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Representation of Signals
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What is a representation of a signal?
• Sum of delta functions in time or space (sampling domain) 

- good for display or playback 

- not good for analysis (e.g., denoising, compression)
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What is a representation of a signal?
• In a time-series setting, useful representation could be past samples
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• Usefulness of the representation depends on the analysis goal 
- which may vary but all share the core desire for simplification

• More generally, it involves transformation of the signal into a new domain 
- where signal characteristics are revealed 

- example: Fourier coefficients reveal rate of change of the signal
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Example: Denoising
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goal: recover signal from noisy observation
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Example: Compression
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goal: compress file size without sacrificing quality

JPEG 2000 (10% in size) JPEG 2000 (1% in size)original
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Example: Recognition
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goal: capture true “causes” of signals

true “causes”samples PCA ICA sparse coding KSVD

[Tosic11]
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Signal representation via dictionaries

8

= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

signal coefficientsdictionary

“atoms”

� = [�0 �1 · · · �N�1]
<latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit><latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit><latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit><latexit sha1_base64="9T3rpMd4lDavbSSX3a5i0kGx3PY=">AAACRXicbZDNS8MwGMbT+TXn19Sjl+AQvDgaEfQiDL14kgnuA9Yy0jRdw9KmJKkwSv3jvHj35n/gxYMiXjXddnCbL4Q8/J73JW8eL+FMadt+tUpLyyura+X1ysbm1vZOdXevrUQqCW0RwYXselhRzmLa0kxz2k0kxZHHaccbXhd+54FKxUR8r0cJdSM8iFnACNYG9auO4wnuq1FkrsxphiyHl7A3A5OQ9e38cYEhw4gvtFq0stsTlOduv1qz6/a44KJAU1ED02r2qy+OL0ga0VgTjpXqITvRboalZoTTvOKkiiaYDPGA9oyMcUSVm41TyOGRIT4MhDQn1nBM/05kOFLFkqYzwjpU814B//N6qQ4u3IzFSappTCYPBSmHWsAiUugzSYnmIyMwkczsCkmIJSbaBF8xIaD5Ly+K9mkd2XV0d1ZrXE3jKIMDcAiOAQLnoAFuQBO0AAFP4A18gE/r2Xq3vqzvSWvJms7sg5myfn4BNsm1DQ==</latexit>
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Signal representation via dictionaries
• Complete dictionaries

9

= X X =

synthesis analysis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

cn = �T
nx

<latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit><latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit><latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit><latexit sha1_base64="Os/R9W6FR95w795CSHzdXXxxeck=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g33WqD5</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

�T
<latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit>

 T
<latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit><latexit sha1_base64="rl5zPxp6TVU9umZcU1dkd96lkUw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dBJJsxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467SqSS0A4RXMi+jxXlLKYdzTSn/URSHPmc9vzpbeH3HqlUTMRtnSXUi/A4ZiEjWBtpZNeGvuCByiJz5cOWYrOH9siuOw1nDrRK3JLUoURrZH8NA0HSiMaacKzUwHUS7eVYakY4nVWHqaIJJlM8pgNDYxxR5eXz8DN0ZpQAhUKaE2s0V39v5DhSRT4zGWE9UcteIf7nDVIdXns5i5NU05gsHgpTjrRARRMoYJISzTNDMJHMZEVkgiUm2vRVNSW4y19eJd2Lhus03PvLevOmrKMCJ3AK5+DCFTThDlrQAQIZPMMrvFlP1ov1bn0sRtescqcGf2B9/gBPsJUu</latexit>

cn =  T
nx

<latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit><latexit sha1_base64="kdq/1QxFexuHxRkFcXN5vfe+Qmw=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5x7HF5Bx49ZIMeR/jInkVSz9y340/SYe2bNqlvTgovALkENlNX0zIkTxDiNCFeYISn7tpUoN0NCUcxIXnVSSRKER2hA+hpyFBHpZtPDcnismQCGsdCPKzhlf09kKJKFWd1ZOJTzWkH+p/VTFV66GeVJqgjHs0VhyqCKYZESDKggWLGxBggLqr1CPEQCYaWzrOoQ7PmTF0HnrG5bdfvuvNa4LuOogENwBE6ADS5AA9yCJmgDDJ7AC3gD78az8Wp8GJ+z1iWjnDkAf8qYfAMI0KEE</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>

equivalent for complete dictionaries
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synthesis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit> c

<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

x = �c =
X

n
cn�n

<latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit><latexit sha1_base64="piB2Bm7FPFNF7O0LlYbLYdruz3U="></latexit>

= X

analysis

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>�T

<latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit><latexit sha1_base64="7FSqbu0k/cpODTZdKAXwY90Sn8c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVmhL2hjmUwm7dDJJMxMhBDqr7hxoYhbP8Sdf+OkzUJbDwxzOOde5szxE86Udpxva219Y3Nru7JT3d3bPzi0j467Kk4loR0S81j2fawoZ4J2NNOc9hNJceRz2vOnt4Xfe6RSsVi0dZZQL8JjwUJGsDbSyK4N/ZgHKovMlQ9bEzZ7aI/sutNw5kCrxC1JHUq0RvbXMIhJGlGhCcdKDVwn0V6OpWaE01l1mCqaYDLFYzowVOCIKi+fh5+hM6MEKIylOUKjufp7I8eRKvKZyQjriVr2CvE/b5Dq8NrLmUhSTQVZPBSmHOkYFU2ggElKNM8MwUQykxWRCZaYaNNX1ZTgLn95lXQvGq7TcO8v682bso4KnMApnIMLV9CEO2hBBwhk8Ayv8GY9WS/Wu/WxGF2zyp0a/IH1+QM+2JUj</latexit>

=X

a
<latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit>

an = �T
nx

<latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit><latexit sha1_base64="uzupKBTICKj7tny5q6fbmABflsk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuaiKCboSiG5cV+oImhslk0g6dTMLMRCwhn+HGX3HjQhG33fk3TtoI2nphmMM593LPPX7CqFSW9WUsLa+srq1XNqqbW9s7u+befkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uim0LsPREga85YaJ8SN0IDTkGKkNOWZp06E1NAPM5R7HF5Bx49ZIMeR/jInGVLN3rfgT9Nj7pk1q25NCy4CuwQ1UFbTMydOEOM0IlxhhqTs21ai3AwJRTEjedVJJUkQHqEB6WvIUUSkm00Py+GxZgIYxkI/ruCU/T2RoUgWZnVn4VDOawX5n9ZPVXjpZpQnqSIczxaFKYMqhkVKMKCCYMXGGiAsqPYK8RAJhJXOsqpDsOdPXgSds7pt1e2781rjuoyjAg7BETgBNrgADXALmqANMHgCL+ANvBvPxqvxYXzOWpeMcuYA/Clj8g30BqD3</latexit>

not equivalent for over-complete dictionaries
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Signal representation via dictionaries

11

= X

design of dictionaries 
- from mathematical modelling of data (transforms/analytic dictionaries) 

- from a set of realisations of data (dictionary learning)

= X
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Outline
• A historical overview of dictionary design techniques 

- signal representation via stochastic models

12

- transforms & analytic dictionaries

- trained dictionaries (dictionary learning)

• Discussion 
- applications

- connection with deep learning
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1920s-30s: Stochastic models
• Stochastic models 

- examples of parametric models 

- describe how data were generated 

- provide a special representations of signal from a time-series viewpoint 

• Typical examples 
- autoregressive (AR) models 

- moving average (MA) models 

- autoregressive moving average (ARMA) models

13
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Autocorrelation
• Autocovariance (covariance between the signal and a lagged version of 

itself)

14

�xx(T ) =
1

N � 1

NX

t=1

(xt�T � µx)(xt � µx)

signallagged version 
by T samples

• Autocorrelation (normalised autocovariance)

rxx(T ) =
�xx(T )

�xx(0)
where �xx(0) = �2

x

• Both are symmetric or even functions
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Autocorrelation

15
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Autoregressive (AR) models
• An AR model predicts the value of a time-series from previous values

16

xt =
pX

i=1

xt�iai + et

prediction errorAR coefficients et ⇠ N (0,�2
e)

• Matrix form

x = Ma+ e
<latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit><latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit><latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit><latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit>

embedding matrix
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Autoregressive (AR) models
• The AR model is a special case of the multivariate regression model 

• It also provides a special representation of the signal

17

x = Ma+ e
<latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit><latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit><latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit><latexit sha1_base64="WvQMdeBJ8YCVrrywxzyaBEaA+QY=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBN0IRTduhAr2Am0ok+lJO3RyYWYilpCncOOruHGhiFtx59s4aVPR1h8GPv5zDnPO70acSWVZX8bc/MLi0nJhpbi6tr6xaW5t12UYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJnVG3cgJAuDWzWMwPFJL2Aeo0Rpq2MetX2i+q6X3KfneMLX6YRIig9/bEg7ZskqWyPhWbBzKKFc1Y752e6GNPYhUJQTKVu2FSknIUIxyiEttmMJEaED0oOWxoD4IJ1kdFaK97XTxV4o9AsUHrm/JxLiSzn0Xd2ZbSina5n5X60VK+/MSVgQxQoCOv7IizlWIc4ywl0mgCo+1ECoYHpXTPtEEKp0kkUdgj198izUj8u2VbZvTkqVizyOAtpFe+gA2egUVdAVqqIaougBPaEX9Go8Gs/Gm/E+bp0z8pkd9EfGxzfz4p/Y</latexit>

x̂ = Mâ
<latexit sha1_base64="6JUhIpNLNigqS7VNCKJAH3nBRWE=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdCMU3bgRKtgHtKFMppN26OTBzI1YQv7Cjb/ixoUibnXn3zhpI9jWAwNnzrmXe+/xYsEV2Pa3UVpaXlldK69XNja3tnfM3b2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7oKvdb90wqHoV3MI6ZG5BByH1OCWipZ1rdIYG0GxAYen76kGX4Av/+bjI845Is65lV27InwIvEKUgVFaj3zK9uP6JJwEKggijVcewY3JRI4FSwrNJNFIsJHZEB62gakoApN53cleEjrfSxH0n9QsAT9W9HSgKlxoGnK/MV1byXi/95nQT8czflYZwAC+l0kJ8IDBHOQ8J9LhkFMdaEUMn1rpgOiSQUdJQVHYIzf/IiaZ5Yjm05t6fV2mURRxkdoEN0jBx0hmroGtVRA1H0iJ7RK3oznowX4934mJaWjKJnH83A+PwBYnigrg==</latexit><latexit sha1_base64="6JUhIpNLNigqS7VNCKJAH3nBRWE=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdCMU3bgRKtgHtKFMppN26OTBzI1YQv7Cjb/ixoUibnXn3zhpI9jWAwNnzrmXe+/xYsEV2Pa3UVpaXlldK69XNja3tnfM3b2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7oKvdb90wqHoV3MI6ZG5BByH1OCWipZ1rdIYG0GxAYen76kGX4Av/+bjI845Is65lV27InwIvEKUgVFaj3zK9uP6JJwEKggijVcewY3JRI4FSwrNJNFIsJHZEB62gakoApN53cleEjrfSxH0n9QsAT9W9HSgKlxoGnK/MV1byXi/95nQT8czflYZwAC+l0kJ8IDBHOQ8J9LhkFMdaEUMn1rpgOiSQUdJQVHYIzf/IiaZ5Yjm05t6fV2mURRxkdoEN0jBx0hmroGtVRA1H0iJ7RK3oznowX4934mJaWjKJnH83A+PwBYnigrg==</latexit><latexit sha1_base64="6JUhIpNLNigqS7VNCKJAH3nBRWE=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdCMU3bgRKtgHtKFMppN26OTBzI1YQv7Cjb/ixoUibnXn3zhpI9jWAwNnzrmXe+/xYsEV2Pa3UVpaXlldK69XNja3tnfM3b2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7oKvdb90wqHoV3MI6ZG5BByH1OCWipZ1rdIYG0GxAYen76kGX4Av/+bjI845Is65lV27InwIvEKUgVFaj3zK9uP6JJwEKggijVcewY3JRI4FSwrNJNFIsJHZEB62gakoApN53cleEjrfSxH0n9QsAT9W9HSgKlxoGnK/MV1byXi/95nQT8czflYZwAC+l0kJ8IDBHOQ8J9LhkFMdaEUMn1rpgOiSQUdJQVHYIzf/IiaZ5Yjm05t6fV2mURRxkdoEN0jBx0hmroGtVRA1H0iJ7RK3oznowX4934mJaWjKJnH83A+PwBYnigrg==</latexit><latexit sha1_base64="6JUhIpNLNigqS7VNCKJAH3nBRWE=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdCMU3bgRKtgHtKFMppN26OTBzI1YQv7Cjb/ixoUibnXn3zhpI9jWAwNnzrmXe+/xYsEV2Pa3UVpaXlldK69XNja3tnfM3b2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7oKvdb90wqHoV3MI6ZG5BByH1OCWipZ1rdIYG0GxAYen76kGX4Av/+bjI845Is65lV27InwIvEKUgVFaj3zK9uP6JJwEKggijVcewY3JRI4FSwrNJNFIsJHZEB62gakoApN53cleEjrfSxH0n9QsAT9W9HSgKlxoGnK/MV1byXi/95nQT8czflYZwAC+l0kJ8IDBHOQ8J9LhkFMdaEUMn1rpgOiSQUdJQVHYIzf/IiaZ5Yjm05t6fV2mURRxkdoEN0jBx0hmroGtVRA1H0iJ7RK3oznowX4934mJaWjKJnH83A+PwBYnigrg==</latexit>

e = x� x̂
<latexit sha1_base64="b14ikCZE8PCOLFDUQiNHC96eKh8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiWBIRdCMU3bisYB/QhDKZTtqhkwczN2IJ+Qc3/oobF4q4dePOv3HSRtTWAwNnzrmXe+/xYsEVWNanMTe/sLi0XFopr66tb2yaW9tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzhZe63bplUPApvYBQzNyD9kPucEtBS1zx0AgIDz09Zhs/x9+cuw0fYGRBIf5Ssa1asqjUGniV2QSqoQL1rfji9iCYBC4EKolTHtmJwUyKBU8GyspMoFhM6JH3W0TQkAVNuOr4pw/ta6WE/kvqFgMfq746UBEqNAk9X5iuqaS8X//M6CfhnbsrDOAEW0skgPxEYIpwHhHtcMgpipAmhkutdMR0QSSjoGMs6BHv65FnSPK7aVtW+PqnULoo4SmgX7aEDZKNTVENXqI4aiKJ79Iie0YvxYDwZr8bbpHTOKHp20B8Y719RAp5x</latexit><latexit sha1_base64="b14ikCZE8PCOLFDUQiNHC96eKh8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiWBIRdCMU3bisYB/QhDKZTtqhkwczN2IJ+Qc3/oobF4q4dePOv3HSRtTWAwNnzrmXe+/xYsEVWNanMTe/sLi0XFopr66tb2yaW9tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzhZe63bplUPApvYBQzNyD9kPucEtBS1zx0AgIDz09Zhs/x9+cuw0fYGRBIf5Ssa1asqjUGniV2QSqoQL1rfji9iCYBC4EKolTHtmJwUyKBU8GyspMoFhM6JH3W0TQkAVNuOr4pw/ta6WE/kvqFgMfq746UBEqNAk9X5iuqaS8X//M6CfhnbsrDOAEW0skgPxEYIpwHhHtcMgpipAmhkutdMR0QSSjoGMs6BHv65FnSPK7aVtW+PqnULoo4SmgX7aEDZKNTVENXqI4aiKJ79Iie0YvxYDwZr8bbpHTOKHp20B8Y719RAp5x</latexit><latexit sha1_base64="b14ikCZE8PCOLFDUQiNHC96eKh8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiWBIRdCMU3bisYB/QhDKZTtqhkwczN2IJ+Qc3/oobF4q4dePOv3HSRtTWAwNnzrmXe+/xYsEVWNanMTe/sLi0XFopr66tb2yaW9tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzhZe63bplUPApvYBQzNyD9kPucEtBS1zx0AgIDz09Zhs/x9+cuw0fYGRBIf5Ssa1asqjUGniV2QSqoQL1rfji9iCYBC4EKolTHtmJwUyKBU8GyspMoFhM6JH3W0TQkAVNuOr4pw/ta6WE/kvqFgMfq746UBEqNAk9X5iuqaS8X//M6CfhnbsrDOAEW0skgPxEYIpwHhHtcMgpipAmhkutdMR0QSSjoGMs6BHv65FnSPK7aVtW+PqnULoo4SmgX7aEDZKNTVENXqI4aiKJ79Iie0YvxYDwZr8bbpHTOKHp20B8Y719RAp5x</latexit><latexit sha1_base64="b14ikCZE8PCOLFDUQiNHC96eKh8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiWBIRdCMU3bisYB/QhDKZTtqhkwczN2IJ+Qc3/oobF4q4dePOv3HSRtTWAwNnzrmXe+/xYsEVWNanMTe/sLi0XFopr66tb2yaW9tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzhZe63bplUPApvYBQzNyD9kPucEtBS1zx0AgIDz09Zhs/x9+cuw0fYGRBIf5Ssa1asqjUGniV2QSqoQL1rfji9iCYBC4EKolTHtmJwUyKBU8GyspMoFhM6JH3W0TQkAVNuOr4pw/ta6WE/kvqFgMfq746UBEqNAk9X5iuqaS8X//M6CfhnbsrDOAEW0skgPxEYIpwHhHtcMgpipAmhkutdMR0QSSjoGMs6BHv65FnSPK7aVtW+PqnULoo4SmgX7aEDZKNTVENXqI4aiKJ79Iie0YvxYDwZr8bbpHTOKHp20B8Y719RAp5x</latexit>

â = (MTM)�1MTx
<latexit sha1_base64="vMDBZ5yhQLKiY4cOytRUWdh1xGw=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohtdCBX6giYtk+mkHTp5MDMRS8g3ufFLBBe6UMStH+GkjahtDwyce869zL3HCRkV0jBetNzC4tLySn61sLa+sbmlb+80RBBxTOo4YAFvOUgQRn1Sl1Qy0go5QZ7DSNMZXqZ+845wQQO/JkchsT3U96lLMZJK6urX1gDJ2PKQHDhujJIEnsPST3mTdGrwtzjsxEdmAue690lXLxplYww4S8yMFEGGald/snoBjjziS8yQEG3TCKUdIy4pZiQpWJEgIcJD1CdtRX3kEWHH45MTeKCUHnQDrp4v4Vj9OxEjT4iR56jOdEMx7aXiPK8dSffMjqkfRpL4ePKRGzEoA5jmB3uUEyzZSBGEOVW7QjxAHGGpUi6oEMzpk2dJ47hsGmXz9qRYucjiyIM9sA9KwASnoAKuQBXUAQYP4Bm8gXftUXvVPrTPSWtOy2Z2wT9oX9+ciqr6</latexit><latexit sha1_base64="vMDBZ5yhQLKiY4cOytRUWdh1xGw=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohtdCBX6giYtk+mkHTp5MDMRS8g3ufFLBBe6UMStH+GkjahtDwyce869zL3HCRkV0jBetNzC4tLySn61sLa+sbmlb+80RBBxTOo4YAFvOUgQRn1Sl1Qy0go5QZ7DSNMZXqZ+845wQQO/JkchsT3U96lLMZJK6urX1gDJ2PKQHDhujJIEnsPST3mTdGrwtzjsxEdmAue690lXLxplYww4S8yMFEGGald/snoBjjziS8yQEG3TCKUdIy4pZiQpWJEgIcJD1CdtRX3kEWHH45MTeKCUHnQDrp4v4Vj9OxEjT4iR56jOdEMx7aXiPK8dSffMjqkfRpL4ePKRGzEoA5jmB3uUEyzZSBGEOVW7QjxAHGGpUi6oEMzpk2dJ47hsGmXz9qRYucjiyIM9sA9KwASnoAKuQBXUAQYP4Bm8gXftUXvVPrTPSWtOy2Z2wT9oX9+ciqr6</latexit><latexit sha1_base64="vMDBZ5yhQLKiY4cOytRUWdh1xGw=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohtdCBX6giYtk+mkHTp5MDMRS8g3ufFLBBe6UMStH+GkjahtDwyce869zL3HCRkV0jBetNzC4tLySn61sLa+sbmlb+80RBBxTOo4YAFvOUgQRn1Sl1Qy0go5QZ7DSNMZXqZ+845wQQO/JkchsT3U96lLMZJK6urX1gDJ2PKQHDhujJIEnsPST3mTdGrwtzjsxEdmAue690lXLxplYww4S8yMFEGGald/snoBjjziS8yQEG3TCKUdIy4pZiQpWJEgIcJD1CdtRX3kEWHH45MTeKCUHnQDrp4v4Vj9OxEjT4iR56jOdEMx7aXiPK8dSffMjqkfRpL4ePKRGzEoA5jmB3uUEyzZSBGEOVW7QjxAHGGpUi6oEMzpk2dJ47hsGmXz9qRYucjiyIM9sA9KwASnoAKuQBXUAQYP4Bm8gXftUXvVPrTPSWtOy2Z2wT9oX9+ciqr6</latexit><latexit sha1_base64="vMDBZ5yhQLKiY4cOytRUWdh1xGw=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohtdCBX6giYtk+mkHTp5MDMRS8g3ufFLBBe6UMStH+GkjahtDwyce869zL3HCRkV0jBetNzC4tLySn61sLa+sbmlb+80RBBxTOo4YAFvOUgQRn1Sl1Qy0go5QZ7DSNMZXqZ+845wQQO/JkchsT3U96lLMZJK6urX1gDJ2PKQHDhujJIEnsPST3mTdGrwtzjsxEdmAue690lXLxplYww4S8yMFEGGald/snoBjjziS8yQEG3TCKUdIy4pZiQpWJEgIcJD1CdtRX3kEWHH45MTeKCUHnQDrp4v4Vj9OxEjT4iR56jOdEMx7aXiPK8dSffMjqkfRpL4ePKRGzEoA5jmB3uUEyzZSBGEOVW7QjxAHGGpUi6oEMzpk2dJ47hsGmXz9qRYucjiyIM9sA9KwASnoAKuQBXUAQYP4Bm8gXftUXvVPrTPSWtOy2Z2wT9oX9+ciqr6</latexit>

• To compute AR coefficients and predictions



/70

Autoregressive (AR) models

18
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• Use an AR(4) model to analyse data shown before:

â = [1.46,�1.08, 0.60,�0.186]T
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Autoregressive (AR) models
• Relation to autocorrelation

19

xt = a1xt�1 + a2xt�2 + ...+ apxt�p + et

xtxt�k = a1xt�1xt�k + a2xt�2xt�k + ...+ apxt�pxt�k + etxt�k

�xx(k) = a1�xx(k � 1) + a2�xx(k � 2) + ...+ ap�xx(k � p) + �e,x

multiply by xt�k

sum over t and divide by N-1

divide by signal variance

rxx(k) = a1rxx(k � 1) + a2rxx(k � 2) + ...+ aprxx(k � p)
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Autoregressive (AR) models
• For an AR(4) model

20

r = Ra

Yule-Walker relations

a = R�1r• More efficient way to estimate AR coefficients:

- autocorrelation matrix is symmetric 
and Toeplitz 

- efficient computation via a 
recursive estimation technique 
(Levinson-Durbin)
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Multivariate processes
• Cross-covariance (covariance between one signal and the lagged version of 

another)

21

�xy(T ) =
1

N � 1

NX

t=1

(xt�T � µx)(yt � µy)
<latexit sha1_base64="Bp9TkfVzhH28sh9na5xT10BvCTo="></latexit><latexit sha1_base64="Bp9TkfVzhH28sh9na5xT10BvCTo="></latexit><latexit sha1_base64="Bp9TkfVzhH28sh9na5xT10BvCTo="></latexit><latexit sha1_base64="Bp9TkfVzhH28sh9na5xT10BvCTo="></latexit>

• Cross-correlation

rxy(T ) =
�xy(T )p

�xx(0)�yy(0)
<latexit sha1_base64="RG3yxX42op10O+5pKjdgWPwp1ss="></latexit><latexit sha1_base64="RG3yxX42op10O+5pKjdgWPwp1ss="></latexit><latexit sha1_base64="RG3yxX42op10O+5pKjdgWPwp1ss="></latexit><latexit sha1_base64="RG3yxX42op10O+5pKjdgWPwp1ss="></latexit>

• This is not symmetric and has non-unity at lag 0 (unlike 
autocorrelation)
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Cross-correlation

22
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Multivariate AR (MAR) models

23

xt =
pX

i=1

xt�iai + et

• Extending to multiple time steps 
(stacking     into embedding matrix    )

• Univariate

• Multivariate

X = M̃A+E
<latexit sha1_base64="5g81/55HmfMVeOiczevbyDrSqak=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUBJRdCNURXAjVLAPaEKZTCbt0MkkzEyEEvIlbvwVNy4UEVzp3zhpU9DWAwNnzrmXe+/xYkalsqxvY25+YXFpubRSXl1b39g0t7abMkoEJg0csUi0PSQJo5w0FFWMtGNBUOgx0vIGV7nfeiBC0ojfq2FM3BD1OA0oRkpLXfPECZHqe0Hazs6hoyjzSTqRbrNsQi8yeAgnn+usa1asqjUCnCV2QSqgQL1rfjp+hJOQcIUZkrJjW7FyUyQUxYxkZSeRJEZ4gHqkoylHIZFuOjovg/ta8WEQCf24giP1d0eKQimHoacr8w3ltJeL/3mdRAVnbkp5nCjC8XhQkDCoIphnBX0qCFZsqAnCgupdIe4jgbDSiZZ1CPb0ybOkeVS1rap9d1ypXRZxlMAu2AMHwAanoAZuQB00AAaP4Bm8gjfjyXgx3o2PcemcUfTsgD8wvn4ATKyjLg==</latexit><latexit sha1_base64="5g81/55HmfMVeOiczevbyDrSqak=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUBJRdCNURXAjVLAPaEKZTCbt0MkkzEyEEvIlbvwVNy4UEVzp3zhpU9DWAwNnzrmXe+/xYkalsqxvY25+YXFpubRSXl1b39g0t7abMkoEJg0csUi0PSQJo5w0FFWMtGNBUOgx0vIGV7nfeiBC0ojfq2FM3BD1OA0oRkpLXfPECZHqe0Hazs6hoyjzSTqRbrNsQi8yeAgnn+usa1asqjUCnCV2QSqgQL1rfjp+hJOQcIUZkrJjW7FyUyQUxYxkZSeRJEZ4gHqkoylHIZFuOjovg/ta8WEQCf24giP1d0eKQimHoacr8w3ltJeL/3mdRAVnbkp5nCjC8XhQkDCoIphnBX0qCFZsqAnCgupdIe4jgbDSiZZ1CPb0ybOkeVS1rap9d1ypXRZxlMAu2AMHwAanoAZuQB00AAaP4Bm8gjfjyXgx3o2PcemcUfTsgD8wvn4ATKyjLg==</latexit><latexit sha1_base64="5g81/55HmfMVeOiczevbyDrSqak=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUBJRdCNURXAjVLAPaEKZTCbt0MkkzEyEEvIlbvwVNy4UEVzp3zhpU9DWAwNnzrmXe+/xYkalsqxvY25+YXFpubRSXl1b39g0t7abMkoEJg0csUi0PSQJo5w0FFWMtGNBUOgx0vIGV7nfeiBC0ojfq2FM3BD1OA0oRkpLXfPECZHqe0Hazs6hoyjzSTqRbrNsQi8yeAgnn+usa1asqjUCnCV2QSqgQL1rfjp+hJOQcIUZkrJjW7FyUyQUxYxkZSeRJEZ4gHqkoylHIZFuOjovg/ta8WEQCf24giP1d0eKQimHoacr8w3ltJeL/3mdRAVnbkp5nCjC8XhQkDCoIphnBX0qCFZsqAnCgupdIe4jgbDSiZZ1CPb0ybOkeVS1rap9d1ypXRZxlMAu2AMHwAanoAZuQB00AAaP4Bm8gjfjyXgx3o2PcemcUfTsgD8wvn4ATKyjLg==</latexit><latexit sha1_base64="5g81/55HmfMVeOiczevbyDrSqak=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUBJRdCNURXAjVLAPaEKZTCbt0MkkzEyEEvIlbvwVNy4UEVzp3zhpU9DWAwNnzrmXe+/xYkalsqxvY25+YXFpubRSXl1b39g0t7abMkoEJg0csUi0PSQJo5w0FFWMtGNBUOgx0vIGV7nfeiBC0ojfq2FM3BD1OA0oRkpLXfPECZHqe0Hazs6hoyjzSTqRbrNsQi8yeAgnn+usa1asqjUCnCV2QSqgQL1rfjp+hJOQcIUZkrJjW7FyUyQUxYxkZSeRJEZ4gHqkoylHIZFuOjovg/ta8WEQCf24giP1d0eKQimHoacr8w3ltJeL/3mdRAVnbkp5nCjC8XhQkDCoIphnBX0qCFZsqAnCgupdIe4jgbDSiZZ1CPb0ybOkeVS1rap9d1ypXRZxlMAu2AMHwAanoAZuQB00AAaP4Bm8gjfjyXgx3o2PcemcUfTsgD8wvn4ATKyjLg==</latexit>

Â = (M̃TM̃)�1M̃TX
<latexit sha1_base64="pnJv5tO2RpytLUrQEPVEZ1oLaVs="></latexit><latexit sha1_base64="pnJv5tO2RpytLUrQEPVEZ1oLaVs="></latexit><latexit sha1_base64="pnJv5tO2RpytLUrQEPVEZ1oLaVs="></latexit><latexit sha1_base64="pnJv5tO2RpytLUrQEPVEZ1oLaVs="></latexit>

for time t:

A
<latexit sha1_base64="ZZF0lDJcsc9Uedv1qT2SaZw+aD0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLqxmUF+4AmlMl00g6dTMI8hBLyG25cKOLWn3Hn3zhps9DWAwOHc+7lnjlhypnSrvvtVNbWNza3qtu1nd29/YP64VFXJUYS2iEJT2Q/xIpyJmhHM81pP5UUxyGnvXB6V/i9JyoVS8SjnqU0iPFYsIgRrK3kZ36M9SSMsps8H9YbbtOdA60SryQNKNEe1r/8UUJMTIUmHCs18NxUBxmWmhFO85pvFE0xmeIxHVgqcExVkM0z5+jMKiMUJdI+odFc/b2R4VipWRzaySKiWvYK8T9vYHR0HWRMpEZTQRaHIsORTlBRABoxSYnmM0swkcxmRWSCJSba1lSzJXjLX14l3Yum5za9h8tG67asowoncArn4MEVtOAe2tABAik8wyu8OcZ5cd6dj8VoxSl3juEPnM8fdOKR8Q==</latexit><latexit sha1_base64="ZZF0lDJcsc9Uedv1qT2SaZw+aD0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLqxmUF+4AmlMl00g6dTMI8hBLyG25cKOLWn3Hn3zhps9DWAwOHc+7lnjlhypnSrvvtVNbWNza3qtu1nd29/YP64VFXJUYS2iEJT2Q/xIpyJmhHM81pP5UUxyGnvXB6V/i9JyoVS8SjnqU0iPFYsIgRrK3kZ36M9SSMsps8H9YbbtOdA60SryQNKNEe1r/8UUJMTIUmHCs18NxUBxmWmhFO85pvFE0xmeIxHVgqcExVkM0z5+jMKiMUJdI+odFc/b2R4VipWRzaySKiWvYK8T9vYHR0HWRMpEZTQRaHIsORTlBRABoxSYnmM0swkcxmRWSCJSba1lSzJXjLX14l3Yum5za9h8tG67asowoncArn4MEVtOAe2tABAik8wyu8OcZ5cd6dj8VoxSl3juEPnM8fdOKR8Q==</latexit><latexit sha1_base64="ZZF0lDJcsc9Uedv1qT2SaZw+aD0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLqxmUF+4AmlMl00g6dTMI8hBLyG25cKOLWn3Hn3zhps9DWAwOHc+7lnjlhypnSrvvtVNbWNza3qtu1nd29/YP64VFXJUYS2iEJT2Q/xIpyJmhHM81pP5UUxyGnvXB6V/i9JyoVS8SjnqU0iPFYsIgRrK3kZ36M9SSMsps8H9YbbtOdA60SryQNKNEe1r/8UUJMTIUmHCs18NxUBxmWmhFO85pvFE0xmeIxHVgqcExVkM0z5+jMKiMUJdI+odFc/b2R4VipWRzaySKiWvYK8T9vYHR0HWRMpEZTQRaHIsORTlBRABoxSYnmM0swkcxmRWSCJSba1lSzJXjLX14l3Yum5za9h8tG67asowoncArn4MEVtOAe2tABAik8wyu8OcZ5cd6dj8VoxSl3juEPnM8fdOKR8Q==</latexit><latexit sha1_base64="ZZF0lDJcsc9Uedv1qT2SaZw+aD0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLqxmUF+4AmlMl00g6dTMI8hBLyG25cKOLWn3Hn3zhps9DWAwOHc+7lnjlhypnSrvvtVNbWNza3qtu1nd29/YP64VFXJUYS2iEJT2Q/xIpyJmhHM81pP5UUxyGnvXB6V/i9JyoVS8SjnqU0iPFYsIgRrK3kZ36M9SSMsps8H9YbbtOdA60SryQNKNEe1r/8UUJMTIUmHCs18NxUBxmWmhFO85pvFE0xmeIxHVgqcExVkM0z5+jMKiMUJdI+odFc/b2R4VipWRzaySKiWvYK8T9vYHR0HWRMpEZTQRaHIsORTlBRABoxSYnmM0swkcxmRWSCJSba1lSzJXjLX14l3Yum5za9h8tG67asowoncArn4MEVtOAe2tABAik8wyu8OcZ5cd6dj8VoxSl3juEPnM8fdOKR8Q==</latexit>

xt
<latexit sha1_base64="7i+JDs/tytKP6GIQJEvWwp/ozi0=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJmHmRi0h/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpjSPJJ3OI2ZF5KR5AGnBI10n/ZDgmM/SJ+yAWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUi96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVov1rv1MR8tWcXOIfyB9fkDXTCTDw==</latexit><latexit sha1_base64="7i+JDs/tytKP6GIQJEvWwp/ozi0=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJmHmRi0h/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpjSPJJ3OI2ZF5KR5AGnBI10n/ZDgmM/SJ+yAWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUi96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVov1rv1MR8tWcXOIfyB9fkDXTCTDw==</latexit><latexit sha1_base64="7i+JDs/tytKP6GIQJEvWwp/ozi0=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJmHmRi0h/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpjSPJJ3OI2ZF5KR5AGnBI10n/ZDgmM/SJ+yAWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUi96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVov1rv1MR8tWcXOIfyB9fkDXTCTDw==</latexit><latexit sha1_base64="7i+JDs/tytKP6GIQJEvWwp/ozi0=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJmHmRi0h/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpjSPJJ3OI2ZF5KR5AGnBI10n/ZDgmM/SJ+yAWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUi96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVov1rv1MR8tWcXOIfyB9fkDXTCTDw==</latexit>

x̃t
<latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit><latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit><latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit><latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit>

et
<latexit sha1_base64="73fN1JX361P68aO/3i3yv0zUKF0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0Q8mkmTY0kxmSTKGE+RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHKmtOd9O5WNza3tnepubW//4PDIPT7pqCSThLZJwhPZC7GinAna1kxz2kslxXHIaTec3hd+d0alYol40vOUBjEeCxYxgrWVhq5rzCDGehJGhub5UOdDt+41vAXQOvFLUocSraH7NRglJIup0IRjpfq+l+rAYKkZ4TSvDTJFU0ymeEz7lgocUxWYRfIcXVhlhKJE2ic0Wqi/NwyOlZrHoZ0sUqpVrxD/8/qZjm4Dw0SaaSrI8lCUcaQTVNSARkxSovncEkwks1kRmWCJibZl1WwJ/uqX10nnquF7Df/xut68K+uowhmcwyX4cANNeIAWtIHADJ7hFd4c47w4787HcrTilDun8AfO5w+HOpQ5</latexit><latexit sha1_base64="73fN1JX361P68aO/3i3yv0zUKF0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0Q8mkmTY0kxmSTKGE+RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHKmtOd9O5WNza3tnepubW//4PDIPT7pqCSThLZJwhPZC7GinAna1kxz2kslxXHIaTec3hd+d0alYol40vOUBjEeCxYxgrWVhq5rzCDGehJGhub5UOdDt+41vAXQOvFLUocSraH7NRglJIup0IRjpfq+l+rAYKkZ4TSvDTJFU0ymeEz7lgocUxWYRfIcXVhlhKJE2ic0Wqi/NwyOlZrHoZ0sUqpVrxD/8/qZjm4Dw0SaaSrI8lCUcaQTVNSARkxSovncEkwks1kRmWCJibZl1WwJ/uqX10nnquF7Df/xut68K+uowhmcwyX4cANNeIAWtIHADJ7hFd4c47w4787HcrTilDun8AfO5w+HOpQ5</latexit><latexit sha1_base64="73fN1JX361P68aO/3i3yv0zUKF0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0Q8mkmTY0kxmSTKGE+RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHKmtOd9O5WNza3tnepubW//4PDIPT7pqCSThLZJwhPZC7GinAna1kxz2kslxXHIaTec3hd+d0alYol40vOUBjEeCxYxgrWVhq5rzCDGehJGhub5UOdDt+41vAXQOvFLUocSraH7NRglJIup0IRjpfq+l+rAYKkZ4TSvDTJFU0ymeEz7lgocUxWYRfIcXVhlhKJE2ic0Wqi/NwyOlZrHoZ0sUqpVrxD/8/qZjm4Dw0SaaSrI8lCUcaQTVNSARkxSovncEkwks1kRmWCJibZl1WwJ/uqX10nnquF7Df/xut68K+uowhmcwyX4cANNeIAWtIHADJ7hFd4c47w4787HcrTilDun8AfO5w+HOpQ5</latexit><latexit sha1_base64="73fN1JX361P68aO/3i3yv0zUKF0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0Q8mkmTY0kxmSTKGE+RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHKmtOd9O5WNza3tnepubW//4PDIPT7pqCSThLZJwhPZC7GinAna1kxz2kslxXHIaTec3hd+d0alYol40vOUBjEeCxYxgrWVhq5rzCDGehJGhub5UOdDt+41vAXQOvFLUocSraH7NRglJIup0IRjpfq+l+rAYKkZ4TSvDTJFU0ymeEz7lgocUxWYRfIcXVhlhKJE2ic0Wqi/NwyOlZrHoZ0sUqpVrxD/8/qZjm4Dw0SaaSrI8lCUcaQTVNSARkxSovncEkwks1kRmWCJibZl1WwJ/uqX10nnquF7Df/xut68K+uowhmcwyX4cANNeIAWtIHADJ7hFd4c47w4787HcrTilDun8AfO5w+HOpQ5</latexit>

x̃t
<latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit><latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit><latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit><latexit sha1_base64="syJDQUoI6+jc4s94aZvdLvMLb6E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisYFuhCWEymbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xUcAWW9W3UlpZXVtfq642Nza3tHXN3r6eSTFLWpYlI5J1PFBM8Zl3gINhdKhmJfMH6/viq9Pv3TCqexLcwSZkbkWHMQ04JaMkzD3IHuAhY7kQERn6YPxSFB4VnNq2WNQVeJHZFmqhCxzO/nCChWcRioIIoNbCtFNycSOBUsKLhZIqlhI7JkA00jUnElJtP8xf4WCsBDhOpXwx4qv7eyEmk1CTy9WSZUs17pfifN8ggvHBzHqcZsJjODoWZwJDgsgwccMkoiIkmhEqus2I6IpJQ0JU1dAn2/JcXSe+0ZVst++as2b6s6qijQ3SETpCNzlEbXaMO6iKKHtEzekVvxpPxYrwbH7PRmlHt7KM/MD5/AF+zlvY=</latexit>

M̃
<latexit sha1_base64="PVAlwTMwp9O6igTmIEkXKR4OPo8=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0GXRjRuhgn1AE8pkMmmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzL/fM8RPOlLbtb6uytr6xuVXdru3s7u0f1A8bPRWnktAuiXksBz5WlDNBu5ppTgeJpDjyOe3705vC7z9SqVgsHvQsoV6Ex4KFjGBtpFG94WrGA5q5EdYTP8zu8nxUb9otew60SpySNKFEZ1T/coOYpBEVmnCs1NCxE+1lWGpGOM1rbqpogskUj+nQUIEjqrxsnj1Hp0YJUBhL84RGc/X3RoYjpWaRbyaLiGrZK8T/vGGqwysvYyJJNRVkcShMOdIxKopAAZOUaD4zBBPJTFZEJlhiok1dNVOCs/zlVdI7bzl2y7m/aLavyzqqcAwncAYOXEIbbqEDXSDwBM/wCm9Wbr1Y79bHYrRilTtH8AfW5w+vdJTY</latexit><latexit sha1_base64="PVAlwTMwp9O6igTmIEkXKR4OPo8=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0GXRjRuhgn1AE8pkMmmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzL/fM8RPOlLbtb6uytr6xuVXdru3s7u0f1A8bPRWnktAuiXksBz5WlDNBu5ppTgeJpDjyOe3705vC7z9SqVgsHvQsoV6Ex4KFjGBtpFG94WrGA5q5EdYTP8zu8nxUb9otew60SpySNKFEZ1T/coOYpBEVmnCs1NCxE+1lWGpGOM1rbqpogskUj+nQUIEjqrxsnj1Hp0YJUBhL84RGc/X3RoYjpWaRbyaLiGrZK8T/vGGqwysvYyJJNRVkcShMOdIxKopAAZOUaD4zBBPJTFZEJlhiok1dNVOCs/zlVdI7bzl2y7m/aLavyzqqcAwncAYOXEIbbqEDXSDwBM/wCm9Wbr1Y79bHYrRilTtH8AfW5w+vdJTY</latexit><latexit sha1_base64="PVAlwTMwp9O6igTmIEkXKR4OPo8=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0GXRjRuhgn1AE8pkMmmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzL/fM8RPOlLbtb6uytr6xuVXdru3s7u0f1A8bPRWnktAuiXksBz5WlDNBu5ppTgeJpDjyOe3705vC7z9SqVgsHvQsoV6Ex4KFjGBtpFG94WrGA5q5EdYTP8zu8nxUb9otew60SpySNKFEZ1T/coOYpBEVmnCs1NCxE+1lWGpGOM1rbqpogskUj+nQUIEjqrxsnj1Hp0YJUBhL84RGc/X3RoYjpWaRbyaLiGrZK8T/vGGqwysvYyJJNRVkcShMOdIxKopAAZOUaD4zBBPJTFZEJlhiok1dNVOCs/zlVdI7bzl2y7m/aLavyzqqcAwncAYOXEIbbqEDXSDwBM/wCm9Wbr1Y79bHYrRilTtH8AfW5w+vdJTY</latexit><latexit sha1_base64="PVAlwTMwp9O6igTmIEkXKR4OPo8=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0GXRjRuhgn1AE8pkMmmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzL/fM8RPOlLbtb6uytr6xuVXdru3s7u0f1A8bPRWnktAuiXksBz5WlDNBu5ppTgeJpDjyOe3705vC7z9SqVgsHvQsoV6Ex4KFjGBtpFG94WrGA5q5EdYTP8zu8nxUb9otew60SpySNKFEZ1T/coOYpBEVmnCs1NCxE+1lWGpGOM1rbqpogskUj+nQUIEjqrxsnj1Hp0YJUBhL84RGc/X3RoYjpWaRbyaLiGrZK8T/vGGqwysvYyJJNRVkcShMOdIxKopAAZOUaD4zBBPJTFZEJlhiok1dNVOCs/zlVdI7bzl2y7m/aLavyzqqcAwncAYOXEIbbqEDXSDwBM/wCm9Wbr1Y79bHYrRilTtH8AfW5w+vdJTY</latexit>
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Multivariate AR (MAR) models

24

solid: original multivariate time-series

dashed: predictions
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Outline
• A historical overview of dictionary design techniques 

- signal representation via stochastic models

25

- transforms & analytic dictionaries

- trained dictionaries (dictionary learning)

• Discussion 
- applications

- connection with deep learning
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1960s: Fourier basis and DFT
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Fourier basis diagonalises 
convolution operator

g(t) y(t)x(t) = ej!t
<latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit><latexit sha1_base64="lUxGVfaV5PE98DEdGIcG6nh3Vzk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGBL0IQS8eI5gFkjH0dCpJm56F7hoxDsFf8eJBEa/+hzf/xk4yB018UPB4r4qqel4khUbb/rYyC4tLyyvZ1dza+sbmVn57p6bDWHGo8lCGquExDVIEUEWBEhqRAuZ7Eure4HLs1+9BaREGNziMwPVZLxBdwRkaqZ3feyjiET2ncJvctUIfeoziqJ0v2CV7AjpPnJQUSIpKO//V6oQ89iFALpnWTceO0E2YQsEljHKtWEPE+ID1oGlowHzQbjK5fkQPjdKh3VCZCpBO1N8TCfO1Hvqe6fQZ9vWsNxb/85oxds/cRARRjBDw6aJuLCmGdBwF7QgFHOXQEMaVMLdS3meKcTSB5UwIzuzL86R2XHLsknN9UihfpHFkyT45IEXikFNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWOlM7vkD6zPHwMglEs=</latexit>

y(t) =

Z 1

�1
ej!(t�⌧)g(⌧)d⌧ = ej!t G(!)

<latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit><latexit sha1_base64="HAZwrR1iQw+DYauArNxyGph43DE="></latexit>

- recall the LTI system

Y (!) = X(!)G(!)
<latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit><latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit><latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit><latexit sha1_base64="jjcOdjiVIlFgGlrlqMrM97j0DRI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZQZEXQjFF3osoK9SDuUTJppQ3MZkoxQhq7d+CpuXCji1idw59uYtqNo6w+BL/85h+T8YcyoNp736czNLywuLedW8qtr6xub7tZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72L0b1+h1RmkpxYwYxCTjqChpRjIy12u7ebbElOemiQwjPIGz83C6/qe0WvJI3FpwFP4MCyFRpux+tjsQJJ8JghrRu+l5sghQpQzEjw3wr0SRGuI+6pGlRIE50kI5XGcID63RgJJU9wsCx+3siRVzrAQ9tJ0emp6drI/O/WjMx0WmQUhEnhgg8eShKGDQSjnKBHaoINmxgAWFF7V8h7iGFsLHp5W0I/vTKs1A7Kvleyb8+LpTPszhyYBfsgyLwwQkogytQAVWAwT14BM/gxXlwnpxX523SOudkMzvgj5z3LwL/l+w=</latexit>

X(!)
<latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit><latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit><latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit><latexit sha1_base64="pIXX8CjHcDuLdxP2JwWMOZ2LEZ4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SLGF2MpsMmccyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ302Kn2lKBDfN4vV/yaPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfvAUnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWbfowHTlFg+cQQTzdytiIywxsS6jEouhGD55VXSuqgFfi24v6zUb/I4inACp1CFAK6gDnfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8ABYCP4g==</latexit>

G(!)
<latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit><latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit><latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit><latexit sha1_base64="W32X9n4FJLJrDMBAVnCak+Hsu+w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegBz1GMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaObqd96Am2Ykg92nEAoyECymFFinfR4W+kqAQNy1iuV/ao/A14mQU7KKEe9V/rq9hVNBUhLOTGmE/iJDTOiLaMcJsVuaiAhdEQG0HFUEgEmzGYHT/CpU/o4VtqVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVIbX4UZk0lqQdL5ojjl2Co8/R73mQZq+dgRQjVzt2I6JJpQ6zIquhCCxZeXSfO8GvjV4P6iXLvO4yigY3SCKihAl6iG7lAdNRBFAj2jV/Tmae/Fe/c+5q0rXj5zhP7A+/wB6yWP0Q==</latexit>
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- discrete Fourier transform (DFT) provides an orthogonal dictionary:

1960s

�n(k) = ej
2⇡
N nk

<latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit><latexit sha1_base64="gut/Sw4a0inKeVCdmlOKcqSbAN0=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTeupIJ9QKeWTCbTxslkQpIRyjC/4cZfceNCEZe68m9MHwttPRByOOde7r3HF4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKkklJk2csER2fKQIo5w0NdWMdIQkKPYZafvR5dhvPxCpaMJv9UiQXowGnIYUI22kvu14fsICNYrNl3liSPM+r0TH8BySu+weeqFEOKt5gubZdQ55lPftslN1JoCLxJ2RMpih0bc/vSDBaUy4xgwp1XUdoXsZkppiRvKSlyoiEI7QgHQN5SgmqpdNLsvhkVECGCbSPK7hRP3dkaFYjZc3lTHSQzXvjcX/vG6qw7NeRrlINeF4OihMGdQJHMcEAyoJ1mxkCMKSml0hHiIThjZhlkwI7vzJi6RVq7pO1b05KdcvZnEUwQE4BBXgglNQB1egAZoAg0fwDF7Bm/VkvVjv1se0tGDNevbBH1hfP38YoJQ=</latexit>

discrete 
Fourier 

transform

- Fourier basis describes a signal in terms of its global frequency content and hence 
is good at representing uniformly smooth signals

W = ej
2⇡
N

<latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit><latexit sha1_base64="/4bSFFzANKcCPuMZ4wAO7YjYShM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdCNUHTjSirYBzSxTKY37djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57goQzpR3n2yosLa+srhXXSxubW9s79u5eU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDq7HfegSpWCzu9CgBPyJ9wUJGiTZS1z5o4QsM99mDF0pCs6qXsDy7yfOuXXYqzgR4kbgzUkYz1Lv2l9eLaRqB0JQTpTquk2g/I1IzyiEveamChNAh6UPHUEEiUH42eSDHx0bp4TCWpoTGE/X3REYipUZRYDojogdq3huL/3mdVIfnfsZEkmoQdLooTDnWMR6ngXtMAtV8ZAihkplbMR0Qk4Q2mZVMCO78y4ukWa24TsW9PS3XLmdxFNEhOkInyEVnqIauUR01EEU5ekav6M16sl6sd+tj2lqwZjP76A+szx8waJYn</latexit>

with

- fast Fourier transform (FFT) reduces complexity from           toO(N2)
<latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit><latexit sha1_base64="0OqX/5zLWeoa7UdcxqPNfz6QP54=">AAACD3icbVDLSgMxFM3UV62vUZdugkWomzJTBF0W3bjSCvYB7VgyadqGZpIhyVTLMB/h3q3+gjtx6yf4B36GmXYWtvXAhcM593IPxw8ZVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90VXqN8dEKir4vZ6ExAvQgNM+xUgbqWvbnQDpIUYsvk1KNw+V065ddMrOFHCZuBkpggy1rv3T6QkcBYRrzJBSbdcJtRcjqSlmJCl0IkVChEdoQNqGchQQ5cXT5Ak8MUoP9oU0wzWcqn8vYhQoNQl8s5nmVIteKv7ntSPdv/BiysNIE45nj/oRg1rAtAbYo5JgzSaGICypyQrxEEmEtSlr7gt50khK8agSU427WMQyaVTKrlN2786K1cuspDw4AsegBFxwDqrgGtRAHWAwBi/gFbxZz9a79WF9zlZzVnZzCOZgff0C6ouc1w==</latexit>

O(N logN)
<latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit><latexit sha1_base64="TxMe1pENN0XV4sb4Gl5zIm8wV3M=">AAACGHicbZDLSgMxFIYz9VbrbdSVuBksQt2UGRF0WXTjqlawF2hLyaRpG5pJhuSMWobB93DvVl/Bnbh15xv4GKbtLGzrD4Gf/5zDOfn8kDMNrvttZZaWV1bXsuu5jc2t7R17d6+mZaQIrRLJpWr4WFPOBK0CA04boaI48Dmt+8Orcb1+T5VmUtzBKKTtAPcF6zGCwUQd+6AVYBgQzOObpFBuAX2EmMt+Uj7p2Hm36E7kLBovNXmUqtKxf1pdSaKACiAca9303BDaMVbACKdJrhVpGmIyxH3aNFbggOp2PPlC4hybpOv0pDJPgDNJ/07EONB6FPimc3ywnq+Nw/9qzQh6F+2YiTACKsh0US/iDkhnzMPpMkUJ8JExmChmbnXIACtMwFCb2WLQYKXkg04MGm8exKKpnRY9t+jdnuVLlymkLDpER6iAPHSOSugaVVAVEfSEXtArerOerXfrw/qctmasdGYfzcj6+gUSHKFK</latexit>
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- DFT produces complex coefficients (“wasteful” for real signals) 

- DFT assumes periodic extension (discontinuity at boundary)

Fourier transform

cosine transform
x(t) = x(�t)

<latexit sha1_base64="/tvYyRka1YK5Lz0vpyPRg0ixM2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoOQHAy7IuhFCHrxGME8IFnC7GQ2GTL7YKZXEpb8hhcPinj1Z7z5N06SPWhiQUNR1U13lxdLodG2v63c2vrG5lZ+u7Czu7d/UDw8auooUYw3WCQj1fao5lKEvIECJW/HitPAk7zlje5mfuuJKy2i8BEnMXcDOgiFLxhFI3XHZayQGzIun2OlVyzZVXsOskqcjJQgQ71X/Or2I5YEPEQmqdYdx47RTalCwSSfFrqJ5jFlIzrgHUNDGnDtpvObp+TMKH3iR8pUiGSu/p5IaaD1JPBMZ0BxqJe9mfif10nQv3ZTEcYJ8pAtFvmJJBiRWQCkLxRnKCeGUKaEuZWwIVWUoYmpYEJwll9eJc2LqmNXnYfLUu02iyMPJ3AKZXDgCmpwD3VoAIMYnuEV3qzEerHerY9Fa87KZo7hD6zPH5ulkBY=</latexit><latexit sha1_base64="/tvYyRka1YK5Lz0vpyPRg0ixM2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoOQHAy7IuhFCHrxGME8IFnC7GQ2GTL7YKZXEpb8hhcPinj1Z7z5N06SPWhiQUNR1U13lxdLodG2v63c2vrG5lZ+u7Czu7d/UDw8auooUYw3WCQj1fao5lKEvIECJW/HitPAk7zlje5mfuuJKy2i8BEnMXcDOgiFLxhFI3XHZayQGzIun2OlVyzZVXsOskqcjJQgQ71X/Or2I5YEPEQmqdYdx47RTalCwSSfFrqJ5jFlIzrgHUNDGnDtpvObp+TMKH3iR8pUiGSu/p5IaaD1JPBMZ0BxqJe9mfif10nQv3ZTEcYJ8pAtFvmJJBiRWQCkLxRnKCeGUKaEuZWwIVWUoYmpYEJwll9eJc2LqmNXnYfLUu02iyMPJ3AKZXDgCmpwD3VoAIMYnuEV3qzEerHerY9Fa87KZo7hD6zPH5ulkBY=</latexit><latexit sha1_base64="/tvYyRka1YK5Lz0vpyPRg0ixM2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoOQHAy7IuhFCHrxGME8IFnC7GQ2GTL7YKZXEpb8hhcPinj1Z7z5N06SPWhiQUNR1U13lxdLodG2v63c2vrG5lZ+u7Czu7d/UDw8auooUYw3WCQj1fao5lKEvIECJW/HitPAk7zlje5mfuuJKy2i8BEnMXcDOgiFLxhFI3XHZayQGzIun2OlVyzZVXsOskqcjJQgQ71X/Or2I5YEPEQmqdYdx47RTalCwSSfFrqJ5jFlIzrgHUNDGnDtpvObp+TMKH3iR8pUiGSu/p5IaaD1JPBMZ0BxqJe9mfif10nQv3ZTEcYJ8pAtFvmJJBiRWQCkLxRnKCeGUKaEuZWwIVWUoYmpYEJwll9eJc2LqmNXnYfLUu02iyMPJ3AKZXDgCmpwD3VoAIMYnuEV3qzEerHerY9Fa87KZo7hD6zPH5ulkBY=</latexit><latexit sha1_base64="/tvYyRka1YK5Lz0vpyPRg0ixM2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoOQHAy7IuhFCHrxGME8IFnC7GQ2GTL7YKZXEpb8hhcPinj1Z7z5N06SPWhiQUNR1U13lxdLodG2v63c2vrG5lZ+u7Czu7d/UDw8auooUYw3WCQj1fao5lKEvIECJW/HitPAk7zlje5mfuuJKy2i8BEnMXcDOgiFLxhFI3XHZayQGzIun2OlVyzZVXsOskqcjJQgQ71X/Or2I5YEPEQmqdYdx47RTalCwSSfFrqJ5jFlIzrgHUNDGnDtpvObp+TMKH3iR8pUiGSu/p5IaaD1JPBMZ0BxqJe9mfif10nQv3ZTEcYJ8pAtFvmJJBiRWQCkLxRnKCeGUKaEuZWwIVWUoYmpYEJwll9eJc2LqmNXnYfLUu02iyMPJ3AKZXDgCmpwD3VoAIMYnuEV3qzEerHerY9Fa87KZo7hD6zPH5ulkBY=</latexit>

X(!) =

Z 1

�1
x(t)e�j!tdt =

Z 1

�1
x(t)[cos(!t)� jsin(!t)]dt

<latexit sha1_base64="I+E9JakyMyMvkTAC7QPERz2unRM="></latexit><latexit sha1_base64="I+E9JakyMyMvkTAC7QPERz2unRM="></latexit><latexit sha1_base64="I+E9JakyMyMvkTAC7QPERz2unRM="></latexit><latexit sha1_base64="I+E9JakyMyMvkTAC7QPERz2unRM="></latexit>

X(!) =

Z 1

�1
x(t)cos(!t)dt

<latexit sha1_base64="ClIXeB2kN7ajQFhLaD3ZcF23rUU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei1AXlhkRdCOIblxWsLXQqSWT3qnBTDIkd8Qy9H/c+CsudOEDt/6HaZ2FrwMhh3PuIbknSqWw6Puv3sTk1PTM7Nx8aWFxaXmlvLrWtDozHBpcS21aEbMghYIGCpTQSg2wJJJwEV2fjPyLGzBWaHWOgxQ6CesrEQvO0End8nGrGuoE+myb0kNKQ6Gwm++4K8bB8DIvCL2t4jYNEW4x59oOiwx1Yg+75Ypf88egf0lQkAopUO+WH8Oe5lkCCrlk1rYDP8VOzgwKLmFYCjMLKePXrA9tRxVLwHby8a5DuuWUHo21cUchHavfEzlLrB0kkZtMGF7Z395I/M9rZxgfdHKh0gxB8a+H4kxS1HRUHO0JAxzlwBHGjXB/pfyKGcbR1VtyJQS/V/5Lmru1wK8FZ3uVo+OijjmyQTZJlQRknxyRU1InDcLJHXkgz+TFu/eevDfv/Wt0wisy6+QHvI9PlW+mtA==</latexit><latexit sha1_base64="ClIXeB2kN7ajQFhLaD3ZcF23rUU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei1AXlhkRdCOIblxWsLXQqSWT3qnBTDIkd8Qy9H/c+CsudOEDt/6HaZ2FrwMhh3PuIbknSqWw6Puv3sTk1PTM7Nx8aWFxaXmlvLrWtDozHBpcS21aEbMghYIGCpTQSg2wJJJwEV2fjPyLGzBWaHWOgxQ6CesrEQvO0End8nGrGuoE+myb0kNKQ6Gwm++4K8bB8DIvCL2t4jYNEW4x59oOiwx1Yg+75Ypf88egf0lQkAopUO+WH8Oe5lkCCrlk1rYDP8VOzgwKLmFYCjMLKePXrA9tRxVLwHby8a5DuuWUHo21cUchHavfEzlLrB0kkZtMGF7Z395I/M9rZxgfdHKh0gxB8a+H4kxS1HRUHO0JAxzlwBHGjXB/pfyKGcbR1VtyJQS/V/5Lmru1wK8FZ3uVo+OijjmyQTZJlQRknxyRU1InDcLJHXkgz+TFu/eevDfv/Wt0wisy6+QHvI9PlW+mtA==</latexit><latexit sha1_base64="ClIXeB2kN7ajQFhLaD3ZcF23rUU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei1AXlhkRdCOIblxWsLXQqSWT3qnBTDIkd8Qy9H/c+CsudOEDt/6HaZ2FrwMhh3PuIbknSqWw6Puv3sTk1PTM7Nx8aWFxaXmlvLrWtDozHBpcS21aEbMghYIGCpTQSg2wJJJwEV2fjPyLGzBWaHWOgxQ6CesrEQvO0End8nGrGuoE+myb0kNKQ6Gwm++4K8bB8DIvCL2t4jYNEW4x59oOiwx1Yg+75Ypf88egf0lQkAopUO+WH8Oe5lkCCrlk1rYDP8VOzgwKLmFYCjMLKePXrA9tRxVLwHby8a5DuuWUHo21cUchHavfEzlLrB0kkZtMGF7Z395I/M9rZxgfdHKh0gxB8a+H4kxS1HRUHO0JAxzlwBHGjXB/pfyKGcbR1VtyJQS/V/5Lmru1wK8FZ3uVo+OijjmyQTZJlQRknxyRU1InDcLJHXkgz+TFu/eevDfv/Wt0wisy6+QHvI9PlW+mtA==</latexit><latexit sha1_base64="ClIXeB2kN7ajQFhLaD3ZcF23rUU=">AAACK3icbVDLSgMxFM34tr6qLt0Ei1AXlhkRdCOIblxWsLXQqSWT3qnBTDIkd8Qy9H/c+CsudOEDt/6HaZ2FrwMhh3PuIbknSqWw6Puv3sTk1PTM7Nx8aWFxaXmlvLrWtDozHBpcS21aEbMghYIGCpTQSg2wJJJwEV2fjPyLGzBWaHWOgxQ6CesrEQvO0End8nGrGuoE+myb0kNKQ6Gwm++4K8bB8DIvCL2t4jYNEW4x59oOiwx1Yg+75Ypf88egf0lQkAopUO+WH8Oe5lkCCrlk1rYDP8VOzgwKLmFYCjMLKePXrA9tRxVLwHby8a5DuuWUHo21cUchHavfEzlLrB0kkZtMGF7Z395I/M9rZxgfdHKh0gxB8a+H4kxS1HRUHO0JAxzlwBHGjXB/pfyKGcbR1VtyJQS/V/5Lmru1wK8FZ3uVo+OijjmyQTZJlQRknxyRU1InDcLJHXkgz+TFu/eevDfv/Wt0wisy6+QHvI9PlW+mtA==</latexit>

1960s

discrete 
Fourier 

transform

- a real and even signal leads to a real cosine transform
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1970s: DCT
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- the discrete version is called the discrete cosine transform (DCT)

1974

discrete 
cosine 

transform

1960s

discrete 
Fourier 

transform

- DCT-II is behind the JEPG image compression standard

n
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DCT-I

n
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DCT-II

- several variants of symmetric extension, which all make the signal even and lead to 
smoother boundary

- DCT-II provides a real dictionary: �n(k) = cos[
⇡

N
(n+

1

2
)k]

<latexit sha1_base64="HNaptMmh/rTughJemUVPdVMaOWo="></latexit><latexit sha1_base64="HNaptMmh/rTughJemUVPdVMaOWo="></latexit><latexit sha1_base64="HNaptMmh/rTughJemUVPdVMaOWo="></latexit><latexit sha1_base64="HNaptMmh/rTughJemUVPdVMaOWo="></latexit>
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1970s-80s: KLT and PCA
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- projection onto a fixed subset of DFT or DCT atoms leads to compaction

⌃ = �⇤�T
<latexit sha1_base64="WQe5p1IY+cktaFKQsBZw9pBbnvo=">AAACNXicbVC7TsMwFHXKq5RXgJHFokJiqhKEBAtSBQtDhyL6kppQOY7TWnXiyHaQqig/xcJ/MMHAAEKs/AJOm4G2XMny0Tnn2vceL2ZUKst6M0orq2vrG+XNytb2zu6euX/QkTwRmLQxZ1z0PCQJoxFpK6oY6cWCoNBjpOuNb3K9+0iEpDxqqUlM3BANIxpQjJSmBmbD8Tjz5STUV+rc02GIMngF59jmiGbQCZEaeUHqNPTjvjYtWR5aA7Nq1axpwWVgF6AKimoOzBfH5zgJSaQwQ1L2bStWboqEopiRrOIkksQIj9GQ9DWMUEikm063zuCJZnwYcKFPpOCU/duRolDm82lnPrtc1HLyP62fqODSTWkUJ4pEePZRkDCoOMwjhD4VBCs20QBhQfWsEI+QQFjpoCs6BHtx5WXQOavZVs2+O6/Wr4s4yuAIHINTYIMLUAe3oAnaAIMn8Ao+wKfxbLwbX8b3zFoyip5DMFfGzy/+Fq1d</latexit><latexit sha1_base64="WQe5p1IY+cktaFKQsBZw9pBbnvo=">AAACNXicbVC7TsMwFHXKq5RXgJHFokJiqhKEBAtSBQtDhyL6kppQOY7TWnXiyHaQqig/xcJ/MMHAAEKs/AJOm4G2XMny0Tnn2vceL2ZUKst6M0orq2vrG+XNytb2zu6euX/QkTwRmLQxZ1z0PCQJoxFpK6oY6cWCoNBjpOuNb3K9+0iEpDxqqUlM3BANIxpQjJSmBmbD8Tjz5STUV+rc02GIMngF59jmiGbQCZEaeUHqNPTjvjYtWR5aA7Nq1axpwWVgF6AKimoOzBfH5zgJSaQwQ1L2bStWboqEopiRrOIkksQIj9GQ9DWMUEikm063zuCJZnwYcKFPpOCU/duRolDm82lnPrtc1HLyP62fqODSTWkUJ4pEePZRkDCoOMwjhD4VBCs20QBhQfWsEI+QQFjpoCs6BHtx5WXQOavZVs2+O6/Wr4s4yuAIHINTYIMLUAe3oAnaAIMn8Ao+wKfxbLwbX8b3zFoyip5DMFfGzy/+Fq1d</latexit><latexit sha1_base64="WQe5p1IY+cktaFKQsBZw9pBbnvo=">AAACNXicbVC7TsMwFHXKq5RXgJHFokJiqhKEBAtSBQtDhyL6kppQOY7TWnXiyHaQqig/xcJ/MMHAAEKs/AJOm4G2XMny0Tnn2vceL2ZUKst6M0orq2vrG+XNytb2zu6euX/QkTwRmLQxZ1z0PCQJoxFpK6oY6cWCoNBjpOuNb3K9+0iEpDxqqUlM3BANIxpQjJSmBmbD8Tjz5STUV+rc02GIMngF59jmiGbQCZEaeUHqNPTjvjYtWR5aA7Nq1axpwWVgF6AKimoOzBfH5zgJSaQwQ1L2bStWboqEopiRrOIkksQIj9GQ9DWMUEikm063zuCJZnwYcKFPpOCU/duRolDm82lnPrtc1HLyP62fqODSTWkUJ4pEePZRkDCoOMwjhD4VBCs20QBhQfWsEI+QQFjpoCs6BHtx5WXQOavZVs2+O6/Wr4s4yuAIHINTYIMLUAe3oAnaAIMn8Ao+wKfxbLwbX8b3zFoyip5DMFfGzy/+Fq1d</latexit><latexit sha1_base64="WQe5p1IY+cktaFKQsBZw9pBbnvo=">AAACNXicbVC7TsMwFHXKq5RXgJHFokJiqhKEBAtSBQtDhyL6kppQOY7TWnXiyHaQqig/xcJ/MMHAAEKs/AJOm4G2XMny0Tnn2vceL2ZUKst6M0orq2vrG+XNytb2zu6euX/QkTwRmLQxZ1z0PCQJoxFpK6oY6cWCoNBjpOuNb3K9+0iEpDxqqUlM3BANIxpQjJSmBmbD8Tjz5STUV+rc02GIMngF59jmiGbQCZEaeUHqNPTjvjYtWR5aA7Nq1axpwWVgF6AKimoOzBfH5zgJSaQwQ1L2bStWboqEopiRrOIkksQIj9GQ9DWMUEikm063zuCJZnwYcKFPpOCU/duRolDm82lnPrtc1HLyP62fqODSTWkUJ4pEePZRkDCoOMwjhD4VBCs20QBhQfWsEI+QQFjpoCs6BHtx5WXQOavZVs2+O6/Wr4s4yuAIHINTYIMLUAe3oAnaAIMn8Ao+wKfxbLwbX8b3zFoyip5DMFfGzy/+Fq1d</latexit>

known/empirical covariance eigenvectors (dictionary atoms as k largest eigenvectors)

- Karhunen-Loève transform (KLT) or principal component analysis (PCA) fits a low-
dimensional subspace to data

- representation is efficient (maximally compacts energy) but expensive to compute

1974

discrete 
cosine 

transform

1970s-80s

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

- but data themselves can also be a source of compaction
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DCT vs KLT

31

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

- DCT atoms (12x12) vs. KLT atoms (trained using 12x12 image patches)

1970s-80s

DCT KLT

Rubinstein et al., “Dictionaries for sparse representation modeling,” Proceedings of the IEEE, 2010.
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The need for sparsity

32

- simplicity motivates sparsity: signal as linear combination of a few atoms

x ⇡
X

K
ck�k

<latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="+IhsrH3Q3QsY3DYZsy2QSe6D/a4=">AAACInicbVDLSgMxFL3js9ZXdesmWARXZcaNLgVdCG4UbCt0ypBJMzY0L5KMtAzzQ278FRFcKOK3mGm7UOuBkMM5N+Tck2rOrAvD92BpeWV1bb22Ud/c2t7ZbextdazKDaFtorgy9ym2lDNJ2445Tu+1oViknHbT0UXldx+psUzJOzfRtC/wg2QZI9h5KWlcxgK7YZoV4xLFWGujxii2uYil4kwwZ5PpAMG8uC4RSUYoThUf2InwVxHrISuTUdJohq1wCrRIojlpwhw3SeM1HiiSCyod4djaXhRq1y+wcYxwWtbj3FKNyQg/0J6nEgtq+8V02xIdeWWAMmX8kQ5N1Z8vCixslc9PVtHtX68S//N6ucvO+gWTOndUktlHWc6RU6iqDg2YocTxiSeYGOazIjLEBhPnC677EqK/Ky+SzkkrClvRbQg1OIBDOIYITuEcruAG2kDgCV7gHT6C5+At+JzVtRTMe9uHXwi+vgHQB6ji</latexit><latexit sha1_base64="+IhsrH3Q3QsY3DYZsy2QSe6D/a4=">AAACInicbVDLSgMxFL3js9ZXdesmWARXZcaNLgVdCG4UbCt0ypBJMzY0L5KMtAzzQ278FRFcKOK3mGm7UOuBkMM5N+Tck2rOrAvD92BpeWV1bb22Ud/c2t7ZbextdazKDaFtorgy9ym2lDNJ2445Tu+1oViknHbT0UXldx+psUzJOzfRtC/wg2QZI9h5KWlcxgK7YZoV4xLFWGujxii2uYil4kwwZ5PpAMG8uC4RSUYoThUf2InwVxHrISuTUdJohq1wCrRIojlpwhw3SeM1HiiSCyod4djaXhRq1y+wcYxwWtbj3FKNyQg/0J6nEgtq+8V02xIdeWWAMmX8kQ5N1Z8vCixslc9PVtHtX68S//N6ucvO+gWTOndUktlHWc6RU6iqDg2YocTxiSeYGOazIjLEBhPnC677EqK/Ky+SzkkrClvRbQg1OIBDOIYITuEcruAG2kDgCV7gHT6C5+At+JzVtRTMe9uHXwi+vgHQB6ji</latexit><latexit sha1_base64="X4hK8172JWsItThrmsQU8hEfugs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit><latexit sha1_base64="6Wvqfk/3ho5RVuSRO9aVJylhDHs="></latexit>

subset of atoms which is 
different for each x

- sparsity requires localisation: atoms with concentrated supports 

- allow more flexible representations based on local characteristics 

- limit effects of irregularities (a main source of large coefficients)

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

- sparsity requires shift from linear to nonlinear approximation

1970s-80s
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Time-frequency representation

33

µt =
1

||x||2

Z 1

�1
t|x(t)|2dt

<latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit><latexit sha1_base64="CAAvDrhXgOlJlD9HPW9Ek82oMkk="></latexit>

�t =
⇣ 1

||x||2

Z 1

�1
(t� µt)

2|x(t)|2dt
⌘ 1

2

<latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit><latexit sha1_base64="Nv1hKF9GcKRG2PCpUFtrHWlIZes="></latexit>

time localisation

�f =
⇣ 1

2⇡||x||2

Z 1

�1
(! � µf )

2|X(!)|2d!
⌘ 1

2

<latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit><latexit sha1_base64="dxerG+QFtAXTWTaXys+HXa1uh/I="></latexit>

µf =
1

2⇡||x||2

Z 1

�1
!|X(!)|2d!

<latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit><latexit sha1_base64="RRyNt0plhi8feq+13GoXxbqGYTY="></latexit>

frequency localisation

time-frequency 
plane

time-frequency tile 
(Heisenberg box)

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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Time-frequency representation
• Consider three basic operations

34

shift in time

y(t) = x(t� t0)
<latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit><latexit sha1_base64="QRMrgJmL4JPZ64HVoHYRFz8BA5Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VoF5ZEBN0IRTcuK9gHtCFMppN26GQSZm7EGPolblwo4tZPceffOH0stPXAhcM593LvPUEiuAbH+bZWVtfWNzYLW8Xtnd29kr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG4mfvuBKc1jeQ9ZwryIDCQPOSVgJN8uZRWo4iv8WIFT8J2qb5edmjMFXibunJTRHA3f/ur1Y5pGTAIVROuu6yTg5UQBp4KNi71Us4TQERmwrqGSREx7+fTwMT4xSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP953RTCSy/nMkmBSTpbFKYCQ4wnKeA+V4yCyAwhVHFzK6ZDoggFk1XRhOAuvrxMWmc116m5d+fl+vU8jgI6Qseoglx0geroFjVQE1GUomf0it6sJ+vFerc+Zq0r1nzmEP2B9fkDGBuRaQ==</latexit>

Y (!) = e�j!t0X(!)
<latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit><latexit sha1_base64="5cezHY7Hi+Mgh+3+dYPzkUDmauk=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EoI1lBPOQZF1mJ3eTMbMPZmaFsOQPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49XsyZVJb1ZeTm5hcWl/LLhZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9i5HfuAchWRReq0EMTkC6IfMZJUpLrrl/U2pHAXTJAT7DcJse3k2eWLnWEDd/TNcsWmVrDDxL7IwUUYaqa362OxFNAggV5UTKlm3FykmJUIxyGBbaiYSY0D7pQkvTkAQgnXR8zxDvaaWD/UjoChUeq78nUhJIOQg83RkQ1ZPT3kj8z2slyj91UhbGiYKQTj7yE45VhEfh4A4TQBUfaEKoYHpXTHtEEKp0hAUdgj198iypH5Vtq2xfHRcr51kcebSDdlEJ2egEVdAlqqIaougBPaEX9Go8Gs/Gm/E+ac0Z2cw2+gPj4xv9iZq7</latexit>

FT

shift in frequency

y(t) = ej!0tx(t)
<latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit><latexit sha1_base64="Pi8u8rU1GO4FMaoPRAmBJpzQues=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzAjgl6EoBePEcwCSRx6OjVJm56F7hoxDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQabfvbyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIPLsd+4B6VFFN7gMIZOwHqh8AVnaCQ3XxiW8IieU7hN79pRAD3m2hRH9MHIbr5ol+0J6CJxZqRIZqi6+a92N+JJACFyybRuOXaMnZQpFFzCKNdONMSMD1gPWoaGLADdSSdPjOihUbrUj5SpEOlE/T2RskDrYeCZzoBhX897Y/E/r5Wgf9ZJRRgnCCGfLvITSTGi40RoVyjgKIeGMK6EuZXyPlOMo8ktZ0Jw5l9eJPXjsmOXneuTYuViFkeWFMgBKRGHnJIKuSJVUiOcPJJn8krerCfrxXq3PqatGWs2s0/+wPr8ASg8ln4=</latexit>

Y (!) = X(! � !0)
<latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit><latexit sha1_base64="XQb5GcJFeCSb1Wdg408heevLdfA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2RdBGCNpYRjAXSZZldjKbDJnLMjMrhCWtja9iY6GIrW9g59s4SbbQxB8GPv5zDmfOHyWMauN5387S8srq2npho7i5tb2z6+7tN7VMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrR8HpSbz0QpakUd2aUkICjvqAxxchYK3ThfbkrOemjCryE7ZzhCZxB6FVCt+RVvangIvg5lECueuh+dXsSp5wIgxnSuuN7iQkypAzFjIyL3VSTBOEh6pOORYE40UE2vWQMj63Tg7FU9gkDp+7viQxxrUc8sp0cmYGer03M/2qd1MQXQUZFkhoi8GxRnDJoJJzEAntUEWzYyALCitq/QjxACmFjwyvaEPz5kxeheVr1vap/e1aqXeVxFMAhOAJl4INzUAM3oA4aAINH8AxewZvz5Lw4787HrHXJyWcOwB85nz/iRZfm</latexit>

FT

scaling in time

y(t) =
p
ax(at)

<latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit><latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit><latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit><latexit sha1_base64="CFHrFvE4XMFvdtwbqckEr2aUuEc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCeymJCHoRil48VrAf0Iay2W7apZtN3J2IIRT8K148KOLV3+HNf+O2zUFbHww83pthZp4fC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kfXE7/1wJTmkbyDNGZeSAaSB5wSMFLPPkzLUMGXuKvvFWRkjB/LBCo9u+RUnSnwInFzUkI56j37q9uPaBIyCVQQrTuuE4OXEQWcCjYudhPNYkJHZMA6hkoSMu1l0/PH+MQofRxEypQEPFV/T2Qk1DoNfdMZEhjqeW8i/ud1EgguvIzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlZdp+renpVqV3kcBXSEjlEZuegc1dANqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNgdJR1</latexit>

Y (!) =
1p
a
X(

!

a
)

<latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit><latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit><latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit><latexit sha1_base64="HFvylThYMnh3isL/CTOloAWyJcU=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoN2WmCLoRim5cVrAP6ZSSSTNtaDIZk4xQhvkPN/6KGxeKuBJc+DemnVlo64HA4ZxzubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0lYglJi0smJBdHynCaEhammpGupEkiPuMdPzJ1czvPBCpqAhv9TQifY5GIQ0oRtpIA7t+V/EEJyNUhRfQCyTCiZsmnrqXOkFpCruVTMxCqdGqA7vs1Jw54DJxc1IGOZoD+9MbChxzEmrMkFI914l0P0FSU8xIWvJiRSKEJ2hEeoaGiBPVT+a3pfDEKEMYCGleqOFc/T2RIK7UlPsmyZEeq0VvJv7n9WIdnPcTGkaxJiHOFgUxg1rAWVFwSCXBmk0NQVhS81eIx8h0oU2dJVOCu3jyMmnXa65Tc29Oy43LvI4iOALHoAJccAYa4Bo0QQtg8AiewSt4s56sF+vd+siiBSufOQR/YH39AK9qoTo=</latexit>

FT

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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Time-frequency representation

35

Heisenberg’s uncertainty principle

Let x 2 L2(R), then �t�f � 1

2
<latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit><latexit sha1_base64="0fcErbrI4jyIteBwdF5DoOjVMeI="></latexit>

examples

FT

FT

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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Time-frequency representation
• Consider three structured sets of functions

36

shift in time

'(t�mt0)
<latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit><latexit sha1_base64="1S0l8DObpYA9QasPqen7QgTr/Ms=">AAAB+HicbVBNSwMxEM36WetHVz16CRahHiy7Iuix6MVjBfsB7bJk07QNTbJLMluoS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFyWCG/C8b2dtfWNza7uwU9zd2z8ouYdHTROnmrIGjUWs2xExTHDFGsBBsHaiGZGRYK1odDfzW2OmDY/VI0wSFkgyULzPKQErhW6pOyY6GfIKXEgIvfPQLXtVbw68SvyclFGOeuh+dXsxTSVTQAUxpuN7CQQZ0cCpYNNiNzUsIXREBqxjqSKSmSCbHz7FZ1bp4X6sbSnAc/X3REakMRMZ2U5JYGiWvZn4n9dJoX8TZFwlKTBFF4v6qcAQ41kKuMc1oyAmlhCqub0V0yHRhILNqmhD8JdfXiXNy6rvVf2Hq3LtNo+jgE7QKaogH12jGrpHddRAFKXoGb2iN+fJeXHenY9F65qTzxyjP3A+fwDXaZKJ</latexit>

shift in frequency

R(ejk!0t'(t))
<latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit><latexit sha1_base64="2c1IeOEMAYI3rJf8URK63fuNmms=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGJswp0IWoo2lirGBHIxzG0myZq9D3bnAuHIT7Dxr9hYKGJraee/cfNRqPHBwOO9GWbmBYmShlz3y5mZnZtfWFxazq2srq1v5De3bk2caoFlEatYVwMwqGSEZZKksJpohDBQWAm650O/0kNtZBzdUD/BegjtSLakALJSI7/vh0AdASq7HhTxLrvv+nGIbWi4nAZ+D3TSkUU6OGjkC27JHYFPE29CCmyCy0b+02/GIg0xIqHAmJrnJlTPQJMUCgc5PzWYgOhCG2uWRhCiqWejhwZ8zypN3oq1rYj4SP05kUFoTD8MbOfwfPPXG4r/ebWUWif1TEZJShiJ8aJWqjjFfJgOb0qNglTfEhBa2lu56IAGQTbDnA3B+/vyNLk9LHluybs6KpyeTeJYYjtslxWZx47ZKbtgl6zMBHtgT+yFvTqPzrPz5ryPW2ecycw2+wXn4xtk8JzF</latexit>

scaling in time

'(a�lt)
<latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit><latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit><latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit><latexit sha1_base64="aLcCJbMiUUZKiCisxmNw+3PIYzA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEBD0WvXisYD+gjWWy3bRLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Wy7O0aZDFkFn7ILPtXnPbvsVt05nFXi5aQMOeo9+6vbj0kaUaEJR6U6nptoP0OpGeF0WuqmiiZIRjigHUMFRlT52fzyqXNmlL4TxtKU0M5c/T2RYaTUJApMZ4R6qJa9mfif10l1eONnTCSppoIsFoUpd3TszGJw+kxSovnEECSSmVsdMkSJRJuwSiYEb/nlVdK8rHpu1Xu4Ktdu8ziKcAKnUAEPrqEG91CHBhAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QMSEZNG</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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Time-frequency representation

37

time shift and scaling

'l,m(t) = '(a�lt�mt0)
<latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit><latexit sha1_base64="/CYZb/xgyDq22GUc4NymzKOWC2g=">AAACEXicbVA9SwNBEN2LXzF+nVraLAYhARPuRNBGCNpYRjAfkMRjb7NJluzeHbtzgXDkL9j4V2wsFLG1s/PfuEmu0MQHA4/3ZpiZ50eCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+8GbqN0ZMaR4G9zCOWEeSfsB7nBIwkmcX2iOiogH3EnEqJwUo4iucSgXykJTEBEoSPKfo2Xmn7MyAl4mbkjxKUfXsr3Y3pLFkAVBBtG65TgSdhCjgVLBJrh1rFhE6JH3WMjQgkulOMvtogk+M0sW9UJkKAM/U3xMJkVqPpW86JYGBXvSm4n9eK4beZSfhQRQDC+h8US8WGEI8jQd3uWIUxNgQQhU3t2I6IIpQMCHmTAju4svLpH5Wdp2ye3eer1yncWTRETpGBeSiC1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7w1Y6Uzh+gPrM8fz/qcVw==</latexit>

l,m 2 Z
<latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit>

(m, l)
<latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit>

time shift and modulation

'k,m(t) = ejk!0t'(t�mt0)
<latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit>

k,m 2 Z
<latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit>

(m, k)
<latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit>

'(a�l(t�malt0))
<latexit sha1_base64="gq3mYvaG7n2+crYGHCusbW/JiJY=">AAACA3icbVDLSgNBEJyNrxhfq970shiE5JCwK4Ieg148RjAPSDahdzJJhsw+mOkNhCXgxV/x4kERr/6EN//GSbIHTSxoKKq66e7yIsEV2va3kVlb39jcym7ndnb39g/Mw6O6CmNJWY2GIpRNDxQTPGA15ChYM5IMfE+whje6nfmNMZOKh8EDTiLm+jAIeJ9TQC11zZP2GGQ05AXoJCUxLWDJh47Arl0sds28XbbnsFaJk5I8SVHtml/tXkhjnwVIBSjVcuwI3QQkcirYNNeOFYuAjmDAWpoG4DPlJvMfpta5VnpWP5S6ArTm6u+JBHylJr6nO33AoVr2ZuJ/XivG/rWb8CCKkQV0sagfCwtDaxaI1eOSURQTTYBKrm+16BAkUNSx5XQIzvLLq6R+UXbssnN/ma/cpHFkySk5IwXikCtSIXekSmqEkkfyTF7Jm/FkvBjvxseiNWOkM8fkD4zPH4LVlsM=</latexit><latexit sha1_base64="gq3mYvaG7n2+crYGHCusbW/JiJY=">AAACA3icbVDLSgNBEJyNrxhfq970shiE5JCwK4Ieg148RjAPSDahdzJJhsw+mOkNhCXgxV/x4kERr/6EN//GSbIHTSxoKKq66e7yIsEV2va3kVlb39jcym7ndnb39g/Mw6O6CmNJWY2GIpRNDxQTPGA15ChYM5IMfE+whje6nfmNMZOKh8EDTiLm+jAIeJ9TQC11zZP2GGQ05AXoJCUxLWDJh47Arl0sds28XbbnsFaJk5I8SVHtml/tXkhjnwVIBSjVcuwI3QQkcirYNNeOFYuAjmDAWpoG4DPlJvMfpta5VnpWP5S6ArTm6u+JBHylJr6nO33AoVr2ZuJ/XivG/rWb8CCKkQV0sagfCwtDaxaI1eOSURQTTYBKrm+16BAkUNSx5XQIzvLLq6R+UXbssnN/ma/cpHFkySk5IwXikCtSIXekSmqEkkfyTF7Jm/FkvBjvxseiNWOkM8fkD4zPH4LVlsM=</latexit><latexit sha1_base64="gq3mYvaG7n2+crYGHCusbW/JiJY=">AAACA3icbVDLSgNBEJyNrxhfq970shiE5JCwK4Ieg148RjAPSDahdzJJhsw+mOkNhCXgxV/x4kERr/6EN//GSbIHTSxoKKq66e7yIsEV2va3kVlb39jcym7ndnb39g/Mw6O6CmNJWY2GIpRNDxQTPGA15ChYM5IMfE+whje6nfmNMZOKh8EDTiLm+jAIeJ9TQC11zZP2GGQ05AXoJCUxLWDJh47Arl0sds28XbbnsFaJk5I8SVHtml/tXkhjnwVIBSjVcuwI3QQkcirYNNeOFYuAjmDAWpoG4DPlJvMfpta5VnpWP5S6ArTm6u+JBHylJr6nO33AoVr2ZuJ/XivG/rWb8CCKkQV0sagfCwtDaxaI1eOSURQTTYBKrm+16BAkUNSx5XQIzvLLq6R+UXbssnN/ma/cpHFkySk5IwXikCtSIXekSmqEkkfyTF7Jm/FkvBjvxseiNWOkM8fkD4zPH4LVlsM=</latexit><latexit sha1_base64="gq3mYvaG7n2+crYGHCusbW/JiJY=">AAACA3icbVDLSgNBEJyNrxhfq970shiE5JCwK4Ieg148RjAPSDahdzJJhsw+mOkNhCXgxV/x4kERr/6EN//GSbIHTSxoKKq66e7yIsEV2va3kVlb39jcym7ndnb39g/Mw6O6CmNJWY2GIpRNDxQTPGA15ChYM5IMfE+whje6nfmNMZOKh8EDTiLm+jAIeJ9TQC11zZP2GGQ05AXoJCUxLWDJh47Arl0sds28XbbnsFaJk5I8SVHtml/tXkhjnwVIBSjVcuwI3QQkcirYNNeOFYuAjmDAWpoG4DPlJvMfpta5VnpWP5S6ArTm6u+JBHylJr6nO33AoVr2ZuJ/XivG/rWb8CCKkQV0sagfCwtDaxaI1eOSURQTTYBKrm+16BAkUNSx5XQIzvLLq6R+UXbssnN/ma/cpHFkySk5IwXikCtSIXekSmqEkkfyTF7Jm/FkvBjvxseiNWOkM8fkD4zPH4LVlsM=</latexit>

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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1970s-80s: STFT

38

- delta functions are not localised in frequency

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

1970s-80s

time-domain

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

frequency-domain

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

- Fourier basis functions (complex exponentials) are not localised in time
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- consider a set of shifted and modulated versions of a low-pass function

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

discrete 
Fourier 

transform

1970s-80s1960s

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

'k,m(t) = ejk!0t'(t�mt0)
<latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit><latexit sha1_base64="+71/pzfMVC9FiScyuwlbtok49k0=">AAACHXicbVBNSwMxFMz6WetX1aOXYBFa0LIrgl6EohePCrYV2rpk09c2NtldkrdCWfpHvPhXvHhQxIMX8d+Y1j1odSAwzMzj5U0QS2HQdT+dmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI30dMANShFBDgRKuYw1MBRIaweBs7DfuQBsRhVc4jKGtWC8UXcEZWskvHLbumI77wk8He2pUwjI9oXCT3g5akYIe812KI5plSrivKPpu2S8U3Yo7Af1LvIwUSYYLv/De6kQ8URAil8yYpufG2E6ZRsEljPKtxEDM+ID1oGlpyBSYdjq5bkR3rdKh3UjbFyKdqD8nUqaMGarAJhXDvpn2xuJ/XjPB7nE7FWGcIIT8e1E3kRQjOq6KdoQGjnJoCeNa2L9S3meacbSF5m0J3vTJf0n9oOK5Fe/ysFg9zerIkW2yQ0rEI0ekSs7JBakRTu7JI3kmL86D8+S8Om/f0Rknm9kiv+B8fAFvJ6DW</latexit>

k,m 2 Z
<latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit><latexit sha1_base64="XVRFXFIaUy2QBqR9KReIexbbW5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDeza5CxCHhPIi7AeB0H2kA/sutNwZkDLxC1JHUq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE07zqpYommEzwiPYNFTiiys9m2XN0YpQhCmNpntBopv7eyHCk1DQKzGSRUC16hfif1091eOVnTCSppoLMD4UpRzpGRRFoyCQlmk8NwUQykxWRMZaYaFNX1ZTgLn55mXTOG67TcO8u6s3rso4KHMExnIILl9CEW2hBGwg8wTO8wpuVWy/Wu/UxH12xyp1D+APr8wdHx5Py</latexit>

(m, k)
<latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit><latexit sha1_base64="gxFU697G+EDtjQIleefFuBwIJ00=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFxeR8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdREN0HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfuy4bkN7+Gq1rwt4ijDCZxCHTy4hibcQwt8IMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+AMuRjgE=</latexit>

short-time 
Fourier 

transform

1970s-80s
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1970s-80s: STFT

40

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

- example: consider a box function 
and         ,t0 = 1

<latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit>

!0 = 2⇡
<latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit><latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit><latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit><latexit sha1_base64="VmBwpK3YgrZmNu61r8j5YVXjdjI=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUIevEYwTwgu4TZSW8yZB7rzGwghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXnHJmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSmKTSo4kq3Y2KAMwkNyyyHdqqBiJhDKx7ezfzWCLRhSj7acQqRIH3JEkaJdVIUKgF90vVvqmHKuqWyX/HnwKskyEkZ5ah3S19hT9FMgLSUE2M6gZ/aaEK0ZZTDtBhmBlJCh6QPHUclEWCiyfzoKT53Sg8nSruSFs/V3xMTIowZi9h1CmIHZtmbif95ncwm19GEyTSzIOliUZJxbBWeJYB7TAO1fOwIoZq5WzEdEE2odTkVXQjB8surpFmtBH4leLgs127zOAroFJ2hCxSgK1RD96iOGoiiJ/SMXtGbN/JevHfvY9G65uUzJ+gPvM8f/wSRlA==</latexit>

'k,m(t) = ejk2⇡t'(t�m),
<latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit><latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit><latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit><latexit sha1_base64="X1VWCiehpMYxZ1PMS0Pc7X5MnYM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0UMtMEXQjFN24rGAf0NaSSdM2TjIzJHcKZehfuPFX3LhQxK3u/BvTdhbaeiBwOOdcbu5xQ8E12Pa3lVpZXVvfSG9mtrZ3dvey+wd1HUSKshoNRKCaLtFMcJ/VgINgzVAxIl3BGq53PfUbI6Y0D/w7GIesI8nA531OCRipmy21R0SFQ96NvaKc5KGALzG7jx88XG6HHMMEJ4E8nMpCsZvN2SV7BrxMnITkUIJqN/vV7gU0kswHKojWLccOoRMTBZwKNsm0I81CQj0yYC1DfSKZ7sSzuyb4xCg93A+UeT7gmfp7IiZS67F0TVISGOpFbyr+57Ui6F90Yu6HETCfzhf1I4EhwNOScI8rRkGMDSFUcfNXTIdEEQqmyowpwVk8eZnUyyXHLjm3Z7nKVVJHGh2hY5RHDjpHFXSDqqiGKHpEz+gVvVlP1ov1bn3MoykrmTlEf2B9/gB+8J42</latexit>

1960s

discrete 
Fourier 

transform

1970s-80s

short-time 
Fourier 

transform

1970s-80s

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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1970s-80s: STFT

41

- we can define the following transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

1970s-80s

Xk,m =

Z 1

�1
x(t)'⇤

k,m(t)dt =

Z 1

�1
x(t)'(t�mt0)e

�jk!0tdt
<latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit><latexit sha1_base64="LwcEexgortU1U3OJFl8c2Qhv378="></latexit>

X(!, ⌧) =

Z 1

�1
x(t)'⇤

!,⌧ (t)dt =

Z 1

�1
x(t)'(t� ⌧)e�j!tdt

<latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit><latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit><latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit><latexit sha1_base64="JOew+0DNCLkOg+k4yUSD8/RJfUA="></latexit>

- applying time-localised window to the signal before taking Fourier transform: 
windowed or short-time Fourier transform (STFT)

- Gaussian window achieves localisation in frequency: Gabor transform

short-time 
Fourier 

transform

1970s-80s

- STFT maps a 1-D function into a 2-D function (highly over-complete)
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DCT vs STFT

42

short-time 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

1970s-80s 1970s-80s

�k,m(n) = ej
2⇡
N nk'(n�mN)

<latexit sha1_base64="9oIi4Kkm79Cw6ayjBLBunCwEq+M="></latexit><latexit sha1_base64="9oIi4Kkm79Cw6ayjBLBunCwEq+M="></latexit><latexit sha1_base64="9oIi4Kkm79Cw6ayjBLBunCwEq+M="></latexit><latexit sha1_base64="9oIi4Kkm79Cw6ayjBLBunCwEq+M="></latexit>

- discrete STFT provides a non-orthogonal and over-complete dictionary

Rubinstein et al., “Dictionaries for sparse representation modeling,” Proceedings of the IEEE, 2010.

DCT STFT
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1980s: wavelet transform

43

- STFT atoms have fixed time-frequency resolution
- often times a multi-resolution representation is needed to capture various scales in 

natural signals

short-time 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

1970s-80s 1970s-80s

wavelet 
transform

1980s
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1980s: wavelet transform

44

- consider a set of shifted and scaled versions of a band-pass function

l,m 2 Z
<latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit><latexit sha1_base64="+GRgrEbVjbVd56qu+f8S1avbXmw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIoMuiG5cV7AObUCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7t6+fVDrqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWJxr6cJ9SM8EixkBGsjDewaP4uQxwTyIqzHQZA95AO77jScGdAycUtShxKtgf3lDWOSRlRowrFSfddJtJ9hqRnhNK96qaIJJhM8on1DBY6o8rNZ9hydGGWIwliaJzSaqb83MhwpNY0CM1kkVIteIf7n9VMdXvkZE0mqqSDzQ2HKkY5RUQQaMkmJ5lNDMJHMZEVkjCUm2tRVNSW4i19eJp3zhus03LuLevO6rKMCR3AMp+DCJTThFlrQBgJP8Ayv8Gbl1ov1bn3MR1escucQ/sD6/AFJXJPz</latexit>

'l,m(t) = '(a�lt�mt0) = '(
t�malt0

al
)

<latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit><latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit><latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit><latexit sha1_base64="O0M+xgH3LthhcO/1RHsOb7rrQdo="></latexit>

short-time 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

1970s-80s 1970s-80s

good time resolution (short-term)

good frequency resolution (long-term)

(m, l)
<latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit><latexit sha1_base64="/aP3lGpbyRUKmrTDuGR1MlDzMLQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5G7md56o0iyWjyZLaCDwSLKIEWys5NfFBT8fVGtuw50DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0r5seG7De7iqNW+LOMpwAqdQBw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/zRaOAg==</latexit>

wavelet 
transform

1980s
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t0 = 1
<latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit><latexit sha1_base64="r7K/uE4LrAMrOM59gKfKChMYd+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDfz209cG5GoR5ykPIjpUIlIMIpW8rHv3nj9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuuXXv4bLWuC3iKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB9uGOHQ==</latexit>

a = 2
<latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit><latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit><latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit><latexit sha1_base64="wKqwIv04s8FIlbY6cYoLTARJEYM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPdDrWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/+olK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+2cY1o</latexit>

short-time 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1960s

discrete 
Fourier 

transform

1970s-80s 1970s-80s

- example: consider a square wave 
function and         , 'l,m(t) = '(

t� 2lm

2l
),

<latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit><latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit><latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit><latexit sha1_base64="6fd4GCFndoJ/EcpvtCRPX2ZdWwM=">AAACHHicbVDLSgMxFM34rPU16tJNsAgt1DJTBd0IRTcuK9gHtLVk0owNTWaG5E6hDPMhbvwVNy4UceNC8G9M21n4OnC5h3PuJbnHiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwQPWAA6CtSPFiPQEa3mjy6nfGjOleRjcwCRiPUnuAu5zSsBIffu4OyYqGvJ+IsoyLUIJn+NMKnZ9RWgCR9XbRKQyTWY9LZX7dsGpODPgv8TNSAFlqPft9+4gpLFkAVBBtO64TgS9hCjgVLA03401iwgdkTvWMTQgkuleMjsuxYdGGWA/VKYCwDP1+0ZCpNYT6ZlJSWCof3tT8T+vE4N/1kt4EMXAAjp/yI8FhhBPk8IDrhgFMTGEUMXNXzEdEhMJmDzzJgT398l/SbNacZ2Ke31SqF1kceTQPjpAReSiU1RDV6iOGoiie/SIntGL9WA9Wa/W23x0wcp29tAPWB9fM4Ohbg==</latexit>

wavelet 
transform

1980s

Vetterli et al., “Foundations of signal processing,” Cambridge University Press, 2014.
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- consider a more general function and define the following transform

 s,⌧ (t) =
1p
s
 (

t� ⌧

s
)

<latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit><latexit sha1_base64="i/TeppdZxa1s/R67FAYnbDWliXw=">AAACJHicbVDLSsNAFJ3UV62vqks3g0VoQUsigoIIRTcuK9gHNKFMppN26OThzI1QQj7Gjb/ixoUPXLjxW5ymWWj1wMDhnHO5c48bCa7AND+NwsLi0vJKcbW0tr6xuVXe3mmrMJaUtWgoQtl1iWKCB6wFHATrRpIR3xWs446vpn7nnknFw+AWJhFzfDIMuMcpAS31y+d2pHg/UYc2kDitQg1fYNuThCZWmtjqTkKi0nQaqs5kOMqSWq31yxWzbmbAf4mVkwrK0eyX3+xBSGOfBUAFUapnmRE4CZHAqWBpyY4ViwgdkyHraRoQnyknyY5M8YFWBtgLpX4B4Ez9OZEQX6mJ7+qkT2Ck5r2p+J/Xi8E7cxIeRDGwgM4WebHAEOJpY3jAJaMgJpoQKrn+K6YjorsA3WtJl2DNn/yXtI/rllm3bk4qjcu8jiLaQ/uoiix0ihroGjVRC1H0gJ7QC3o1Ho1n4934mEULRj6zi37B+PoGK4alxA==</latexit>

X(s, ⌧) =

Z 1

�1
x(t) ⇤

s,⌧ (t)dt =

Z 1

�1
x(t)

1p
s
 ⇤(

t� ⌧

s
)dt

<latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit><latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit><latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit><latexit sha1_base64="RAKb6wW1eKYThaAdBP8j6JisDuU="></latexit>

- the prototype function       

- has a compact support (small or “-let”) 

- is band-pass with zero mean (“wave”):

 (t)
<latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit><latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit><latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit><latexit sha1_base64="fgS+nF7HU/ob0yQWDnjzWzw2NwI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vb219Y3Nru7BT3N3bPzgsHR03bZIaxhsskYlpR9RyKRRvoEDJ29pwGkeSt6Lx3cxvPXFjRaIecaJ5GNOhEgPBKDqp1dVWVPCiVyr7VX8OskqCnJQhR71X+ur2E5bGXCGT1NpO4GsMM2pQMMmnxW5quaZsTIe846iiMbdhNj93Ss6d0ieDxLhSSObq74mMxtZO4sh1xhRHdtmbif95nRQHN2EmlE6RK7ZYNEglwYTMfid9YThDOXGEMiPcrYSNqKEMXUJFF0Kw/PIqaV5WA78aPFyVa7d5HAU4hTOoQADXUIN7qEMDGIzhGV7hzdPei/fufSxa17x85gT+wPv8AcNijy0=</latexit>

- this is called the continuous wavelet transform (CWT)
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 (t)dt = 0

<latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit><latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit><latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit><latexit sha1_base64="motg2CiVy4sYDQ5Uy4HjhMPfLrk=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BR6sIyI4JuhKIblxXsBTpjyaSZNjSTGZIzQhn6Bm58FTcuFHHr1p1vY9rOQqsHQj7+/xyS8weJ4Boc58sqLCwuLa8UV0tr6xubW/b2TlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLya+K17pjSP5S2MEuZHpC95yCkBI3XtQ49L6GbH5gphNL7LcsBeonkFjnAP8AV2unbZqTrTwn/BzaGM8qp37U+vF9M0YhKoIFp3XCcBPyMKOBVsXPJSzRJCh6TPOgYliZj2s+k+Y3xglB4OY2WOBDxVf05kJNJ6FAWmMyIw0PPeRPzP66QQnvsZl0kKTNLZQ2EqMMR4Eg7uccUoiJEBQhU3f8V0QBShYCIsmRDc+ZX/QvOk6jpV9+a0XLvM4yiiPbSPKshFZ6iGrlEdNRBFD+gJvaBX69F6tt6s91lrwcpndtGvsj6+AfF5m+Y=</latexit>

- CWT maps a 1-D function into a 2-D function (highly over-complete)
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- examples of prototype function (mother wavelet) 
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- CWT can be discretised to define a discrete-time wavelet transform (DTWT), but 
both CWT and DTWT are non-orthogonal and over-complete

- however, unlike STFT, we can design an orthogonal wavelet transform through a 
multi-resolution analysis

 l,m(t) =
1p
2l
 (

t� 2lm

2l
)

<latexit sha1_base64="kRDvUpI4t8C3brcEWt8CgQzRSMM=">AAACLHicbVDLSgMxFM3Ud31VXboJFqGClpki6EYQu3GpYG2hU0smzWhoMjMmd4QS5oPc+CuCuLCIW7/DdDoLXwcCh3PO5eaeIBFcg+uOndLM7Nz8wuJSeXlldW29srF5reNUUdaisYhVJyCaCR6xFnAQrJMoRmQgWDsYNid++4EpzePoCkYJ60lyG/GQUwJW6leafqJ534h9mdVgD59gP1SEGi8zvr5XYBo3RmRZhiex2tSDg1yUWWHu9StVt+7mwH+JV5AqKnDRr7z4g5imkkVABdG667kJ9AxRwKlgWdlPNUsIHZJb1rU0IpLpnsmPzfCuVQY4jJV9EeBc/T5hiNR6JAOblATu9G9vIv7ndVMIj3uGR0kKLKLTRWEqMMR40hwecMUoiJElhCpu/4rpHbGNgO23bEvwfp/8l1w36p5b9y4Pq6dnRR2LaBvtoBry0BE6RefoArUQRY/oGb2hsfPkvDrvzsc0WnKKmS30A87nF/yqqLE=</latexit><latexit sha1_base64="kRDvUpI4t8C3brcEWt8CgQzRSMM=">AAACLHicbVDLSgMxFM3Ud31VXboJFqGClpki6EYQu3GpYG2hU0smzWhoMjMmd4QS5oPc+CuCuLCIW7/DdDoLXwcCh3PO5eaeIBFcg+uOndLM7Nz8wuJSeXlldW29srF5reNUUdaisYhVJyCaCR6xFnAQrJMoRmQgWDsYNid++4EpzePoCkYJ60lyG/GQUwJW6leafqJ534h9mdVgD59gP1SEGi8zvr5XYBo3RmRZhiex2tSDg1yUWWHu9StVt+7mwH+JV5AqKnDRr7z4g5imkkVABdG667kJ9AxRwKlgWdlPNUsIHZJb1rU0IpLpnsmPzfCuVQY4jJV9EeBc/T5hiNR6JAOblATu9G9vIv7ndVMIj3uGR0kKLKLTRWEqMMR40hwecMUoiJElhCpu/4rpHbGNgO23bEvwfp/8l1w36p5b9y4Pq6dnRR2LaBvtoBry0BE6RefoArUQRY/oGb2hsfPkvDrvzsc0WnKKmS30A87nF/yqqLE=</latexit><latexit sha1_base64="kRDvUpI4t8C3brcEWt8CgQzRSMM=">AAACLHicbVDLSgMxFM3Ud31VXboJFqGClpki6EYQu3GpYG2hU0smzWhoMjMmd4QS5oPc+CuCuLCIW7/DdDoLXwcCh3PO5eaeIBFcg+uOndLM7Nz8wuJSeXlldW29srF5reNUUdaisYhVJyCaCR6xFnAQrJMoRmQgWDsYNid++4EpzePoCkYJ60lyG/GQUwJW6leafqJ534h9mdVgD59gP1SEGi8zvr5XYBo3RmRZhiex2tSDg1yUWWHu9StVt+7mwH+JV5AqKnDRr7z4g5imkkVABdG667kJ9AxRwKlgWdlPNUsIHZJb1rU0IpLpnsmPzfCuVQY4jJV9EeBc/T5hiNR6JAOblATu9G9vIv7ndVMIj3uGR0kKLKLTRWEqMMR40hwecMUoiJElhCpu/4rpHbGNgO23bEvwfp/8l1w36p5b9y4Pq6dnRR2LaBvtoBry0BE6RefoArUQRY/oGb2hsfPkvDrvzsc0WnKKmS30A87nF/yqqLE=</latexit><latexit sha1_base64="kRDvUpI4t8C3brcEWt8CgQzRSMM=">AAACLHicbVDLSgMxFM3Ud31VXboJFqGClpki6EYQu3GpYG2hU0smzWhoMjMmd4QS5oPc+CuCuLCIW7/DdDoLXwcCh3PO5eaeIBFcg+uOndLM7Nz8wuJSeXlldW29srF5reNUUdaisYhVJyCaCR6xFnAQrJMoRmQgWDsYNid++4EpzePoCkYJ60lyG/GQUwJW6leafqJ534h9mdVgD59gP1SEGi8zvr5XYBo3RmRZhiex2tSDg1yUWWHu9StVt+7mwH+JV5AqKnDRr7z4g5imkkVABdG667kJ9AxRwKlgWdlPNUsIHZJb1rU0IpLpnsmPzfCuVQY4jJV9EeBc/T5hiNR6JAOblATu9G9vIv7ndVMIj3uGR0kKLKLTRWEqMMR40hwecMUoiJElhCpu/4rpHbGNgO23bEvwfp/8l1w36p5b9y4Pq6dnRR2LaBvtoBry0BE6RefoArUQRY/oGb2hsfPkvDrvzsc0WnKKmS30A87nF/yqqLE=</latexit>

- functions at given scale    form an 
orthogonal basis of a space at scale 

- all functions across different scales 
are also orthogonal

l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

design principle
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- DWT is behind the JEPG 2000 image compression standard

- the discrete version is the discrete wavelet transform (DWT) which provides an 
orthogonal dictionary
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DCT vs KLT vs STFT vs DWT
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wavelet 
transform

short-time 
Fourier 

transform

discrete 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1980s1960s 1970s-80s 1970s-80s

DCT KLT

STFT DWT

- comparison of the dictionaries we looked at so far

Rubinstein et al., “Dictionaries for sparse representation modeling,” Proceedings of the IEEE, 2010.
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Transform/analytic dictionary design
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wavelet 
transform

short-time 
Fourier 

transform

discrete 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1980s1960s 1970s-80s 1970s-80s

- summary 

modelling data by a simpler class of mathematical functions 

smooth functions (DFT, DCT) 

piecewise-smooth functions (wavelets) 

desired properties 

localisation (STFT, wavelets) 

multi-resolution (wavelets) 

adaptivity (KLT, wavelet packets) 

fast implementation is usually available 

limited expressiveness
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Outline
• A historical overview of dictionary design techniques 

- signal representation via stochastic models

52

- transforms & analytic dictionaries

- trained dictionaries (dictionary learning)

• Discussion 
- applications

- connection with deep learning
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A paradigm shift in dictionary design
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>
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sparse coefficients

all signals use all atoms different signals use different atoms

mathematical modelling adaptation to data realisations
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Fourier 

transform

discrete 
Fourier 

transform

1974

discrete 
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transform

Karhunen-
Loève 

transform

1980s1960s 1970s-80s 1970s-80s
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Illustrative example
• Modelling assumption: Each data point is a combination of only a few 

(sparse) fundamental elements, i.e., dictionary atoms

54

CoefficientsDictionarySignals
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Sparse representations

55

= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>
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�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

wavelet 
transform

short-time 
Fourier 

transform

discrete 
Fourier 

transform

1974

discrete 
cosine 

transform

Karhunen-
Loève 

transform

1980s1960s 1970s-80s 1970s-80s

Mallat and Zhang, “Matching pursuits with time-frequency dictionaries,” IEEE TSP, 1993. 
Tibshirani, “Regression Shrinkage and Selection via the Lasso,” Journal of the Royal Statistical Society: Series B, 1996.

- given dictionary, express signal as linear 
combination of a small number of atoms

- the problem is NP-hard 

- two approximation algorithms 

matching pursuit (MP) 

least absolute shrinkage and selection 
operator (Lasso)

minc||c||0 subject to x = �c+ ⌘ and ||⌘||22  ✏

<latexit sha1_base64="ZgxV2nEHAYVJdsq3uU6FEvF8UPc="></latexit>
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Sparse representations

56

= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- MP 

choose a subset of atoms from   

one atom at a time to maximally 
(greedily) reduce approximation error

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

min
c

||x��c||22 + �||c||1
<latexit sha1_base64="7BEzxlLzj4IsOLW1GcsUYwuZRUE="></latexit><latexit sha1_base64="7BEzxlLzj4IsOLW1GcsUYwuZRUE="></latexit><latexit sha1_base64="7BEzxlLzj4IsOLW1GcsUYwuZRUE="></latexit><latexit sha1_base64="7BEzxlLzj4IsOLW1GcsUYwuZRUE="></latexit>

- Lasso 

solve a convex relaxation by replacing 
the 0-norm with 1-norm on c
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= X

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

c
<latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit><latexit sha1_base64="+A6VEtos3HL/1r2wKYFonhC20Mo=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhxmaDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHdUJEH</latexit>

�
<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- given dictionary, MP and Lasso can find 
a sparse approximation of the data 

- the sparsity depends on not only data 
but also the dictionary

- finding optimised dictionaries is the goal 
of dictionary learning
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- probabilistic approach: maximum likelihood

�⇤ = argmax
�

[log P (x|�)]
<latexit sha1_base64="9a/8ea6SGmz2Mr1A5K34pNY8cJY="></latexit><latexit sha1_base64="9a/8ea6SGmz2Mr1A5K34pNY8cJY="></latexit><latexit sha1_base64="9a/8ea6SGmz2Mr1A5K34pNY8cJY="></latexit><latexit sha1_base64="9a/8ea6SGmz2Mr1A5K34pNY8cJY="></latexit>

= argmax
�

[log

Z

c
P (x|c,�)P (c)dc]

<latexit sha1_base64="M0qp7Z5VoIc2RW9LB+CEYCMtlGE="></latexit><latexit sha1_base64="M0qp7Z5VoIc2RW9LB+CEYCMtlGE="></latexit><latexit sha1_base64="M0qp7Z5VoIc2RW9LB+CEYCMtlGE="></latexit><latexit sha1_base64="M0qp7Z5VoIc2RW9LB+CEYCMtlGE="></latexit>

= argmin
�,c

||x��c||22 + �||c||1
<latexit sha1_base64="sGCQnaq7A8/U1J63LN5wk4oz/Lw="></latexit><latexit sha1_base64="sGCQnaq7A8/U1J63LN5wk4oz/Lw="></latexit><latexit sha1_base64="sGCQnaq7A8/U1J63LN5wk4oz/Lw="></latexit><latexit sha1_base64="sGCQnaq7A8/U1J63LN5wk4oz/Lw="></latexit>

�⇤ = argmin
�,c

�log[P (x|c,�)P (c)]
<latexit sha1_base64="h17B8OFoagjw/h82juG3O1PSU/g="></latexit><latexit sha1_base64="h17B8OFoagjw/h82juG3O1PSU/g="></latexit><latexit sha1_base64="h17B8OFoagjw/h82juG3O1PSU/g="></latexit><latexit sha1_base64="h17B8OFoagjw/h82juG3O1PSU/g="></latexit>
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sparse 
coding

- assumption 1: Laplace distribution of coefficients 

- assumption 2: Gaussian distribution of error

ci
<latexit sha1_base64="2rbMBGWX+J2ZXPbsp42Jn5fsmoM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK2WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPXy2R4w==</latexit><latexit sha1_base64="2rbMBGWX+J2ZXPbsp42Jn5fsmoM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK2WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPXy2R4w==</latexit><latexit sha1_base64="2rbMBGWX+J2ZXPbsp42Jn5fsmoM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK2WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPXy2R4w==</latexit><latexit sha1_base64="2rbMBGWX+J2ZXPbsp42Jn5fsmoM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDK2WzAB/WG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPXy2R4w==</latexit>

⌘
<latexit sha1_base64="/61j4LFIzgXCNuLHq1hWl+x2O5o=">AAAB+nicbVC7TsMwFHXKq5RXCiNLRIXEVCUICcYKFsYi0YfURJXjOK1Vx47sG1AV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmHKmwXW/rcra+sbmVnW7trO7t39g1w+7WmaK0A6RXKp+iDXlTNAOMOC0nyqKk5DTXji5KfzeA1WaSXEP05QGCR4JFjOCwUhDu+6Hkkd6mpgr9yng2dBuuE13DmeVeCVpoBLtof3lR5JkCRVAONZ64LkpBDlWwAins5qfaZpiMsEjOjBU4ITqIJ9HnzmnRomcWCpzBDhz9fdGjhNdpDOTCYaxXvYK8T9vkEF8FeRMpBlQQRYPxRl3QDpFD07EFCXAp4ZgopjJ6pAxVpiAaatmSvCWv7xKuudNz216dxeN1nVZRxUdoxN0hjx0iVroFrVRBxH0iJ7RK3qznqwX6936WIxWrHLnCP2B9fkD/m+Udg==</latexit><latexit sha1_base64="/61j4LFIzgXCNuLHq1hWl+x2O5o=">AAAB+nicbVC7TsMwFHXKq5RXCiNLRIXEVCUICcYKFsYi0YfURJXjOK1Vx47sG1AV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmHKmwXW/rcra+sbmVnW7trO7t39g1w+7WmaK0A6RXKp+iDXlTNAOMOC0nyqKk5DTXji5KfzeA1WaSXEP05QGCR4JFjOCwUhDu+6Hkkd6mpgr9yng2dBuuE13DmeVeCVpoBLtof3lR5JkCRVAONZ64LkpBDlWwAins5qfaZpiMsEjOjBU4ITqIJ9HnzmnRomcWCpzBDhz9fdGjhNdpDOTCYaxXvYK8T9vkEF8FeRMpBlQQRYPxRl3QDpFD07EFCXAp4ZgopjJ6pAxVpiAaatmSvCWv7xKuudNz216dxeN1nVZRxUdoxN0hjx0iVroFrVRBxH0iJ7RK3qznqwX6936WIxWrHLnCP2B9fkD/m+Udg==</latexit><latexit sha1_base64="/61j4LFIzgXCNuLHq1hWl+x2O5o=">AAAB+nicbVC7TsMwFHXKq5RXCiNLRIXEVCUICcYKFsYi0YfURJXjOK1Vx47sG1AV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmHKmwXW/rcra+sbmVnW7trO7t39g1w+7WmaK0A6RXKp+iDXlTNAOMOC0nyqKk5DTXji5KfzeA1WaSXEP05QGCR4JFjOCwUhDu+6Hkkd6mpgr9yng2dBuuE13DmeVeCVpoBLtof3lR5JkCRVAONZ64LkpBDlWwAins5qfaZpiMsEjOjBU4ITqIJ9HnzmnRomcWCpzBDhz9fdGjhNdpDOTCYaxXvYK8T9vkEF8FeRMpBlQQRYPxRl3QDpFD07EFCXAp4ZgopjJ6pAxVpiAaatmSvCWv7xKuudNz216dxeN1nVZRxUdoxN0hjx0iVroFrVRBxH0iJ7RK3qznqwX6936WIxWrHLnCP2B9fkD/m+Udg==</latexit><latexit sha1_base64="/61j4LFIzgXCNuLHq1hWl+x2O5o=">AAAB+nicbVC7TsMwFHXKq5RXCiNLRIXEVCUICcYKFsYi0YfURJXjOK1Vx47sG1AV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmHKmwXW/rcra+sbmVnW7trO7t39g1w+7WmaK0A6RXKp+iDXlTNAOMOC0nyqKk5DTXji5KfzeA1WaSXEP05QGCR4JFjOCwUhDu+6Hkkd6mpgr9yng2dBuuE13DmeVeCVpoBLtof3lR5JkCRVAONZ64LkpBDlWwAins5qfaZpiMsEjOjBU4ITqIJ9HnzmnRomcWCpzBDhz9fdGjhNdpDOTCYaxXvYK8T9vkEF8FeRMpBlQQRYPxRl3QDpFD07EFCXAp4ZgopjJ6pAxVpiAaatmSvCWv7xKuudNz216dxeN1nVZRxUdoxN0hjx0iVroFrVRBxH0iJ7RK3qznqwX6936WIxWrHLnCP2B9fkD/m+Udg==</latexit>

Olshausen and Field, “Emergence of simple-cell receptive field properties by learning a sparse code for natural images,” Nature, 1996.
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Dictionary learning: Probabilistic approach

59

- the problem is solved by iterating between two steps

min
�,c

||x��c||22 + �||c||1
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sparse approximation: given     , solve for c via Lasso�
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- works at patch level for efficiency 

- does not necessarily find global optimum

- trained atoms are remarkably similar to mammalian simple-cell receptive fields
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Olshausen and Field, “Emergence of simple-cell receptive field properties by learning a sparse code for natural images,” Nature, 1996.
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Dictionary learned with sparse coding
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Dictionary learning
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- summary 

learning representations directly from data realisations 

desired properties 

over-completeness 

sparse representations 

efficiency in training 

may be combined with analytical dictionary design 

trained dictionary with structures (e.g., parametric dictionary learning)
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Outline
• A historical overview of dictionary design techniques 

- signal representation via stochastic models

62

- transforms & analytic dictionaries

- trained dictionaries (dictionary learning)

• Discussion 
- applications

- connection with deep learning
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Signal denoising
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denoising using the order 4 symlets wavelets
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Image compression
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JPEG 2000 (10% in size) JPEG 2000 (1% in size)original

compression using the Cohen-Daubechies-Feauveau wavelets 
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Image reconstruction
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Image restoration
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Connection with deep learning
• Dictionary learning vs. Deep learning

67
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<latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit><latexit sha1_base64="KKGppCOdx7ae03H3ueKZACxFHUg=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERUSU5UgJBgrWBiLRB9SE1WO47RWHTuyHVAV+iksDCDEypew8Tc4bQZoOZLlo3PulY9PmDKqtOt+W5W19Y3Nrep2bWd3b//Arh92lcgkJh0smJD9ECnCKCcdTTUj/VQSlISM9MLJTeH3HohUVPB7PU1JkKARpzHFSBtpaNf9ULBITRNz5X57TGdDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96btO7u2i0rss6qnAMJ3AGHlxCC26hDR3A8AjP8Apv1pP1Yr1bH4vRilXuHMEfWJ8/2DyUXQ==</latexit>

- both extract feature representations from data realisations

- both apply sparsifying operations such as shrinkage or rectified linear units

- the former leads to representations that are not necessarily hierarchical (shallow 

model, no convolution operator, no pooling)

- the former is normally for reconstruction/approximation (similar to 

autoencoders) while the latter is mainly for classification

https://en.wikipedia.org/wiki/File:Typical_cnn.png

https://en.wikipedia.org/wiki/File:Typical_cnn.png
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