_base64="wNg0dc4yx+Evxt9fhnbOW5P3yo0=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZQkBtvuim5cVrAPaEKYTCbt0MmDmYlQYhf+ihsXirj1N9z5N07aCip6YOBwzj3cO8dPGRXSMD60peWV1bX10kZ5c2t7Z1ff2++KJOOYdHDCEt73kSCMxqQjqWSkn3KCIp+Rnj++LPzeLeGCJvGNnKTEjdAwpiHFSCrJ0w+dEZL5cFoVDlOpAHkOYezU0ytGzTBsu16HijStRsNSxDLt5tk5NJVVoAIWaHv6uxMkOItILDFDQgxMI5VujrikmJFp2ckESREeoyEZKBqjiAg3n90/hSdKCWCYcPViCWfq90SOIiEmka8mIyRH4rdXiH95g0yGDTencZpJEuP5ojBjUCawKAMGlBMs2UQRhDlVt0I8QhxhqSorqxK+fgr/J12rZho189qutC4WdZTAETgGVWCCOmiBK9AGHYDBHXgAT+BZu9cetRftdT66pC0yB+AHtLdPRpKWRA==</latexit>
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<latexit sha1_base64="IViMm6DYyPEvCnNMXsyLW1iBsik=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is18x2+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxwplQw=</latexit><latexit sha1_base64="IViMm6DYyPEvCnNMXsyLW1iBsik=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is18x2+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxwplQw=</latexit><latexit sha1_base64="IViMm6DYyPEvCnNMXsyLW1iBsik=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is18x2+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxwplQw=</latexit><latexit sha1_base64="IViMm6DYyPEvCnNMXsyLW1iBsik=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is18x2+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxwplQw=</latexit>

 2
<latexit sha1_base64="IRmQTvidAg+UzTt8FHy0HJBNqkM=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspOg86gd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdrZUN</latexit><latexit sha1_base64="IRmQTvidAg+UzTt8FHy0HJBNqkM=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspOg86gd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdrZUN</latexit><latexit sha1_base64="IRmQTvidAg+UzTt8FHy0HJBNqkM=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspOg86gd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdrZUN</latexit><latexit sha1_base64="IRmQTvidAg+UzTt8FHy0HJBNqkM=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspOg86gd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdrZUN</latexit>

 s
<latexit sha1_base64="iTjPOyY2eDncKTEvYheIMnZuSog=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is185TdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD4AxlU4=</latexit><latexit sha1_base64="iTjPOyY2eDncKTEvYheIMnZuSog=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is185TdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD4AxlU4=</latexit><latexit sha1_base64="iTjPOyY2eDncKTEvYheIMnZuSog=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is185TdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD4AxlU4=</latexit><latexit sha1_base64="iTjPOyY2eDncKTEvYheIMnZuSog=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is185TdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD4AxlU4=</latexit>

- different “subbands” capture behaviour at 
different scales 

- SGWT is an overcomplete transform
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<latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit><latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit><latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit><latexit sha1_base64="SY9ESyHX+tuXbWvIfWr1QH5vOak="></latexit>

gi,k(n) := (MkTig)(n)
<latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit><latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit><latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit><latexit sha1_base64="ASO9dG/1JhYt92eJrk7V+QVoRXA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREBEUQim7cCBX6gjaEyXTSDplMwsxEKKE7N/6KGxeKuPUX3Pk3TtostPXAhcM593LvPV7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7jJ/M4DEZJGvKnGMXFCNOTUpxgpLbnm4dBN6UkwgRVehZdXsHLnBrDpUjisZpJrlq2aNQVcJHZOyiBHwzW/+oMIJyHhCjMkZc+2YuWkSCiKGZmU+okkMcIBGpKephyFRDrp9I8JPNbKAPqR0MUVnKq/J1IUSjkOPd0ZIjWS814m/uf1EuVfOCnlcaIIx7NFfsKgimAWChxQQbBiY00QFlTfCvEICYSVjq6kQ7DnX14k7dOabdXs+7Ny/TqPowgOwBGoABucgzq4BQ3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADNGWNQ==</latexit>

WGFT atom

 i,s(n) := (TiDsg)(n)
<latexit sha1_base64="KIlrYbAkJRzovUWqbYU97Umlu7A=">AAACCXicbVBNS8NAEJ34WetX1aOXxSK0ICURQRGEoh48VugXtCFsttt26WYTdjdCCb168a948aCIV/+BN/+NmzYHbX0w8Hhvhpl5fsSZ0rb9bS0tr6yurec28ptb2zu7hb39pgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb80U3qtx6oVCwUdT2OqBvggWB9RrA2kldA3UgxL2EnalISZXR5hUp1j6FbT6FB2Sh5r1C0K/YUaJE4GSlChppX+Or2QhIHVGjCsVIdx460m2CpGeF0ku/GikaYjPCAdgwVOKDKTaafTNCxUXqoH0pTQqOp+nsiwYFS48A3nQHWQzXvpeJ/XifW/Qs3YSKKNRVktqgfc6RDlMaCekxSovnYEEwkM7ciMsQSE23CS0Nw5l9eJM3TimNXnPuzYvU6iyMHh3AEJXDgHKpwBzVoAIFHeIZXeLOerBfr3fqYtS5Z2cwB/IH1+QMXypdb</latexit><latexit sha1_base64="KIlrYbAkJRzovUWqbYU97Umlu7A=">AAACCXicbVBNS8NAEJ34WetX1aOXxSK0ICURQRGEoh48VugXtCFsttt26WYTdjdCCb168a948aCIV/+BN/+NmzYHbX0w8Hhvhpl5fsSZ0rb9bS0tr6yurec28ptb2zu7hb39pgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb80U3qtx6oVCwUdT2OqBvggWB9RrA2kldA3UgxL2EnalISZXR5hUp1j6FbT6FB2Sh5r1C0K/YUaJE4GSlChppX+Or2QhIHVGjCsVIdx460m2CpGeF0ku/GikaYjPCAdgwVOKDKTaafTNCxUXqoH0pTQqOp+nsiwYFS48A3nQHWQzXvpeJ/XifW/Qs3YSKKNRVktqgfc6RDlMaCekxSovnYEEwkM7ciMsQSE23CS0Nw5l9eJM3TimNXnPuzYvU6iyMHh3AEJXDgHKpwBzVoAIFHeIZXeLOerBfr3fqYtS5Z2cwB/IH1+QMXypdb</latexit><latexit sha1_base64="KIlrYbAkJRzovUWqbYU97Umlu7A=">AAACCXicbVBNS8NAEJ34WetX1aOXxSK0ICURQRGEoh48VugXtCFsttt26WYTdjdCCb168a948aCIV/+BN/+NmzYHbX0w8Hhvhpl5fsSZ0rb9bS0tr6yurec28ptb2zu7hb39pgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb80U3qtx6oVCwUdT2OqBvggWB9RrA2kldA3UgxL2EnalISZXR5hUp1j6FbT6FB2Sh5r1C0K/YUaJE4GSlChppX+Or2QhIHVGjCsVIdx460m2CpGeF0ku/GikaYjPCAdgwVOKDKTaafTNCxUXqoH0pTQqOp+nsiwYFS48A3nQHWQzXvpeJ/XifW/Qs3YSKKNRVktqgfc6RDlMaCekxSovnYEEwkM7ciMsQSE23CS0Nw5l9eJM3TimNXnPuzYvU6iyMHh3AEJXDgHKpwBzVoAIFHeIZXeLOerBfr3fqYtS5Z2cwB/IH1+QMXypdb</latexit><latexit sha1_base64="KIlrYbAkJRzovUWqbYU97Umlu7A=">AAACCXicbVBNS8NAEJ34WetX1aOXxSK0ICURQRGEoh48VugXtCFsttt26WYTdjdCCb168a948aCIV/+BN/+NmzYHbX0w8Hhvhpl5fsSZ0rb9bS0tr6yurec28ptb2zu7hb39pgpjSWiDhDyUbR8rypmgDc00p+1IUhz4nLb80U3qtx6oVCwUdT2OqBvggWB9RrA2kldA3UgxL2EnalISZXR5hUp1j6FbT6FB2Sh5r1C0K/YUaJE4GSlChppX+Or2QhIHVGjCsVIdx460m2CpGeF0ku/GikaYjPCAdgwVOKDKTaafTNCxUXqoH0pTQqOp+nsiwYFS48A3nQHWQzXvpeJ/XifW/Qs3YSKKNRVktqgfc6RDlMaCekxSovnYEEwkM7ciMsQSE23CS0Nw5l9eJM3TimNXnPuzYvU6iyMHh3AEJXDgHKpwBzVoAIFHeIZXeLOerBfr3fqYtS5Z2cwB/IH1+QMXypdb</latexit>

=
N�1X

`=0

ĝ(s�`)�
⇤
` (i)�`(n)

<latexit sha1_base64="lUTqPp6Y0vrVW7JOsTISmevGDlA="></latexit><latexit sha1_base64="lUTqPp6Y0vrVW7JOsTISmevGDlA="></latexit><latexit sha1_base64="lUTqPp6Y0vrVW7JOsTISmevGDlA="></latexit><latexit sha1_base64="lUTqPp6Y0vrVW7JOsTISmevGDlA="></latexit>

SGWT atom

Shuman et al., “Vertex-frequency analysis on graphs,” ACHA, 2016.



/72

From analytical to trained graph dictionaries

59

= X

v1

v2

v1
v2

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�(G)
<latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit>

G
<latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit>

analytical graph 
dictionaries

trained graph 
dictionaries �(G,x)

<latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit><latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit><latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit><latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit>

dictionary learning on graphs?

�(G) = ĝ(L) = �ĝ(⇤)�T
<latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit><latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit><latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit><latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit>

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)
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From analytical to trained graph dictionaries
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= X

v1

v2

v1
v2

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�(G)
<latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit><latexit sha1_base64="/rdENhjnpSEvVMT3nIiDBECGZmg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi6LLoQpcV7AOaUCaTSTt0MhNmJkIJ2bnxV9y4UMStv+DOv3HSZqGtF4Y5nHMv99wTJIwq7Tjf1tLyyuraemWjurm1vbNr7+13lEglJm0smJC9ACnCKCdtTTUjvUQSFAeMdIPxdaF3H4hUVPB7PUmIH6MhpxHFSBtqYB95gWChmsTmy7zWiOZ1L0Z6hBHLbvLTgV1zGs604CJwS1ADZbUG9pcXCpzGhGvMkFJ910m0nyGpKWYkr3qpIgnCYzQkfQM5ionys+kdOTwxTAgjIc3jGk7Z3xMZilVh1XQWHtW8VpD/af1UR5d+RnmSasLxbFGUMqgFLEKBIZUEazYxAGFJjVeIR0girE10VROCO3/yIuicNVyn4d6d15pXZRwVcAiOQR244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwp6zPH3APmaU=</latexit>

G
<latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit><latexit sha1_base64="7tl7x1si+e6/QW6OOci/nbGfqKY=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3vbr/cFlr3BR1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTrFzDH/gfP4AeWyRXQ==</latexit>

analytical graph 
dictionaries

trained graph 
dictionaries

�(G) = ĝ(L) = �ĝ(⇤)�T
<latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit><latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit><latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit><latexit sha1_base64="0wPDh4a1UCQDlbxEHMnwlS7jTsI="></latexit>

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)

�(G,x)
<latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit><latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit><latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit><latexit sha1_base64="7cXFDiwpjiHXWFegUbhD8II4iVk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElE0GXRhS4r2Ac0oUwmk3boZBJmJmIJ+QY3/oobF4q4deXOv3GSZqGtF4Y5nHMv99zjxYxKZVnfxtLyyuraemWjurm1vbNr7u13ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNrnK9d0+EpBG/U9OYuCEacRpQjJSmhmbD8SLmy2mov9Rpj2lWd0Kkxhix9Do7KbAXpA9ZY2jWrKZVFFwEdglqoKz20Pxy/AgnIeEKMyTlwLZi5aZIKIoZyapOIkmM8ASNyEBDjkIi3bQ4KYPHmvFhEAn9uIIF+3siRaHMXevO3KKc13LyP22QqODCTSmPE0U4ni0KEgZVBPN8oE8FwYpNNUBYUO0V4jESCCudYlWHYM+fvAi6p03batq3Z7XWZRlHBRyCI1AHNjgHLXAD2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/Cnj8wdTt559</latexit>

learning         by adapting to x
<latexit sha1_base64="GpgGjmOyO3OewV/ZsoN33uv/sIw=">AAACB3icdVDLTgIxFO34RHyhLt00EhNXkw4gjjuiG5eYyCMCIZ3SgYZOZ9J2FDLhA9y71V9wZ9z6Gf6Bn2EHMBGjJ7nJyTn35t57vIgzpRH6sJaWV1bX1jMb2c2t7Z3d3N5+XYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve8DL1G3dUKhaKGz2OaCfAfcF8RrA20m07wHrg+clo0s3lke2icrFQgsgulNDpedEQ5Dpl5ELHRlPkwRzVbu6z3QtJHFChCcdKtRwU6U6CpWaE00m2HSsaYTLEfdoyVOCAqk4yvXgCj43Sg34oTQkNp+rPiQQHSo0Dz3SmF6rfXir+5bVi7budhIko1lSQ2SI/5lCHMH0f9pikRPOxIZhIZm6FZIAlJtqEtLCFjjSWMrxXaTTf/8P/Sb1gO8h2rkv5ysU8pAw4BEfgBDjgDFTAFaiCGiBAgEfwBJ6tB+vFerXeZq1L1nzmACzAev8ClEebQQ==</latexit><latexit sha1_base64="GpgGjmOyO3OewV/ZsoN33uv/sIw=">AAACB3icdVDLTgIxFO34RHyhLt00EhNXkw4gjjuiG5eYyCMCIZ3SgYZOZ9J2FDLhA9y71V9wZ9z6Gf6Bn2EHMBGjJ7nJyTn35t57vIgzpRH6sJaWV1bX1jMb2c2t7Z3d3N5+XYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve8DL1G3dUKhaKGz2OaCfAfcF8RrA20m07wHrg+clo0s3lke2icrFQgsgulNDpedEQ5Dpl5ELHRlPkwRzVbu6z3QtJHFChCcdKtRwU6U6CpWaE00m2HSsaYTLEfdoyVOCAqk4yvXgCj43Sg34oTQkNp+rPiQQHSo0Dz3SmF6rfXir+5bVi7budhIko1lSQ2SI/5lCHMH0f9pikRPOxIZhIZm6FZIAlJtqEtLCFjjSWMrxXaTTf/8P/Sb1gO8h2rkv5ysU8pAw4BEfgBDjgDFTAFaiCGiBAgEfwBJ6tB+vFerXeZq1L1nzmACzAev8ClEebQQ==</latexit><latexit sha1_base64="GpgGjmOyO3OewV/ZsoN33uv/sIw=">AAACB3icdVDLTgIxFO34RHyhLt00EhNXkw4gjjuiG5eYyCMCIZ3SgYZOZ9J2FDLhA9y71V9wZ9z6Gf6Bn2EHMBGjJ7nJyTn35t57vIgzpRH6sJaWV1bX1jMb2c2t7Z3d3N5+XYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve8DL1G3dUKhaKGz2OaCfAfcF8RrA20m07wHrg+clo0s3lke2icrFQgsgulNDpedEQ5Dpl5ELHRlPkwRzVbu6z3QtJHFChCcdKtRwU6U6CpWaE00m2HSsaYTLEfdoyVOCAqk4yvXgCj43Sg34oTQkNp+rPiQQHSo0Dz3SmF6rfXir+5bVi7budhIko1lSQ2SI/5lCHMH0f9pikRPOxIZhIZm6FZIAlJtqEtLCFjjSWMrxXaTTf/8P/Sb1gO8h2rkv5ysU8pAw4BEfgBDjgDFTAFaiCGiBAgEfwBJ6tB+vFerXeZq1L1nzmACzAev8ClEebQQ==</latexit><latexit sha1_base64="GpgGjmOyO3OewV/ZsoN33uv/sIw=">AAACB3icdVDLTgIxFO34RHyhLt00EhNXkw4gjjuiG5eYyCMCIZ3SgYZOZ9J2FDLhA9y71V9wZ9z6Gf6Bn2EHMBGjJ7nJyTn35t57vIgzpRH6sJaWV1bX1jMb2c2t7Z3d3N5+XYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve8DL1G3dUKhaKGz2OaCfAfcF8RrA20m07wHrg+clo0s3lke2icrFQgsgulNDpedEQ5Dpl5ELHRlPkwRzVbu6z3QtJHFChCcdKtRwU6U6CpWaE00m2HSsaYTLEfdoyVOCAqk4yvXgCj43Sg34oTQkNp+rPiQQHSo0Dz3SmF6rfXir+5bVi7budhIko1lSQ2SI/5lCHMH0f9pikRPOxIZhIZm6FZIAlJtqEtLCFjjSWMrxXaTTf/8P/Sb1gO8h2rkv5ysU8pAw4BEfgBDjgDFTAFaiCGiBAgEfwBJ6tB+vFerXeZq1L1nzmACzAev8ClEebQQ==</latexit>

ĝ(�)
<latexit sha1_base64="9Z99Ll2aCxtB1hsohUiyHRfhXc4=">AAACD3icdVDLSgMxFM34tr5GXboJFkE3Q6atte5ENy4VbBXaUu6kaRvMPEjuVMvQj3DvVn/Bnbj1E/wDP8O0VlDRA4HDOfdwb06QKGmQsTdnanpmdm5+YTG3tLyyuuaub9RMnGouqjxWsb4KwAglI1FFiUpcJVpAGChxGVyfjPzLvtBGxtEFDhLRDKEbyY7kgFZquW6jB5h1h7sNZUNt2Gu5eeZVWLlYKFHmFUps/7BoCav4ZVahvsfGyJMJzlrue6Md8zQUEXIFxtR9lmAzA42SKzHMNVIjEuDX0BV1SyMIhWlm48uHdMcqbdqJtX0R0rH6PZFBaMwgDOxkCNgzv72R+JdXT7FTaWYySlIUEf9c1EkVxZiOaqBtqQVHNbAEuJb2Vsp7oIGjLevHFnGLoHV8Y4a2mq//0/9JreD5zPPPS/mj40lJC2SLbJNd4pMDckROyRmpEk765J48kEfnznlynp2Xz9EpZ5LZJD/gvH4A5N2ddg==</latexit><latexit sha1_base64="9Z99Ll2aCxtB1hsohUiyHRfhXc4=">AAACD3icdVDLSgMxFM34tr5GXboJFkE3Q6atte5ENy4VbBXaUu6kaRvMPEjuVMvQj3DvVn/Bnbj1E/wDP8O0VlDRA4HDOfdwb06QKGmQsTdnanpmdm5+YTG3tLyyuuaub9RMnGouqjxWsb4KwAglI1FFiUpcJVpAGChxGVyfjPzLvtBGxtEFDhLRDKEbyY7kgFZquW6jB5h1h7sNZUNt2Gu5eeZVWLlYKFHmFUps/7BoCav4ZVahvsfGyJMJzlrue6Md8zQUEXIFxtR9lmAzA42SKzHMNVIjEuDX0BV1SyMIhWlm48uHdMcqbdqJtX0R0rH6PZFBaMwgDOxkCNgzv72R+JdXT7FTaWYySlIUEf9c1EkVxZiOaqBtqQVHNbAEuJb2Vsp7oIGjLevHFnGLoHV8Y4a2mq//0/9JreD5zPPPS/mj40lJC2SLbJNd4pMDckROyRmpEk765J48kEfnznlynp2Xz9EpZ5LZJD/gvH4A5N2ddg==</latexit><latexit sha1_base64="9Z99Ll2aCxtB1hsohUiyHRfhXc4=">AAACD3icdVDLSgMxFM34tr5GXboJFkE3Q6atte5ENy4VbBXaUu6kaRvMPEjuVMvQj3DvVn/Bnbj1E/wDP8O0VlDRA4HDOfdwb06QKGmQsTdnanpmdm5+YTG3tLyyuuaub9RMnGouqjxWsb4KwAglI1FFiUpcJVpAGChxGVyfjPzLvtBGxtEFDhLRDKEbyY7kgFZquW6jB5h1h7sNZUNt2Gu5eeZVWLlYKFHmFUps/7BoCav4ZVahvsfGyJMJzlrue6Md8zQUEXIFxtR9lmAzA42SKzHMNVIjEuDX0BV1SyMIhWlm48uHdMcqbdqJtX0R0rH6PZFBaMwgDOxkCNgzv72R+JdXT7FTaWYySlIUEf9c1EkVxZiOaqBtqQVHNbAEuJb2Vsp7oIGjLevHFnGLoHV8Y4a2mq//0/9JreD5zPPPS/mj40lJC2SLbJNd4pMDckROyRmpEk765J48kEfnznlynp2Xz9EpZ5LZJD/gvH4A5N2ddg==</latexit><latexit sha1_base64="9Z99Ll2aCxtB1hsohUiyHRfhXc4=">AAACD3icdVDLSgMxFM34tr5GXboJFkE3Q6atte5ENy4VbBXaUu6kaRvMPEjuVMvQj3DvVn/Bnbj1E/wDP8O0VlDRA4HDOfdwb06QKGmQsTdnanpmdm5+YTG3tLyyuuaub9RMnGouqjxWsb4KwAglI1FFiUpcJVpAGChxGVyfjPzLvtBGxtEFDhLRDKEbyY7kgFZquW6jB5h1h7sNZUNt2Gu5eeZVWLlYKFHmFUps/7BoCav4ZVahvsfGyJMJzlrue6Md8zQUEXIFxtR9lmAzA42SKzHMNVIjEuDX0BV1SyMIhWlm48uHdMcqbdqJtX0R0rH6PZFBaMwgDOxkCNgzv72R+JdXT7FTaWYySlIUEf9c1EkVxZiOaqBtqQVHNbAEuJb2Vsp7oIGjLevHFnGLoHV8Y4a2mq//0/9JreD5zPPPS/mj40lJC2SLbJNd4pMDckROyRmpEk765J48kEfnznlynp2Xz9EpZ5LZJD/gvH4A5N2ddg==</latexit>
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two-stage iterative approach:

sparse 
approximation

dictionary 
updating

sparse 
approximation

. . . convergence 
reached

fixing D and 
solve for C

fixing C and 
solve for D

fixing D and 
solve for C

regularisationobjective:

D = [�ĝ✓1(L)�
T �ĝ✓2(L)�

T · · · �ĝ✓s(L)�
T ]

<latexit sha1_base64="oIjBgoU4R++h07aBsdukrFmchn0=">AAACWXicbVFLSwMxGMyuttb6qvboJViEeim7RdCLUNSDBw8V+oLuumTTtBuafZB8K5Sl/kgPgvhXPJg+Dn0NBIaZ+fiSiZ8IrsCyfgxzbz+XPygcFo+OT07PSucXHRWnkrI2jUUsez5RTPCItYGDYL1EMhL6gnX98dPM734wqXgctWCSMDcko4gPOSWgJa+UPD/0HRpw7AQEstHUyxwIGBDPnlZfb/DMem997kzU1xODGNTuoFoJul6pYtWsOfA2sZekgpZoeqUvZxDTNGQRUEGU6ttWAm5GJHAq2LTopIolhI7JiPU1jUjIlJvNm5nia60M8DCW+kSA5+rqREZCpSahr5MhgUBtejNxl9dPYXjvZjxKUmARXSwapgJDjGc14wGXjIKYaEKo5PqumAZEEgr6M4q6BHvzydukU6/ZVs1+u600Hpd1FNAlukJVZKM71EAvqInaiKJv9GfkjLzxaxpmwSwuoqaxnCmjNZjlf+evtIA=</latexit><latexit sha1_base64="oIjBgoU4R++h07aBsdukrFmchn0=">AAACWXicbVFLSwMxGMyuttb6qvboJViEeim7RdCLUNSDBw8V+oLuumTTtBuafZB8K5Sl/kgPgvhXPJg+Dn0NBIaZ+fiSiZ8IrsCyfgxzbz+XPygcFo+OT07PSucXHRWnkrI2jUUsez5RTPCItYGDYL1EMhL6gnX98dPM734wqXgctWCSMDcko4gPOSWgJa+UPD/0HRpw7AQEstHUyxwIGBDPnlZfb/DMem997kzU1xODGNTuoFoJul6pYtWsOfA2sZekgpZoeqUvZxDTNGQRUEGU6ttWAm5GJHAq2LTopIolhI7JiPU1jUjIlJvNm5nia60M8DCW+kSA5+rqREZCpSahr5MhgUBtejNxl9dPYXjvZjxKUmARXSwapgJDjGc14wGXjIKYaEKo5PqumAZEEgr6M4q6BHvzydukU6/ZVs1+u600Hpd1FNAlukJVZKM71EAvqInaiKJv9GfkjLzxaxpmwSwuoqaxnCmjNZjlf+evtIA=</latexit><latexit sha1_base64="oIjBgoU4R++h07aBsdukrFmchn0=">AAACWXicbVFLSwMxGMyuttb6qvboJViEeim7RdCLUNSDBw8V+oLuumTTtBuafZB8K5Sl/kgPgvhXPJg+Dn0NBIaZ+fiSiZ8IrsCyfgxzbz+XPygcFo+OT07PSucXHRWnkrI2jUUsez5RTPCItYGDYL1EMhL6gnX98dPM734wqXgctWCSMDcko4gPOSWgJa+UPD/0HRpw7AQEstHUyxwIGBDPnlZfb/DMem997kzU1xODGNTuoFoJul6pYtWsOfA2sZekgpZoeqUvZxDTNGQRUEGU6ttWAm5GJHAq2LTopIolhI7JiPU1jUjIlJvNm5nia60M8DCW+kSA5+rqREZCpSahr5MhgUBtejNxl9dPYXjvZjxKUmARXSwapgJDjGc14wGXjIKYaEKo5PqumAZEEgr6M4q6BHvzydukU6/ZVs1+u600Hpd1FNAlukJVZKM71EAvqInaiKJv9GfkjLzxaxpmwSwuoqaxnCmjNZjlf+evtIA=</latexit><latexit sha1_base64="oIjBgoU4R++h07aBsdukrFmchn0=">AAACWXicbVFLSwMxGMyuttb6qvboJViEeim7RdCLUNSDBw8V+oLuumTTtBuafZB8K5Sl/kgPgvhXPJg+Dn0NBIaZ+fiSiZ8IrsCyfgxzbz+XPygcFo+OT07PSucXHRWnkrI2jUUsez5RTPCItYGDYL1EMhL6gnX98dPM734wqXgctWCSMDcko4gPOSWgJa+UPD/0HRpw7AQEstHUyxwIGBDPnlZfb/DMem997kzU1xODGNTuoFoJul6pYtWsOfA2sZekgpZoeqUvZxDTNGQRUEGU6ttWAm5GJHAq2LTopIolhI7JiPU1jUjIlJvNm5nia60M8DCW+kSA5+rqREZCpSahr5MhgUBtejNxl9dPYXjvZjxKUmARXSwapgJDjGc14wGXjIKYaEKo5PqumAZEEgr6M4q6BHvzydukU6/ZVs1+u600Hpd1FNAlukJVZKM71EAvqInaiKJv9GfkjLzxaxpmwSwuoqaxnCmjNZjlf+evtIA=</latexit>

subject to
<latexit sha1_base64="pPr+WPmoN/I73OfoKR3FpT/n5Pk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdFl047KCfUAbymR6046dTMLMjVpiP8WNC0Xc+iXu/BunbRbaemDgcM69zD0nSATX6LrfVmFldW19o7hZ2tre2d2zy/tNHaeKQYPFIlbtgGoQXEIDOQpoJwpoFAhoBaOrqd+6B6V5LG9xnIAf0YHkIWcUjdSzy12ER8x0GtwBQwfjSc+uuFV3BmeZeDmpkBz1nv3V7ccsjUAiE1Trjucm6GdUIWcCJqVuqiGhbEQH0DFU0gi0n81OnzjHRuk7YazMk+jM1N8bGY20HkeBmYwoDvWiNxX/8zophhd+xmWSIkg2/yhMhUnoTHtw+lyZwGJsCGWKm1sdNqSKMjRtlUwJ3mLkZdI8rXpu1bs5q9Qu8zqK5JAckRPikXNSI9ekThqEkQfyTF7Jm/VkvVjv1sd8tGDlOwfkD6zPH9+3lGE=</latexit><latexit sha1_base64="pPr+WPmoN/I73OfoKR3FpT/n5Pk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdFl047KCfUAbymR6046dTMLMjVpiP8WNC0Xc+iXu/BunbRbaemDgcM69zD0nSATX6LrfVmFldW19o7hZ2tre2d2zy/tNHaeKQYPFIlbtgGoQXEIDOQpoJwpoFAhoBaOrqd+6B6V5LG9xnIAf0YHkIWcUjdSzy12ER8x0GtwBQwfjSc+uuFV3BmeZeDmpkBz1nv3V7ccsjUAiE1Trjucm6GdUIWcCJqVuqiGhbEQH0DFU0gi0n81OnzjHRuk7YazMk+jM1N8bGY20HkeBmYwoDvWiNxX/8zophhd+xmWSIkg2/yhMhUnoTHtw+lyZwGJsCGWKm1sdNqSKMjRtlUwJ3mLkZdI8rXpu1bs5q9Qu8zqK5JAckRPikXNSI9ekThqEkQfyTF7Jm/VkvVjv1sd8tGDlOwfkD6zPH9+3lGE=</latexit><latexit sha1_base64="pPr+WPmoN/I73OfoKR3FpT/n5Pk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdFl047KCfUAbymR6046dTMLMjVpiP8WNC0Xc+iXu/BunbRbaemDgcM69zD0nSATX6LrfVmFldW19o7hZ2tre2d2zy/tNHaeKQYPFIlbtgGoQXEIDOQpoJwpoFAhoBaOrqd+6B6V5LG9xnIAf0YHkIWcUjdSzy12ER8x0GtwBQwfjSc+uuFV3BmeZeDmpkBz1nv3V7ccsjUAiE1Trjucm6GdUIWcCJqVuqiGhbEQH0DFU0gi0n81OnzjHRuk7YazMk+jM1N8bGY20HkeBmYwoDvWiNxX/8zophhd+xmWSIkg2/yhMhUnoTHtw+lyZwGJsCGWKm1sdNqSKMjRtlUwJ3mLkZdI8rXpu1bs5q9Qu8zqK5JAckRPikXNSI9ekThqEkQfyTF7Jm/VkvVjv1sd8tGDlOwfkD6zPH9+3lGE=</latexit><latexit sha1_base64="pPr+WPmoN/I73OfoKR3FpT/n5Pk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdFl047KCfUAbymR6046dTMLMjVpiP8WNC0Xc+iXu/BunbRbaemDgcM69zD0nSATX6LrfVmFldW19o7hZ2tre2d2zy/tNHaeKQYPFIlbtgGoQXEIDOQpoJwpoFAhoBaOrqd+6B6V5LG9xnIAf0YHkIWcUjdSzy12ER8x0GtwBQwfjSc+uuFV3BmeZeDmpkBz1nv3V7ccsjUAiE1Trjucm6GdUIWcCJqVuqiGhbEQH0DFU0gi0n81OnzjHRuk7YazMk+jM1N8bGY20HkeBmYwoDvWiNxX/8zophhd+xmWSIkg2/yhMhUnoTHtw+lyZwGJsCGWKm1sdNqSKMjRtlUwJ3mLkZdI8rXpu1bs5q9Qu8zqK5JAckRPikXNSI9ekThqEkQfyTF7Jm/VkvVjv1sd8tGDlOwfkD6zPH9+3lGE=</latexit>
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constraints guaranteeing that D is a frame

Thanou et al., “Learning parametric dictionaries for signals on graphs,” IEEE TSP, 2014.
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Comparison with non-graph dictionaries

62

- non-graph dictionary atoms adapt to data but ignore 
the structure (hence are not localised)

parametric dictionary 
atoms

non-graph dictionary atoms 
(KSVD)

- graph dictionary atoms adapt to data and can also be 
designed to be localised

Thanou et al., “Learning parametric dictionaries for signals on graphs,” IEEE TSP, 2014.
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Decomposition using parametric dictionary

63

- the dictionary atoms adapt to localised patterns in 
different regions of the graph
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Graph dictionary design - Summary
• Analytical vs trained graph dictionaries 

- mathematical modelling of data on graphs 
- adaptation to data on graphs 

• Both approaches focus on design or learning of the kernel function 
- shift, modulation, scaling, learning-based 

• This lecture has focused on Laplacian spectrum based designs 
- other possibilities exist (e.g., purely vertex-domain designs) 

• Connection with other fields 
- representation learning on graphs (e.g., node embedding) 
- deep learning on graphs

64
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Outline

65

• Graph signal processing (GSP): Basic concepts

• Graph spectral filtering: Basic tools of GSP

• Connection with literature

• Representation of graph signals

• Applications
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Application I: 3D point cloud analysis

66Thanou et al., “Graph-based compression of dynamic 3D point cloud sequences,” IEEE TIP, 2016.
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Application II: Community detection

67

spectral graph wavelets 
at different scales:

small scale large scale

multi-scale community 
detection:

Tremblay et al., “Graph wavelets for multiscale community mining,” IEEE TSP, 2014.
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Application III: Mobility inference

68Dong et al., “Inference of mobility patterns via spectral graph wavelets,” IEEE ICASSP, 2013.
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Application III: Mobility inference

68

Bi-directional

Gathering

Spreading

Random

Dong et al., “Inference of mobility patterns via spectral graph wavelets,” IEEE ICASSP, 2013.
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Application IV: Neuroscience

69Huang et al., “A graph signal processing perspective on functional brain imaging,” Proceedings of the IEEE, 2018.
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Future of GSP
• Mathematical models for graph signals 

- global and local smoothness / regularity 
- incorporating underlying physical processes 

• Graph construction 
- how to infer graph topology given observed data? 
- how to handle temporal dynamics? 

• Fast implementation 
- fast graph Fourier transform 
- distributed processing 

• Connection with other fields 
- machine learning on graphs 
- complex networks and systems 

• Applications

70
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References
• Four tutorial/overview papers and one textbook
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Resources
• Graph signal processing 

- MATLAB toolbox  

https://github.com/epfl-lts2/gspbox 

https://github.com/STAC-USC/GraSP 

- Python toolbox  

https://github.com/epfl-lts2/pygsp 

• More at: http://www.robots.ox.ac.uk/~xdong/resource.html
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