
AIMS CDT - Signal Processing

Michaelmas Term 2022

Xiaowen Dong

Department of Engineering Science



• Lectures

- Monday-Thursday 10:00-12:00

- lecture slides: http://www.robots.ox.ac.uk/~xdong/teaching.html


• Lab sessions

- Tuesday-Thursday 14:00-17:00

- lab notes: http://www.robots.ox.ac.uk/~xdong/teaching.html

- lab demonstrators


- Yin-Cong Zhi (yin-cong.zhi@st-annes.ox.ac.uk)

- Pierre Osselin (pierre.osselin@eng.ox.ac.uk)

- Bohan Tang (bohan.tang@eng.ox.ac.uk)


- light-weight assessment (exercise at the end of Lab 2)

- to be submitted to xdong@robots.ox.ac.uk by Monday Oct 24th 18:00


• Questions & Comments

- Xiaowen Dong (xdong@robots.ox.ac.uk)
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• Part I Classical signal processing
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semaphore telegraph (1792)smoke signal (1570)

speech processing (1950s-)Morse code (1830s)

- linear systems, convolution, time-frequency analysis, filtering, analogue & digital 
filters, discrete Fourier transform

- Day 1: Basic concepts and tools (thanks to Steve Roberts)



• Part I Classical signal processing
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- stochastic models, time-frequency representation, transforms, dictionary learning

- Lab 1: Autoregressive models

- Day 2: Representation of signals



• Part II Graph signal processing
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traffic congestion political preference

- graph signals, graph Fourier transform, filtering, representation of graph signals

- Lab 2: Graph signal processing

- Day 3: Introduction to graph signal processing



• Part II Graph signal processing
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drug discovery

fake news detection

- graph ML tasks, graph convolution, spatial-domain vs spectral-domain approaches

- Lab 3: Graph neural networks

- Day 4: Introduction to graph machine learning (by Dorina Thanou)
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Textbooks (Part I)
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• Lynn. An introduction to the analysis and 
processing of signals. Macmillan, 1989.


• Oppenheim and Schafer. Digital signal 
processing. Prentice Hall, 1975.


• Proakis and Manolakis. Digital signal processing: 
Principles, algorithms and applications. Prentice 
Hall, 2007


• Orfanidis. Introduction to signal processing. 
Prentice Hall, 1996. Available online at                           
http://eceweb1.rutgers.edu/~orfanidi/intro2sp/

http://eceweb1.rutgers.edu/~orfanidi/intro2sp/
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Textbooks (Part I)
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• Vetterli et al. Foundations of signal processing. 
Cambridge University Press, 2014. Available 
online at http://www.fourierandwavelets.org


• Kovačević et al. Fourier and wavelet signal 
processing. Available online at                           
http://www.fourierandwavelets.org

• MATLAB Signal Processing Toolbox: 


- https://www.mathworks.com/help/signal/


• SciPy Signal Processing Toolbox:


- https://docs.scipy.org/doc/scipy/reference/tutorial/signal.html


- https://scipy-cookbook.readthedocs.io/items/idx_signal_processing.html

Toolboxes

http://www.fourierandwavelets.org
http://www.fourierandwavelets.org
https://www.mathworks.com/help/signal/
https://docs.scipy.org/doc/scipy/reference/tutorial/signal.html
https://scipy-cookbook.readthedocs.io/items/idx_signal_processing.html
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Textbooks (Part II)
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• Ortega. Introduction to graph signal processing. 
Cambridge University Press, 2022.


• Hamilton. Graph representation learning. 
Morgan & Claypool Publishers, 2020. Available 
online at                                         
https://www.cs.mcgill.ca/~wlh/grl_book/

• https://web.media.mit.edu/~xdong/resource.html


• https://github.com/naganandy/graph-based-deep-learning-literature

Resources

https://www.cs.mcgill.ca/~wlh/grl_book/
https://web.media.mit.edu/~xdong/resource.html
https://github.com/naganandy/graph-based-deep-learning-literature
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Basic Concepts and Tools
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Signal types
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Analogue vs. Digital signal processing
• Many signals of practical interest are analogue: e.g., speech, seismic, 

radar, and sonar signals


• Analogue signal processing systems are based on analogue equipment: 
e.g., channel vocoder

12

• Dramatic advance of digital computing moves the 
trend towards digital systems
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Linear systems
• Principle of superposition
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systemax1(t) + bx2(t) ay1(t) + by2(t)

Fout ✓ Fin

sub-
system

sub-
systemx sub-

system
sub-

systemxsystemx ⌘ ⌘

• Frequency preservation:

• Can be broken down into simpler sub-systems

t t

system
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Time-invariant systems
• Time-invariance
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system systemx(t� t0) y(t� t0)x(t) y(t)

t

t

t

tt0

t0
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Linear time-invariant (LTI) systems
• Linear time-invariant (LTI) systems are both linear and time-invariant

15

y(t) = x(t)� x(t� 1)y(t) = x(t+ 1)� x(t)

y(t) = x(t)� x(t� 1)

y(t) = x(t)� x(t� 1)y(t) =
1

x(t)

• Causality: “present” only depends on “present” and “past”

• Stability: a system is bounded-input bounded-output (BIBO) stable if

y(t) = x(2t)y(t) = [x(t)]2

|y(t)|  My < 1
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|x(t)|  Mx < 1
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Linear processes

• Input-output characteristics can be defined by

- impulse response in the time domain

- transfer function in the frequency domain


• There is an invertible mapping between time- and frequency-domain 
representations

16

input LTI

system output

amplification, (un)-mixing, filtering, etc.
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Time-domain analysis - Convolution
• Convolution allows the evaluation of the output signal from an LTI 

system, given its impulse response and input signal

17

system

t t

• Evaluate system output for

- input: succession of impulse functions (which generate weighted impulse responses)

- output: sum of the effect of each impulse function

g(t)�(t)

system

t⌧

1

2
�(t� ⌧)

1

2
g(t� ⌧)

t⌧
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Time-domain analysis - Convolution
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Time-domain analysis - Convolution

19

system

t t

... ...

y(t) =
X

⌧

{x(⌧)d⌧}g(t� ⌧)
d⌧!0�!

Z 1

0
x(⌧)g(t� ⌧)d⌧

- this gives the convolution integral

⌧

x(t)

⌧

{x(⌧)d⌧}g(t� ⌧)

{x(⌧)d⌧}�(t)

- the system response is the convolution of the input and the impulse response 

x(⌧)d⌧

d⌧

- the system is completely characterised by impulse response in time-domain
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Time-domain analysis - Convolution
• Convolution is commutative

20

y(t) =

Z 1

0
x(⌧)g(t� ⌧)d⌧ =

Z 1

0
x(t� ⌧)g(⌧)d⌧

f(t) =

Z 1

�1
x(⌧)g(t� ⌧)d⌧

Rxy(⌧) =

Z 1

�1
x(t)y(t� ⌧)dt

integral over lags at a fixed time

integral over time for a fixed lag

• Convolution vs. Correlation
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Frequency-domain analysis
• Consider the following LTI system

21

y(t) =

Z 1

�1
es⌧g(t� ⌧)d⌧ =

Z 1

�1
g(t)e�stdt · est

x(t) = est g(t) y(t)

G(s)

est-       is an eigenfunction of an LTI system with eigenvalue         , which is the 
Laplace transform of the impulse response

G(s)

- knowledge of         for all    completely characterises the systemG(s) s

g(t)

<latexit sha1_base64="NsvOhQyUPZpT0iRPxByd4cw8gtE=">AAACAXicbVA9TwJBEN3DL8Qv1NJmIzHBhtwZjJZEG0tMBEzgQvaWPdiwt3vZnVPJhcreVv+CnbH1l/gP/BnuAYWAL5nk5b2ZzMwLYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNoxJNWYMqofR9QAwTXLIGcBDsPtaMRIFgrWB4nfmtB6YNV/IORjHzI9KXPOSUQCb1y3DaLZbcijsBXibejJTQDPVu8afTUzSJmAQqiDFtz43BT4kGTgUbFzqJYTGhQ9JnbUsliZjx08mtY3xilR4OlbYlAU/UvxMpiYwZRYHtjAgMzKKXif957QTCSz/lMk6ASTpdFCYCg8LZ47jHNaMgRpYQqrm9FdMB0YSCjWduC3sCorV6NGMbjbcYxDJpnlW8auX8tlqqXc1CyqMjdIzKyEMXqIZuUB01EEUD9IJe0Zvz7Lw7H87ntDXnzGYO0Rycr19TnZe2</latexit>
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The Laplace transform
• Laplace transform of 


• Transfer function

22

X(s) G(s) Y (s) = G(s)X(s)

x(t)

G(s)

G(s) =
A(s� z1) . . . (s� zm)

(s� p1)(s� p2) . . . (s� pn)

X(s) =

Z 1

�1
x(t)e�stdt

• Can be expressed as a pole-zero representation of the form

pole at infinity (             ) if           

zero at infinity (             ) if n > m

n < mG(1) = 1
G(1) = 0
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The Laplace transform and LTI system

23

s-plane

�

� > �a

�a

region of convergence (ROC):

a > 0where

- causal system: if the ROC extends 
rightward from the rightmost pole and 


- stable system: ROC includes the 
imaginary axis


- causal and stable system: all poles must 
be in the left-half of the s-plane

n � m

G(s) =

Z 1

�1
g(t)e�stdt =

Z 1

�1
g(t)e��te�j!tdt < 1

g(t) = e�atu(t)

G(s) =
1

s+ alow freq

high freq

j!
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The Fourier transform
• Laplace transform reduces to Fourier transform with 


• Transfer function reduces to frequency response

24

s = j!

X(j!) =

Z 1

�1
x(t)e�j!tdt

G(j!)

G(j!)X(j!) Y (j!) = G(j!)X(j!)

y(t) =
1

2⇡

Z 1

�1
Y (j!)ej!td!

• Inverse Fourier transform
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The Fourier series
• Fourier series for periodic signal

25

• When the period approaches infinity, the spectrum becomes continuous 
leading to Fourier transform for aperiodic signal (previous slide)
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Laplace vs. Fourier transform

26

Laplace transform Fourier transform

may exist when FT doesn’t may exist when LT doesn’t

transfer function

complex s-plane imaginary axis of complex s-plane

X(s) =

Z 1

�1
x(t)e�stdt X(j!) =

Z 1

�1
x(t)e�j!tdt

frequency response
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Time-domain vs. Frequency-domain
• Theorem


• Proof  Consider                      , by convolution:

27

x(t) = A cos!t

y(t) =

Z 1

0
Acos!(t� ⌧)g(⌧)d⌧

=
A

2

Z 1

0
ej!(t�⌧)g(⌧)d⌧ +

A

2

Z 1

0
e�j!(t�⌧)g(⌧)d⌧

=
A

2
ej!t

Z 1

�1
g(⌧)e�j!⌧d⌧ +

A

2
e�j!t

Z 1

�1
g(⌧)ej!⌧d⌧

=
A

2
{ej!tG(j!) + e�j!tG(�j!)}

<latexit sha1_base64="m9jr3C1QP1f8q/G+qjxhnjXHDi0="></latexit><latexit sha1_base64="m9jr3C1QP1f8q/G+qjxhnjXHDi0="></latexit><latexit sha1_base64="m9jr3C1QP1f8q/G+qjxhnjXHDi0="></latexit><latexit sha1_base64="m9jr3C1QP1f8q/G+qjxhnjXHDi0="></latexit>

If        is the impulse response of an LTI system, then its Fourier 
transform,          , is the frequency response of the system

g(t)
G(j!)
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g(t)

Time-domain vs. Frequency-domain

28

Let                     , i.e., G(j!) = Cej� C = |G(j!)|, � = arg{G(j!)}

then y(t) =
AC

2
{ej(!t+�) + e�j(!t+�)} = CA cos(!t+ �)

that is, an input sinusoid has its amplitude scaled by            
and phase changed by                , where          is the 
Fourier transform of the impulse response       .

|G(j!)|
arg{G(j!)} G(j!)
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Time-domain vs. Frequency-domain
• Theorem


• Proof

29

Convolution in the time domain is equivalent to multiplication in the 
frequency domain, i.e.,

y(t) = g(t) ⇤ x(t) ⌘ F�1{Y (j!) = G(j!)X(j!)}

y(t) = g(t) ⇤ x(t) ⌘ L�1{Y (s) = G(s)X(s)}

L{f(t) ⇤ g(t)} =

Z

t

Z

⌧
f(t� ⌧)g(⌧)d⌧e�stdt

=

Z

⌧
g(⌧)e�s⌧d⌧L{f(t)}

= L{g(t)}L{f(t)}

By letting             we prove the result for the Fourier transform.s = j!
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Time-domain vs. Frequency-domain
• We can move losslessly between time and frequency domains, choosing 

whichever is the easier to work with


• Convolution theorem provides the mathematical underpinning that helps 
understand stability and characteristics of linear systems such as filters

30

- stable system: ROC extends rightward 
from the rightmost pole and n � m

s-plane

�

j!

�a - low-pass system: frequency response can 
be analysed by drawing vectors from poles 
and zeros to imaginary axis
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Filtering
• Filtering as input-output relationship

31

input LTI

system output

g(t) y(t)

X(s) G(s)

G(j!)X(j!)

x(t)

impulse response

transfer function

frequency response
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Filtering
• Filters are frequency-selective linear systems


- Low-pass: extract short-term average or to eliminate high-frequency fluctuations


- High-pass: follow small-amplitude high-frequency perturbations in presence of 
much larger slowly-varying component


- Band-pass: select a required modulated carrier frequency out of many


- Band-stop: eliminate single-frequency interference (also known as notch filtering)

32

low-pass high-passband-pass

notch

ω

G(   )ω| |

|G(j!)|
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Design of analogue filters
• A filter may be described by its impulse response or by its frequency 

response (or transfer function)

33

|G(s)|2 = G(s)G⇤(s)

• Squared magnitude of the transfer function

G(s)G(�s)
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• Filter design takes into account

- the desired magnitude response


- the desired phase response

• Design procedure

- consider some desired response            as a ratio of two polynomials in even 

powers of    (or    )


- design the filter by assigning “stable” poles (those on L.H.S of s-plane) to        

|G(s)|2
s

G(s)

!
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Butterworth low-pass filters

34
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Analogue vs. Digital filters

35

• Analogue filters

- constructed from analogue circuit 

components (e.g., resistors, inductors, 
capacitors)

• Digital filters

- “hardware” form: set of digital circuits (logic 

gates, integrated circuits)


- “software” form: general-purpose micro-
computer
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Digital filtering
• Can be easily (re-)programmed to implement a number of different filters


• Accuracy only depends on round-off error in the arithmetic

- hence is predictable and performance known a priori


- can meet very tight specifications on frequency response


• Widespread use of mini- and micro-computers increased number of digital 
signals stored and processed


• Robust against noise and change in external environment (e.g., power 
supply issues, temperature variations)

36
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Digital filtering
• Digital filtering can be done in


- time domain: convolution with the impulse response

- frequency domain: multiplication by the desired filter characteristics

37

impulse response

pulse transfer function

x[k] g[k] y[k] = x[k] ⇤ g[k]

X(z) G(z) Y (z) = X(z)G(z)



/68

The sampling process

38

t

continuous

radians
sec

cycle
sec (Hz) radians

sample
cycle

sample

sampling

sample
sec

sec
sample

T t

discrete

xa(t) = Acos(2⇡fat+ �)

= Acos(!at+ �) = Acos(2⇡fdn+ �) = Acos(wdn+ �)
<latexit sha1_base64="4NIGRMtBAg4Tao224Sim4uq44Is=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDJTBF0oVN24rGAf0Cklk2ba0ExmSO6oZejPuPFX3LiwiODKXzF9LPrwQOBwzrnc3ONFgmuw7R8rtbK6tr6R3sxsbe/s7mX3D6o6jBVlFRqKUNU9opngklWAg2D1SDESeILVvN7dyK89MaV5KB+hH7FmQDqS+5wSMFIre3WNb1xgL5DQUA/yRTfi2G+1scRn2I26/BTPB55nvVY2ZxfsMfAycaYkh6Yot7JDtx3SOGASqCBaNxw7gmZCFHAq2CDjxppFhPZIhzUMlSRgupmMrxzgE6O0sR8q8yTgsTo7kZBA637gmWRAoKsXvZH4n9eIwb9sJlxGMTBJJ4v8WGAI8agy3OaKURB9QwhV3PwV0y5RhIIpNmNKcBZPXibVYsGxC87Dea50O60jjY7QMcojB12gErpHZVRBFL2id/SJhtab9WF9Wd+TaMqazhyiOVi/f5UEotM=</latexit><latexit sha1_base64="4NIGRMtBAg4Tao224Sim4uq44Is=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDJTBF0oVN24rGAf0Cklk2ba0ExmSO6oZejPuPFX3LiwiODKXzF9LPrwQOBwzrnc3ONFgmuw7R8rtbK6tr6R3sxsbe/s7mX3D6o6jBVlFRqKUNU9opngklWAg2D1SDESeILVvN7dyK89MaV5KB+hH7FmQDqS+5wSMFIre3WNb1xgL5DQUA/yRTfi2G+1scRn2I26/BTPB55nvVY2ZxfsMfAycaYkh6Yot7JDtx3SOGASqCBaNxw7gmZCFHAq2CDjxppFhPZIhzUMlSRgupmMrxzgE6O0sR8q8yTgsTo7kZBA637gmWRAoKsXvZH4n9eIwb9sJlxGMTBJJ4v8WGAI8agy3OaKURB9QwhV3PwV0y5RhIIpNmNKcBZPXibVYsGxC87Dea50O60jjY7QMcojB12gErpHZVRBFL2id/SJhtab9WF9Wd+TaMqazhyiOVi/f5UEotM=</latexit><latexit sha1_base64="4NIGRMtBAg4Tao224Sim4uq44Is=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDJTBF0oVN24rGAf0Cklk2ba0ExmSO6oZejPuPFX3LiwiODKXzF9LPrwQOBwzrnc3ONFgmuw7R8rtbK6tr6R3sxsbe/s7mX3D6o6jBVlFRqKUNU9opngklWAg2D1SDESeILVvN7dyK89MaV5KB+hH7FmQDqS+5wSMFIre3WNb1xgL5DQUA/yRTfi2G+1scRn2I26/BTPB55nvVY2ZxfsMfAycaYkh6Yot7JDtx3SOGASqCBaNxw7gmZCFHAq2CDjxppFhPZIhzUMlSRgupmMrxzgE6O0sR8q8yTgsTo7kZBA637gmWRAoKsXvZH4n9eIwb9sJlxGMTBJJ4v8WGAI8agy3OaKURB9QwhV3PwV0y5RhIIpNmNKcBZPXibVYsGxC87Dea50O60jjY7QMcojB12gErpHZVRBFL2id/SJhtab9WF9Wd+TaMqazhyiOVi/f5UEotM=</latexit><latexit sha1_base64="4NIGRMtBAg4Tao224Sim4uq44Is=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDJTBF0oVN24rGAf0Cklk2ba0ExmSO6oZejPuPFX3LiwiODKXzF9LPrwQOBwzrnc3ONFgmuw7R8rtbK6tr6R3sxsbe/s7mX3D6o6jBVlFRqKUNU9opngklWAg2D1SDESeILVvN7dyK89MaV5KB+hH7FmQDqS+5wSMFIre3WNb1xgL5DQUA/yRTfi2G+1scRn2I26/BTPB55nvVY2ZxfsMfAycaYkh6Yot7JDtx3SOGASqCBaNxw7gmZCFHAq2CDjxppFhPZIhzUMlSRgupmMrxzgE6O0sR8q8yTgsTo7kZBA637gmWRAoKsXvZH4n9eIwb9sJlxGMTBJJ4v8WGAI8agy3OaKURB9QwhV3PwV0y5RhIIpNmNKcBZPXibVYsGxC87Dea50O60jjY7QMcojB12gErpHZVRBFL2id/SJhtab9WF9Wd+TaMqazhyiOVi/f5UEotM=</latexit>

xd(n) = Acos(2⇡fanT + �) = Acos(2⇡
fa
fs

n+ �)
<latexit sha1_base64="d16oiTIg2ICHWITqk75JMwriP0Y="></latexit><latexit sha1_base64="d16oiTIg2ICHWITqk75JMwriP0Y="></latexit><latexit sha1_base64="d16oiTIg2ICHWITqk75JMwriP0Y="></latexit><latexit sha1_base64="d16oiTIg2ICHWITqk75JMwriP0Y="></latexit>
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2
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2
fs
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Aliasing

39
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Aliasing
• Sampling in time results in repeated spectrum in frequency

40

(from lecture notes by David Murray)
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Digital filtering and reconstruction

41

A/D 
converter

D/A 
converter

input anti-aliasing 
(anal. LPF)

suppress freq. above 1

2
fs
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digital 
filter

passband well below 1

2
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(anal. LPF)

(recovery filter)
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Digital filtering as regression
• Noise reduction: Polynomial fit using least-squares

42

-2    -1    0      1      2

-2    -1    0      1      2

parabolic fit

centre point, k=0
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Parabolic fit

43

k = {�2,�1, 0, 1, 2}p[k] = s0 + ks1 + k2s2 for

approximation error: E(s0, s1, s2) =
2X

k=�2

(x[k]� [s0 + ks1 + k2s2])
2

coefficients of the fit

@E

@s0
= 0

@E

@s1
= 0

@E

@s2
= 0

5s0 + 10s2 =
k=2X

k=�2

x[k]

10s1 =
k=2X

k=�2

kx[k]

10s0 + 34s2 =
k=2X

k=�2

k2x[k]

s0 =
1

35
(�3x[�2] + 12x[�1] + 17x[0] + 12x[1]� 3x[2])

s1 =
1

10
(�2x[�2]� x[�1] + x[1] + 2x[2])

s2 =
1

14
(2x[�2]� x[�1]� 2x[0]� x[1] + 2x[2])
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Parabolic fit

44

-2    -1    0      1      2

parabolic fit

centre point, k=0

- the parabola coefficient      is the filtering output


- it provides a smoothed approximation of each set of five data points

s0

p[k] |k=0 = s0 + ks1 + k2s2 |k=0= s0

=
1

35
(�3x[�2] + 12x[�1] + 17x[0] + 12x[1]� 3x[2])
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Parabolic fit

45
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Fig 2.5: Noisy data (thin line) and 5-point parabolic filtered (thick line).

Fig 2.6: Frequency response of the 5-point parabolic filter.

|G
(j
!
)|

2⇡/T⇡/T !



/68

Parabolic fit
• The parabolic filter we just considered is


- a low-pass filter (LPF)

46

y[k] =
NX

i=0

aix[k � i]

delay by 2T

y[k] =
1

35
(�3x[k + 2] + 12x[k + 1] + 17x[k] + 12x[k � 1]� 3x[k � 2])

y[k] =
1

35
(�3x[k] + 12x[k � 1] + 17x[k � 2] + 12x[k � 3]� 3x[k � 4])

- a non-causal filter:

- a non-recursive filter:
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Impulse response of digital filters

47

y[k] =
NX

i=0

aix[k � i]

Finite-Impulse Response (FIR):

Infinite-Impulse Response (IIR):

y[k] =
NX

i=0

aix[k � i]

y[k] =
NX

i=0

aix[k � i] +
MX

i=1

biy[k � i]

• The equation                           represents a discrete convolution of 

the input data with the filter coefficients

x[k] =

(
1, if k = 0

0, otherwise

Then y[k] =
X

i

aix[k � i] = akx[0] = ak
<latexit sha1_base64="s+Y7rR6p7BUynq31l7OTSNnkGZM=">AAACJXicbVDLSsNAFJ34rPUVdelmsChuLIkIuikU3bisYB+QhjCZTtshk0mYmWhD6B/4H+7d6i+4E8GVWz/DaZqFbT1w4dxz7uXOHD9mVCrL+jKWlldW19ZLG+XNre2dXXNvvyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtP7iZ+O0HIiSN+L1KY+KGaMBpn2KktOSZJ6kTuLWuTEKPQqRr5ARn1IU13QS6sdyceWbFqlo54CKxC1IBBRqe+dPtRTgJCVeYISkd24qVmyGhKGZkXO4mksQIB2hAHE05Col0s/w/Y3islR7sR0IXVzBX/25kKJQyDX09GSI1lPPeRPzPcxLVv3IzyuNEEY6nh/oJgyqCk3BgjwqCFUs1QVhQ/VaIh0ggrHSEM1fISCEhokc51tHY80EsktZ51baq9t1FpX5dhFQCh+AInAIbXII6uAUN0AQYPIEX8ArejGfj3fgwPqejS0axcwBmYHz/AgKRpKM=</latexit><latexit sha1_base64="s+Y7rR6p7BUynq31l7OTSNnkGZM=">AAACJXicbVDLSsNAFJ34rPUVdelmsChuLIkIuikU3bisYB+QhjCZTtshk0mYmWhD6B/4H+7d6i+4E8GVWz/DaZqFbT1w4dxz7uXOHD9mVCrL+jKWlldW19ZLG+XNre2dXXNvvyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtP7iZ+O0HIiSN+L1KY+KGaMBpn2KktOSZJ6kTuLWuTEKPQqRr5ARn1IU13QS6sdyceWbFqlo54CKxC1IBBRqe+dPtRTgJCVeYISkd24qVmyGhKGZkXO4mksQIB2hAHE05Col0s/w/Y3islR7sR0IXVzBX/25kKJQyDX09GSI1lPPeRPzPcxLVv3IzyuNEEY6nh/oJgyqCk3BgjwqCFUs1QVhQ/VaIh0ggrHSEM1fISCEhokc51tHY80EsktZ51baq9t1FpX5dhFQCh+AInAIbXII6uAUN0AQYPIEX8ArejGfj3fgwPqejS0axcwBmYHz/AgKRpKM=</latexit><latexit sha1_base64="s+Y7rR6p7BUynq31l7OTSNnkGZM=">AAACJXicbVDLSsNAFJ34rPUVdelmsChuLIkIuikU3bisYB+QhjCZTtshk0mYmWhD6B/4H+7d6i+4E8GVWz/DaZqFbT1w4dxz7uXOHD9mVCrL+jKWlldW19ZLG+XNre2dXXNvvyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtP7iZ+O0HIiSN+L1KY+KGaMBpn2KktOSZJ6kTuLWuTEKPQqRr5ARn1IU13QS6sdyceWbFqlo54CKxC1IBBRqe+dPtRTgJCVeYISkd24qVmyGhKGZkXO4mksQIB2hAHE05Col0s/w/Y3islR7sR0IXVzBX/25kKJQyDX09GSI1lPPeRPzPcxLVv3IzyuNEEY6nh/oJgyqCk3BgjwqCFUs1QVhQ/VaIh0ggrHSEM1fISCEhokc51tHY80EsktZ51baq9t1FpX5dhFQCh+AInAIbXII6uAUN0AQYPIEX8ArejGfj3fgwPqejS0axcwBmYHz/AgKRpKM=</latexit><latexit sha1_base64="s+Y7rR6p7BUynq31l7OTSNnkGZM=">AAACJXicbVDLSsNAFJ34rPUVdelmsChuLIkIuikU3bisYB+QhjCZTtshk0mYmWhD6B/4H+7d6i+4E8GVWz/DaZqFbT1w4dxz7uXOHD9mVCrL+jKWlldW19ZLG+XNre2dXXNvvyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtP7iZ+O0HIiSN+L1KY+KGaMBpn2KktOSZJ6kTuLWuTEKPQqRr5ARn1IU13QS6sdyceWbFqlo54CKxC1IBBRqe+dPtRTgJCVeYISkd24qVmyGhKGZkXO4mksQIB2hAHE05Col0s/w/Y3islR7sR0IXVzBX/25kKJQyDX09GSI1lPPeRPzPcxLVv3IzyuNEEY6nh/oJgyqCk3BgjwqCFUs1QVhQ/VaIh0ggrHSEM1fISCEhokc51tHY80EsktZ51baq9t1FpX5dhFQCh+AInAIbXII6uAUN0AQYPIEX8ArejGfj3fgwPqejS0axcwBmYHz/AgKRpKM=</latexit>

Proof  Let

• Theorem The coefficients constitute the impulse response of the filter.

recursive!
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The z-transform
• The z-transform is important in digital filtering


- it describes frequency-domain properties of discrete (sampled) data


- it is similar to the Laplace transform in analogue filtering

48

1T t2T kT0

... z = eTs

• Consider the Laplace transform of a discrete function as a succession of 
impulses

z may be thought of as a shift operator

= e�T · ej!T
f(0)

f(1)
f(2) f(k)

Fd(s) = f(0) + f(1)e�Ts + f(2)e�2Ts + . . .+ f(k)e�kTs+...
<latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit><latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit><latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit><latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit>

F (z) = f(0) + f(1)z�1 + f(2)z�2 + . . . f(k)z�k +...
<latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit><latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit><latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit><latexit sha1_base64="8ud1QAIFxqvicRilftHbwx0/kYI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzwoQzbTzv26msrW9sblW3azu7e/sH9cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxy6cJ13WG94bleAbRK/JI0oERrWP8ajGKSCioN4Vjrvu8lJsiwMoxwOq8NUk0TTKZ4TPuWSiyoDrLi1jk6s8oIRbGyJQ0q1N8TGRZaz0RoOwU2E73s5eJ/Xj810U2QMZmkhkqyWBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4ajYEf/nlVdK5dH3P9R+uGs3bMo4qnMApnIMP19CEe2hBGwhM4Ble4c0Rzovz7nwsWitOOXMMf+B8/gCyeY1X</latexit>
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The z-transform
• For many functions, the infinite series can be represented in “closed-form” 

as the ratio of two polynomials in 

49

f [k] =

(
0, if k < 0

1, if k � 0

F (z) = 1 + z�1 + z�2 + . . .+ z�k + . . .

=
1

1� z�1

z�1

step function

decaying exponential

(|z�1| < 1)

f(t) = e�↵t �! f [k] = e�↵kT
F (z) = 1 + e�↵T z�1 + e�↵2T z�2 + . . .+ e�↵kT z�k + . . .

=
1

1� e�↵T z�1

sinusoid

F (z) =
1

2
(

1

1� ej!T z�1
+

1

1� e�j!T z�1
)

=
1� cos!Tz�1

1� 2 cos!Tz�1 + z�2

f(t) = cos!t �!
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f [k] = cos k!T =
ejk!T + e�jk!T

2
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Pulse transfer function (PTF)
• PTF is ratio of z-transform of output to that of input

50

1 n2 3 N0

...

a1
a2

a3

aN

a0

1 n2 30

...
x[0]

x[1]
x[2]

x[3] X(z) = x[0] + x[1]z�1 + x[2]z�2 + . . .+ x[k]z�k + . . .

x[n]• Consider an input 

• Consider an FIR filter with the impulse response

G(z) = a0 + a1z
�1 + a2z

�2 + . . .+ aiz
�i + . . .+ aNz�N
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Pulse transfer function (PTF)

51

in which the coefficient for       isz�k

this is again a discrete convolution that gives the output       , and 
therefore                        : similar to the transfer function!

the product              is

y[k]

Y (z) = G(z)X(z)

X(s) G(s)

transfer function

pulse transfer function

Y (s) = G(s)X(s)

Y (z) = G(z)X(z)X(z) G(z)

G(z)X(z) = (a0 + a1z
�1 + . . .+ aiz

�i + . . .+ aNz�N )(x[0] + x[1]z�1 + . . .+ x[k]z�k + . . .)

a0x[k] + a1x[k � 1] + . . .+ aix[k � i] + . . .+ aNx[k �N ]

G(z)X(z)
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Pulse transfer function (PTF)
• PTF is the z-transform of impulse response


• For non-recursive filters


• For recursive filters

52

Y (z) =
NX

i=0

aiz
�iX(z) +

MX

i=1

biz
�iY (z)

y[k] =
NX

i=0

aix[k � i]

y[k] =
NX

i=0

aix[k � i] +
MX

i=1

biy[k � i]G(z) =
Y (z)

X(z)
=

PN
i=0 aiz

�i

1�
PM

i=1 biz
�i

G(z) =
NX

i=0

aiz
�i
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The z-transform and LTI system

53

z-plane

region of convergence (ROC):

where

- causal system: if the ROC extends outward 
from the outmost pole


- stable system: ROC includes the unit circle


- causal and stable system: all poles must 
be inside the unit circle

low

freq

high 
freq

G(z) =
1X

�1
x[n]z�n < 1

x[n] = anu[n]

X(z) =
1

1� az�1

|z| > |a|

z = ej!T

a

0 < a < 1
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Mapping from s-plane to z-plane

54

z = esT

s = � + j! z = e�T ej!T

(from lecture slides by 
Mark Cannon)

imaginary axis (         )� = 0 unit circle (          )|z| = 1

left-half plane (         )� < 0 |z| < 1inside unit circle (          )

� > 0 |z| > 1right-half plane (         ) outside unit circle (          )

poles in left-half plane for stability poles inside unit circle for stability
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Example
• What’s the condition for the following filter to be stable?

55

y[k] = x[k � 1] + ↵y[k � 1]

Y (z)(1� ↵z�1) = z�1X(z)

G(z) =
Y (z)

X(z)
=

z�1

1� ↵z�1
=

1

z � ↵

hence for the filter to be stable we need          .|↵| < 1
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Frequency response of a digital filter
• Theorem


• Proof  Consider the general form of a digital filter

56

The frequency response of a digital filter can be obtained by evaluating the 
PTF on the unit circle (             )

y[k] =
1X

i=0

aix[k � i]

Consider an input                sampled at

z = ej!T

cos(!t+ ✓) t = 0, T, . . . , kT

therefore

x[k] = cos(!kT + ✓) =
1

2
{ej(!kT+✓) + e�j(!kT+✓)}
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Frequency response of a digital filter

57

y[k] =
1

2

1X

i=0

aie
j{![k�i]T+✓} +

1

2

1X

i=0

aie
�j{![k�i]T+✓}

=
1

2
ej(!kT+✓)

1X

i=0

aie
�j!iT +

1

2
e�j(!kT+✓)

1X

i=0

aie
j!iT

N.B.
1X

i=0

aie
�j!iT =

1X

i=0

ai(e
j!T )�i =

1X

i=0

aiz
�i|z=ej!T = G(z)|z=ej!T

let G(z)|z=ej!T = Aej� then
1X

i=0

aie
j!iT = Ae�j�

hence y[k] =
1

2
ej(!kT+✓)Aej� +

1

2
e�j(!kT+✓)Ae�j�

y[k] = A cos(!kT + ✓ + �)or x[k] = cos(!kT + ✓)while

thus     and     represent the gain and phase of the frequency response, i.e., the 
frequency response is                  .

A �
G(z)|z=ej!T
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Example

58

G(z) =
1

z � 0.8
<latexit sha1_base64="ls8IvhNbC3IhQWoMbymsXYLG3HI=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4sFhRgRzEYIe9BjBLJAMoafTkzTpWejuEZJxDv6KFw+KePU3vPk3dpaDJj4oeLxXRVU9L+ZMKtv+NnJLyyura/n1wsbm1vaOubtXl1EiCK2RiEei6WFJOQtpTTHFaTMWFAcepw1vcD32Gw9USBaF92oYUzfAvZD5jGClpY55cFManaBL1PYFJqmTpaNT2ypnHbNoW/YEaJE4M1KEGaod86vdjUgS0FARjqVsOXas3BQLxQinWaGdSBpjMsA92tI0xAGVbjq5P0PHWukiPxK6QoUm6u+JFAdSDgNPdwZY9eW8Nxb/81qJ8stuysI4UTQk00V+wpGK0DgM1GWCEsWHmmAimL4VkT7WSSgdWUGH4My/vEjqZ5ZjW87debFyNYsjD4dwBCVw4AIqcAtVqAGBR3iGV3gznowX4934mLbmjNnMPvyB8fkDadGUbA==</latexit><latexit sha1_base64="ls8IvhNbC3IhQWoMbymsXYLG3HI=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4sFhRgRzEYIe9BjBLJAMoafTkzTpWejuEZJxDv6KFw+KePU3vPk3dpaDJj4oeLxXRVU9L+ZMKtv+NnJLyyura/n1wsbm1vaOubtXl1EiCK2RiEei6WFJOQtpTTHFaTMWFAcepw1vcD32Gw9USBaF92oYUzfAvZD5jGClpY55cFManaBL1PYFJqmTpaNT2ypnHbNoW/YEaJE4M1KEGaod86vdjUgS0FARjqVsOXas3BQLxQinWaGdSBpjMsA92tI0xAGVbjq5P0PHWukiPxK6QoUm6u+JFAdSDgNPdwZY9eW8Nxb/81qJ8stuysI4UTQk00V+wpGK0DgM1GWCEsWHmmAimL4VkT7WSSgdWUGH4My/vEjqZ5ZjW87debFyNYsjD4dwBCVw4AIqcAtVqAGBR3iGV3gznowX4934mLbmjNnMPvyB8fkDadGUbA==</latexit><latexit sha1_base64="ls8IvhNbC3IhQWoMbymsXYLG3HI=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4sFhRgRzEYIe9BjBLJAMoafTkzTpWejuEZJxDv6KFw+KePU3vPk3dpaDJj4oeLxXRVU9L+ZMKtv+NnJLyyura/n1wsbm1vaOubtXl1EiCK2RiEei6WFJOQtpTTHFaTMWFAcepw1vcD32Gw9USBaF92oYUzfAvZD5jGClpY55cFManaBL1PYFJqmTpaNT2ypnHbNoW/YEaJE4M1KEGaod86vdjUgS0FARjqVsOXas3BQLxQinWaGdSBpjMsA92tI0xAGVbjq5P0PHWukiPxK6QoUm6u+JFAdSDgNPdwZY9eW8Nxb/81qJ8stuysI4UTQk00V+wpGK0DgM1GWCEsWHmmAimL4VkT7WSSgdWUGH4My/vEjqZ5ZjW87debFyNYsjD4dwBCVw4AIqcAtVqAGBR3iGV3gznowX4934mLbmjNnMPvyB8fkDadGUbA==</latexit><latexit sha1_base64="ls8IvhNbC3IhQWoMbymsXYLG3HI=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4sFhRgRzEYIe9BjBLJAMoafTkzTpWejuEZJxDv6KFw+KePU3vPk3dpaDJj4oeLxXRVU9L+ZMKtv+NnJLyyura/n1wsbm1vaOubtXl1EiCK2RiEei6WFJOQtpTTHFaTMWFAcepw1vcD32Gw9USBaF92oYUzfAvZD5jGClpY55cFManaBL1PYFJqmTpaNT2ypnHbNoW/YEaJE4M1KEGaod86vdjUgS0FARjqVsOXas3BQLxQinWaGdSBpjMsA92tI0xAGVbjq5P0PHWukiPxK6QoUm6u+JFAdSDgNPdwZY9eW8Nxb/81qJ8stuysI4UTQk00V+wpGK0DgM1GWCEsWHmmAimL4VkT7WSSgdWUGH4My/vEjqZ5ZjW87debFyNYsjD4dwBCVw4AIqcAtVqAGBR3iGV3gznowX4934mLbmjNnMPvyB8fkDadGUbA==</latexit>

G(z)|z=ej!T =
1

ej!T � 0.8
<latexit sha1_base64="lBnpR2k3j0nZExrSm1l9gu7zIvo=">AAACInicbVDJSgNBEO2JW4xb1KOXxiDEg2FGBOMhEPSgxwjZIImhp1OTtOlZ6O4RknG+xYu/4sWDop4EP8bOcjCJDwoe71VRVc8OOJPKNL+NxNLyyupacj21sbm1vZPe3atKPxQUKtTnvqjbRAJnHlQUUxzqgQDi2hxqdv9q5NceQEjme2U1CKDlkq7HHEaJ0lI7fXGdHR4/tqNhAe6ie9z0XegSXI5jXMBNRxAaWXE0a+ETbObycTudMXPmGHiRWFOSQVOU2unPZsenoQueopxI2bDMQLUiIhSjHOJUM5QQENonXWho6hEXZCsavxjjI610sOMLXZ7CY/XvRERcKQeurTtdonpy3huJ/3mNUDn5VsS8IFTg0ckiJ+RY+XiUF+4wAVTxgSaECqZvxbRHdDBKp5rSIVjzLy+S6mnOMnPW7VmmeDmNI4kO0CHKIgudoyK6QSVUQRQ9oRf0ht6NZ+PV+DC+Jq0JYzqzj2Zg/PwCd9aiVg==</latexit><latexit sha1_base64="lBnpR2k3j0nZExrSm1l9gu7zIvo=">AAACInicbVDJSgNBEO2JW4xb1KOXxiDEg2FGBOMhEPSgxwjZIImhp1OTtOlZ6O4RknG+xYu/4sWDop4EP8bOcjCJDwoe71VRVc8OOJPKNL+NxNLyyupacj21sbm1vZPe3atKPxQUKtTnvqjbRAJnHlQUUxzqgQDi2hxqdv9q5NceQEjme2U1CKDlkq7HHEaJ0lI7fXGdHR4/tqNhAe6ie9z0XegSXI5jXMBNRxAaWXE0a+ETbObycTudMXPmGHiRWFOSQVOU2unPZsenoQueopxI2bDMQLUiIhSjHOJUM5QQENonXWho6hEXZCsavxjjI610sOMLXZ7CY/XvRERcKQeurTtdonpy3huJ/3mNUDn5VsS8IFTg0ckiJ+RY+XiUF+4wAVTxgSaECqZvxbRHdDBKp5rSIVjzLy+S6mnOMnPW7VmmeDmNI4kO0CHKIgudoyK6QSVUQRQ9oRf0ht6NZ+PV+DC+Jq0JYzqzj2Zg/PwCd9aiVg==</latexit><latexit sha1_base64="lBnpR2k3j0nZExrSm1l9gu7zIvo=">AAACInicbVDJSgNBEO2JW4xb1KOXxiDEg2FGBOMhEPSgxwjZIImhp1OTtOlZ6O4RknG+xYu/4sWDop4EP8bOcjCJDwoe71VRVc8OOJPKNL+NxNLyyupacj21sbm1vZPe3atKPxQUKtTnvqjbRAJnHlQUUxzqgQDi2hxqdv9q5NceQEjme2U1CKDlkq7HHEaJ0lI7fXGdHR4/tqNhAe6ie9z0XegSXI5jXMBNRxAaWXE0a+ETbObycTudMXPmGHiRWFOSQVOU2unPZsenoQueopxI2bDMQLUiIhSjHOJUM5QQENonXWho6hEXZCsavxjjI610sOMLXZ7CY/XvRERcKQeurTtdonpy3huJ/3mNUDn5VsS8IFTg0ckiJ+RY+XiUF+4wAVTxgSaECqZvxbRHdDBKp5rSIVjzLy+S6mnOMnPW7VmmeDmNI4kO0CHKIgudoyK6QSVUQRQ9oRf0ht6NZ+PV+DC+Jq0JYzqzj2Zg/PwCd9aiVg==</latexit><latexit sha1_base64="lBnpR2k3j0nZExrSm1l9gu7zIvo=">AAACInicbVDJSgNBEO2JW4xb1KOXxiDEg2FGBOMhEPSgxwjZIImhp1OTtOlZ6O4RknG+xYu/4sWDop4EP8bOcjCJDwoe71VRVc8OOJPKNL+NxNLyyupacj21sbm1vZPe3atKPxQUKtTnvqjbRAJnHlQUUxzqgQDi2hxqdv9q5NceQEjme2U1CKDlkq7HHEaJ0lI7fXGdHR4/tqNhAe6ie9z0XegSXI5jXMBNRxAaWXE0a+ETbObycTudMXPmGHiRWFOSQVOU2unPZsenoQueopxI2bDMQLUiIhSjHOJUM5QQENonXWho6hEXZCsavxjjI610sOMLXZ7CY/XvRERcKQeurTtdonpy3huJ/3mNUDn5VsS8IFTg0ckiJ+RY+XiUF+4wAVTxgSaECqZvxbRHdDBKp5rSIVjzLy+S6mnOMnPW7VmmeDmNI4kO0CHKIgudoyK6QSVUQRQ9oRf0ht6NZ+PV+DC+Jq0JYzqzj2Zg/PwCd9aiVg==</latexit>
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<latexit sha1_base64="gJCZRA7MNbXxI0kqSn1JS/QNX6s=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6LLoQpcV+oI2lsn0ph07yYSZiVjS/IobF4q49Ufc+TdOHwttPXDhcM693HuPH3OmtON8Wyura+sbm7mt/PbO7t6+fVBoKJFICnUquJAtnyjgLIK6ZppDK5ZAQp9D0x9eT/zmI0jFRFTToxi8kPQjFjBKtJG6dmF8U4L79KEjQugTXMtOx1276JSdKfAyceekiOaodu2vTk/QJIRIU06UartOrL2USM0ohyzfSRTEhA5JH9qGRiQE5aXT2zN8YpQeDoQ0FWk8VX9PpCRUahT6pjMkeqAWvYn4n9dOdHDppSyKEw0RnS0KEo61wJMgcI9JoJqPDCFUMnMrpgMiCdUmrrwJwV18eZk0zsquU3bvzouVq3kcOXSEjlEJuegCVdAtqqI6ougJPaNX9GZl1ov1bn3MWles+cwh+gPr8wdE1JPt</latexit><latexit sha1_base64="gJCZRA7MNbXxI0kqSn1JS/QNX6s=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6LLoQpcV+oI2lsn0ph07yYSZiVjS/IobF4q49Ufc+TdOHwttPXDhcM693HuPH3OmtON8Wyura+sbm7mt/PbO7t6+fVBoKJFICnUquJAtnyjgLIK6ZppDK5ZAQp9D0x9eT/zmI0jFRFTToxi8kPQjFjBKtJG6dmF8U4L79KEjQugTXMtOx1276JSdKfAyceekiOaodu2vTk/QJIRIU06UartOrL2USM0ohyzfSRTEhA5JH9qGRiQE5aXT2zN8YpQeDoQ0FWk8VX9PpCRUahT6pjMkeqAWvYn4n9dOdHDppSyKEw0RnS0KEo61wJMgcI9JoJqPDCFUMnMrpgMiCdUmrrwJwV18eZk0zsquU3bvzouVq3kcOXSEjlEJuegCVdAtqqI6ougJPaNX9GZl1ov1bn3MWles+cwh+gPr8wdE1JPt</latexit><latexit sha1_base64="gJCZRA7MNbXxI0kqSn1JS/QNX6s=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6LLoQpcV+oI2lsn0ph07yYSZiVjS/IobF4q49Ufc+TdOHwttPXDhcM693HuPH3OmtON8Wyura+sbm7mt/PbO7t6+fVBoKJFICnUquJAtnyjgLIK6ZppDK5ZAQp9D0x9eT/zmI0jFRFTToxi8kPQjFjBKtJG6dmF8U4L79KEjQugTXMtOx1276JSdKfAyceekiOaodu2vTk/QJIRIU06UartOrL2USM0ohyzfSRTEhA5JH9qGRiQE5aXT2zN8YpQeDoQ0FWk8VX9PpCRUahT6pjMkeqAWvYn4n9dOdHDppSyKEw0RnS0KEo61wJMgcI9JoJqPDCFUMnMrpgMiCdUmrrwJwV18eZk0zsquU3bvzouVq3kcOXSEjlEJuegCVdAtqqI6ougJPaNX9GZl1ov1bn3MWles+cwh+gPr8wdE1JPt</latexit><latexit sha1_base64="gJCZRA7MNbXxI0kqSn1JS/QNX6s=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6LLoQpcV+oI2lsn0ph07yYSZiVjS/IobF4q49Ufc+TdOHwttPXDhcM693HuPH3OmtON8Wyura+sbm7mt/PbO7t6+fVBoKJFICnUquJAtnyjgLIK6ZppDK5ZAQp9D0x9eT/zmI0jFRFTToxi8kPQjFjBKtJG6dmF8U4L79KEjQugTXMtOx1276JSdKfAyceekiOaodu2vTk/QJIRIU06UartOrL2USM0ohyzfSRTEhA5JH9qGRiQE5aXT2zN8YpQeDoQ0FWk8VX9PpCRUahT6pjMkeqAWvYn4n9dOdHDppSyKEw0RnS0KEo61wJMgcI9JoJqPDCFUMnMrpgMiCdUmrrwJwV18eZk0zsquU3bvzouVq3kcOXSEjlEJuegCVdAtqqI6ougJPaNX9GZl1ov1bn3MWles+cwh+gPr8wdE1JPt</latexit>

z = ej!1T
<latexit sha1_base64="JFTNMNKa11y0pShO2fY8zIhTLvo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoBeh6MVjhX5BW8NmO2nX7iZhdyPWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWV1b3yhulra2d3b37P1yS0WJpNCkEY9kxycKOAuhqZnm0IklEOFzaPvj66nffgCpWBQ29CSGviDDkAWMEm0kzy4/XcJdeo97kYAh8VzcyDy74lSdGfAycXNSQTnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv1EgUxoWMyhK6hIRGg+uns9gwfG2WAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2RCcBdfXiat06rrVN3bs0rtKo+jiA7RETpBLjpHNXSD6qiJKHpEz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwAGopPE</latexit><latexit sha1_base64="JFTNMNKa11y0pShO2fY8zIhTLvo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoBeh6MVjhX5BW8NmO2nX7iZhdyPWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWV1b3yhulra2d3b37P1yS0WJpNCkEY9kxycKOAuhqZnm0IklEOFzaPvj66nffgCpWBQ29CSGviDDkAWMEm0kzy4/XcJdeo97kYAh8VzcyDy74lSdGfAycXNSQTnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv1EgUxoWMyhK6hIRGg+uns9gwfG2WAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2RCcBdfXiat06rrVN3bs0rtKo+jiA7RETpBLjpHNXSD6qiJKHpEz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwAGopPE</latexit><latexit sha1_base64="JFTNMNKa11y0pShO2fY8zIhTLvo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoBeh6MVjhX5BW8NmO2nX7iZhdyPWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWV1b3yhulra2d3b37P1yS0WJpNCkEY9kxycKOAuhqZnm0IklEOFzaPvj66nffgCpWBQ29CSGviDDkAWMEm0kzy4/XcJdeo97kYAh8VzcyDy74lSdGfAycXNSQTnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv1EgUxoWMyhK6hIRGg+uns9gwfG2WAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2RCcBdfXiat06rrVN3bs0rtKo+jiA7RETpBLjpHNXSD6qiJKHpEz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwAGopPE</latexit><latexit sha1_base64="JFTNMNKa11y0pShO2fY8zIhTLvo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoBeh6MVjhX5BW8NmO2nX7iZhdyPWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWV1b3yhulra2d3b37P1yS0WJpNCkEY9kxycKOAuhqZnm0IklEOFzaPvj66nffgCpWBQ29CSGviDDkAWMEm0kzy4/XcJdeo97kYAh8VzcyDy74lSdGfAycXNSQTnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv1EgUxoWMyhK6hIRGg+uns9gwfG2WAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2RCcBdfXiat06rrVN3bs0rtKo+jiA7RETpBLjpHNXSD6qiJKHpEz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwAGopPE</latexit>

z = ej!2T
<latexit sha1_base64="Uon8K2rNhstsRaR0ZcORlA541v4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIi6EUoevFYoV/Q1rDZTtq1u0nY3Yg15K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2srq1vbBa2its7u3v79kGppaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3x9dRvP4BULAobehJDX5BhyAJGiTaSZ5eeLuEuvce9SMCQeFXcyDy77FScGfAycXNSRjnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv2EgUxoWMyhK6hIRGg+uns9gyfGGWAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2hCcBdfXiatasV1Ku7tWbl2lcdRQEfoGJ0iF52jGrpBddREFD2iZ/SK3qzMerHerY9564qVzxyiP7A+fwAIKZPF</latexit><latexit sha1_base64="Uon8K2rNhstsRaR0ZcORlA541v4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIi6EUoevFYoV/Q1rDZTtq1u0nY3Yg15K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2srq1vbBa2its7u3v79kGppaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3x9dRvP4BULAobehJDX5BhyAJGiTaSZ5eeLuEuvce9SMCQeFXcyDy77FScGfAycXNSRjnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv2EgUxoWMyhK6hIRGg+uns9gyfGGWAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2hCcBdfXiatasV1Ku7tWbl2lcdRQEfoGJ0iF52jGrpBddREFD2iZ/SK3qzMerHerY9564qVzxyiP7A+fwAIKZPF</latexit><latexit sha1_base64="Uon8K2rNhstsRaR0ZcORlA541v4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIi6EUoevFYoV/Q1rDZTtq1u0nY3Yg15K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2srq1vbBa2its7u3v79kGppaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3x9dRvP4BULAobehJDX5BhyAJGiTaSZ5eeLuEuvce9SMCQeFXcyDy77FScGfAycXNSRjnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv2EgUxoWMyhK6hIRGg+uns9gyfGGWAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2hCcBdfXiatasV1Ku7tWbl2lcdRQEfoGJ0iF52jGrpBddREFD2iZ/SK3qzMerHerY9564qVzxyiP7A+fwAIKZPF</latexit><latexit sha1_base64="Uon8K2rNhstsRaR0ZcORlA541v4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIi6EUoevFYoV/Q1rDZTtq1u0nY3Yg15K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2srq1vbBa2its7u3v79kGppaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3x9dRvP4BULAobehJDX5BhyAJGiTaSZ5eeLuEuvce9SMCQeFXcyDy77FScGfAycXNSRjnqnv3VG0Q0ERBqyolSXdeJdT8lUjPKISv2EgUxoWMyhK6hIRGg+uns9gyfGGWAg0iaCjWeqb8nUiKUmgjfdAqiR2rRm4r/ed1EBxf9lIVxoiGk80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2hCcBdfXiatasV1Ku7tWbl2lcdRQEfoGJ0iF52jGrpBddREFD2iZ/SK3qzMerHerY9564qVzxyiP7A+fwAIKZPF</latexit>

z = ej!3T
<latexit sha1_base64="SWLTzTl++X9snCPeeD7TUCnYAG8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXis0C9oY9hsp+3a3STsbsQa8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOZMacf5tpaWV1bX1gsbxc2t7Z1de6/UVFEiKTRoxCPZDogCzkJoaKY5tGMJRAQcWsHoeuK3HkAqFoV1PY7BE2QQsj6jRBvJt0tPl3CX3uNuJGBA/FNcz3y77FScKfAicXNSRjlqvv3V7UU0ERBqyolSHdeJtZcSqRnlkBW7iYKY0BEZQMfQkAhQXjq9PcNHRunhfiRNhRpP1d8TKRFKjUVgOgXRQzXvTcT/vE6i+xdeysI40RDS2aJ+wrGO8CQI3GMSqOZjQwiVzNyK6ZBIQrWJq2hCcOdfXiTNk4rrVNzbs3L1Ko+jgA7QITpGLjpHVXSDaqiBKHpEz+gVvVmZ9WK9Wx+z1iUrn9lHf2B9/gAJsJPG</latexit><latexit sha1_base64="SWLTzTl++X9snCPeeD7TUCnYAG8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXis0C9oY9hsp+3a3STsbsQa8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOZMacf5tpaWV1bX1gsbxc2t7Z1de6/UVFEiKTRoxCPZDogCzkJoaKY5tGMJRAQcWsHoeuK3HkAqFoV1PY7BE2QQsj6jRBvJt0tPl3CX3uNuJGBA/FNcz3y77FScKfAicXNSRjlqvv3V7UU0ERBqyolSHdeJtZcSqRnlkBW7iYKY0BEZQMfQkAhQXjq9PcNHRunhfiRNhRpP1d8TKRFKjUVgOgXRQzXvTcT/vE6i+xdeysI40RDS2aJ+wrGO8CQI3GMSqOZjQwiVzNyK6ZBIQrWJq2hCcOdfXiTNk4rrVNzbs3L1Ko+jgA7QITpGLjpHVXSDaqiBKHpEz+gVvVmZ9WK9Wx+z1iUrn9lHf2B9/gAJsJPG</latexit><latexit sha1_base64="SWLTzTl++X9snCPeeD7TUCnYAG8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXis0C9oY9hsp+3a3STsbsQa8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOZMacf5tpaWV1bX1gsbxc2t7Z1de6/UVFEiKTRoxCPZDogCzkJoaKY5tGMJRAQcWsHoeuK3HkAqFoV1PY7BE2QQsj6jRBvJt0tPl3CX3uNuJGBA/FNcz3y77FScKfAicXNSRjlqvv3V7UU0ERBqyolSHdeJtZcSqRnlkBW7iYKY0BEZQMfQkAhQXjq9PcNHRunhfiRNhRpP1d8TKRFKjUVgOgXRQzXvTcT/vE6i+xdeysI40RDS2aJ+wrGO8CQI3GMSqOZjQwiVzNyK6ZBIQrWJq2hCcOdfXiTNk4rrVNzbs3L1Ko+jgA7QITpGLjpHVXSDaqiBKHpEz+gVvVmZ9WK9Wx+z1iUrn9lHf2B9/gAJsJPG</latexit><latexit sha1_base64="SWLTzTl++X9snCPeeD7TUCnYAG8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXis0C9oY9hsp+3a3STsbsQa8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOZMacf5tpaWV1bX1gsbxc2t7Z1de6/UVFEiKTRoxCPZDogCzkJoaKY5tGMJRAQcWsHoeuK3HkAqFoV1PY7BE2QQsj6jRBvJt0tPl3CX3uNuJGBA/FNcz3y77FScKfAicXNSRjlqvv3V7UU0ERBqyolSHdeJtZcSqRnlkBW7iYKY0BEZQMfQkAhQXjq9PcNHRunhfiRNhRpP1d8TKRFKjUVgOgXRQzXvTcT/vE6i+xdeysI40RDS2aJ+wrGO8CQI3GMSqOZjQwiVzNyK6ZBIQrWJq2hCcOdfXiTNk4rrVNzbs3L1Ko+jgA7QITpGLjpHVXSDaqiBKHpEz+gVvVmZ9WK9Wx+z1iUrn9lHf2B9/gAJsJPG</latexit>

!T = ⇡
<latexit sha1_base64="jQVsO0rHCheGCM7iqZEWZukUjlM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCv2C7lKyabYNTbIhyQpl6d/w4kERr/4Zb/4b03YPWn0w8Hhvhpl5seLMWN//8kpr6xubW+Xtys7u3v5B9fCoY9JME9omKU91L8aGciZp2zLLaU9pikXMaTee3M397iPVhqWyZaeKRgKPJEsYwdZJYZgKOsKodRMqNqjW/Lq/APpLgoLUoEBzUP0MhynJBJWWcGxMP/CVjXKsLSOcziphZqjCZIJHtO+oxIKaKF/cPENnThmiJNWupEUL9edEjoUxUxG7ToHt2Kx6c/E/r5/Z5DrKmVSZpZIsFyUZRzZF8wDQkGlKLJ86golm7lZExlhjYl1MFRdCsPryX9K5qAd+PXi4rDVuizjKcAKncA4BXEED7qEJbSCg4Ale4NXLvGfvzXtftpa8YuYYfsH7+AZg5JE9</latexit><latexit sha1_base64="jQVsO0rHCheGCM7iqZEWZukUjlM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCv2C7lKyabYNTbIhyQpl6d/w4kERr/4Zb/4b03YPWn0w8Hhvhpl5seLMWN//8kpr6xubW+Xtys7u3v5B9fCoY9JME9omKU91L8aGciZp2zLLaU9pikXMaTee3M397iPVhqWyZaeKRgKPJEsYwdZJYZgKOsKodRMqNqjW/Lq/APpLgoLUoEBzUP0MhynJBJWWcGxMP/CVjXKsLSOcziphZqjCZIJHtO+oxIKaKF/cPENnThmiJNWupEUL9edEjoUxUxG7ToHt2Kx6c/E/r5/Z5DrKmVSZpZIsFyUZRzZF8wDQkGlKLJ86golm7lZExlhjYl1MFRdCsPryX9K5qAd+PXi4rDVuizjKcAKncA4BXEED7qEJbSCg4Ale4NXLvGfvzXtftpa8YuYYfsH7+AZg5JE9</latexit><latexit sha1_base64="jQVsO0rHCheGCM7iqZEWZukUjlM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCv2C7lKyabYNTbIhyQpl6d/w4kERr/4Zb/4b03YPWn0w8Hhvhpl5seLMWN//8kpr6xubW+Xtys7u3v5B9fCoY9JME9omKU91L8aGciZp2zLLaU9pikXMaTee3M397iPVhqWyZaeKRgKPJEsYwdZJYZgKOsKodRMqNqjW/Lq/APpLgoLUoEBzUP0MhynJBJWWcGxMP/CVjXKsLSOcziphZqjCZIJHtO+oxIKaKF/cPENnThmiJNWupEUL9edEjoUxUxG7ToHt2Kx6c/E/r5/Z5DrKmVSZpZIsFyUZRzZF8wDQkGlKLJ86golm7lZExlhjYl1MFRdCsPryX9K5qAd+PXi4rDVuizjKcAKncA4BXEED7qEJbSCg4Ale4NXLvGfvzXtftpa8YuYYfsH7+AZg5JE9</latexit><latexit sha1_base64="jQVsO0rHCheGCM7iqZEWZukUjlM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCv2C7lKyabYNTbIhyQpl6d/w4kERr/4Zb/4b03YPWn0w8Hhvhpl5seLMWN//8kpr6xubW+Xtys7u3v5B9fCoY9JME9omKU91L8aGciZp2zLLaU9pikXMaTee3M397iPVhqWyZaeKRgKPJEsYwdZJYZgKOsKodRMqNqjW/Lq/APpLgoLUoEBzUP0MhynJBJWWcGxMP/CVjXKsLSOcziphZqjCZIJHtO+oxIKaKF/cPENnThmiJNWupEUL9edEjoUxUxG7ToHt2Kx6c/E/r5/Z5DrKmVSZpZIsFyUZRzZF8wDQkGlKLJ86golm7lZExlhjYl1MFRdCsPryX9K5qAd+PXi4rDVuizjKcAKncA4BXEED7qEJbSCg4Ale4NXLvGfvzXtftpa8YuYYfsH7+AZg5JE9</latexit>

!T = 0
<latexit sha1_base64="FDZ0UpQJztA+HnekKOLyzusFmzw=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjhLwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqCk2quNKdiBjgTELTMsuhk2ggIuLQjsZ3M7/9BNowJRt2kkAoyFCymFFinfTYUwKGBDdu/H654lf9OfAqCXJSQTnq/fJXb6BoKkBayokx3cBPbJgRbRnlMC31UgMJoWMyhK6jkggwYTa/eIrPnDLAsdKupMVz9fdERoQxExG5TkHsyCx7M/E/r5va+DrMmExSC5IuFsUpx1bh2ft4wDRQyyeOEKqZuxXTEdGEWhdSyYUQLL+8SloX1cCvBg+XldptHkcRnaBTdI4CdIVq6B7VURNRJNEzekVvnvFevHfvY9Fa8PKZY/QH3ucPg/CQJA==</latexit><latexit sha1_base64="FDZ0UpQJztA+HnekKOLyzusFmzw=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjhLwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqCk2quNKdiBjgTELTMsuhk2ggIuLQjsZ3M7/9BNowJRt2kkAoyFCymFFinfTYUwKGBDdu/H654lf9OfAqCXJSQTnq/fJXb6BoKkBayokx3cBPbJgRbRnlMC31UgMJoWMyhK6jkggwYTa/eIrPnDLAsdKupMVz9fdERoQxExG5TkHsyCx7M/E/r5va+DrMmExSC5IuFsUpx1bh2ft4wDRQyyeOEKqZuxXTEdGEWhdSyYUQLL+8SloX1cCvBg+XldptHkcRnaBTdI4CdIVq6B7VURNRJNEzekVvnvFevHfvY9Fa8PKZY/QH3ucPg/CQJA==</latexit><latexit sha1_base64="FDZ0UpQJztA+HnekKOLyzusFmzw=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjhLwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqCk2quNKdiBjgTELTMsuhk2ggIuLQjsZ3M7/9BNowJRt2kkAoyFCymFFinfTYUwKGBDdu/H654lf9OfAqCXJSQTnq/fJXb6BoKkBayokx3cBPbJgRbRnlMC31UgMJoWMyhK6jkggwYTa/eIrPnDLAsdKupMVz9fdERoQxExG5TkHsyCx7M/E/r5va+DrMmExSC5IuFsUpx1bh2ft4wDRQyyeOEKqZuxXTEdGEWhdSyYUQLL+8SloX1cCvBg+XldptHkcRnaBTdI4CdIVq6B7VURNRJNEzekVvnvFevHfvY9Fa8PKZY/QH3ucPg/CQJA==</latexit><latexit sha1_base64="FDZ0UpQJztA+HnekKOLyzusFmzw=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjhLwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqCk2quNKdiBjgTELTMsuhk2ggIuLQjsZ3M7/9BNowJRt2kkAoyFCymFFinfTYUwKGBDdu/H654lf9OfAqCXJSQTnq/fJXb6BoKkBayokx3cBPbJgRbRnlMC31UgMJoWMyhK6jkggwYTa/eIrPnDLAsdKupMVz9fdERoQxExG5TkHsyCx7M/E/r5va+DrMmExSC5IuFsUpx1bh2ft4wDRQyyeOEKqZuxXTEdGEWhdSyYUQLL+8SloX1cCvBg+XldptHkcRnaBTdI4CdIVq6B7VURNRJNEzekVvnvFevHfvY9Fa8PKZY/QH3ucPg/CQJA==</latexit>

z = 1
<latexit sha1_base64="FAnaDVQZz+g7srpEdsiMrrI9niE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJWDzhOuB/RgRKhYBStdP905fXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6rnVr2780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/bA42A</latexit><latexit sha1_base64="FAnaDVQZz+g7srpEdsiMrrI9niE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJWDzhOuB/RgRKhYBStdP905fXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6rnVr2780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/bA42A</latexit><latexit sha1_base64="FAnaDVQZz+g7srpEdsiMrrI9niE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJWDzhOuB/RgRKhYBStdP905fXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6rnVr2780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/bA42A</latexit><latexit sha1_base64="FAnaDVQZz+g7srpEdsiMrrI9niE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJWDzhOuB/RgRKhYBStdP905fXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6rnVr2780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/bA42A</latexit>

z = �1
<latexit sha1_base64="D/5Ac33H2gGLl6YUhLIntzdkX60=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQS9C0YvHCvYD2lA22027dHcTdjdCDP0LXjwo4tU/5M1/46bNQVsfDDzem2FmXhBzpo3rfjulldW19Y3yZmVre2d3r7p/0NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzmfueRKs0i+WDSmPoCjyQLGcEml56uz7xBtebW3RnQMvEKUoMCzUH1qz+MSCKoNIRjrXueGxs/w8owwum00k80jTGZ4BHtWSqxoNrPZrdO0YlVhiiMlC1p0Ez9PZFhoXUqAtspsBnrRS8X//N6iQmv/IzJODFUkvmiMOHIRCh/HA2ZosTw1BJMFLO3IjLGChNj46nYELzFl5dJ+7zuuXXv/qLWuCniKMMRHMMpeHAJDbiDJrSAwBie4RXeHOG8OO/Ox7y15BQzh/AHzucPRRKNtw==</latexit><latexit sha1_base64="D/5Ac33H2gGLl6YUhLIntzdkX60=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQS9C0YvHCvYD2lA22027dHcTdjdCDP0LXjwo4tU/5M1/46bNQVsfDDzem2FmXhBzpo3rfjulldW19Y3yZmVre2d3r7p/0NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzmfueRKs0i+WDSmPoCjyQLGcEml56uz7xBtebW3RnQMvEKUoMCzUH1qz+MSCKoNIRjrXueGxs/w8owwum00k80jTGZ4BHtWSqxoNrPZrdO0YlVhiiMlC1p0Ez9PZFhoXUqAtspsBnrRS8X//N6iQmv/IzJODFUkvmiMOHIRCh/HA2ZosTw1BJMFLO3IjLGChNj46nYELzFl5dJ+7zuuXXv/qLWuCniKMMRHMMpeHAJDbiDJrSAwBie4RXeHOG8OO/Ox7y15BQzh/AHzucPRRKNtw==</latexit><latexit sha1_base64="D/5Ac33H2gGLl6YUhLIntzdkX60=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQS9C0YvHCvYD2lA22027dHcTdjdCDP0LXjwo4tU/5M1/46bNQVsfDDzem2FmXhBzpo3rfjulldW19Y3yZmVre2d3r7p/0NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzmfueRKs0i+WDSmPoCjyQLGcEml56uz7xBtebW3RnQMvEKUoMCzUH1qz+MSCKoNIRjrXueGxs/w8owwum00k80jTGZ4BHtWSqxoNrPZrdO0YlVhiiMlC1p0Ez9PZFhoXUqAtspsBnrRS8X//N6iQmv/IzJODFUkvmiMOHIRCh/HA2ZosTw1BJMFLO3IjLGChNj46nYELzFl5dJ+7zuuXXv/qLWuCniKMMRHMMpeHAJDbiDJrSAwBie4RXeHOG8OO/Ox7y15BQzh/AHzucPRRKNtw==</latexit><latexit sha1_base64="D/5Ac33H2gGLl6YUhLIntzdkX60=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQS9C0YvHCvYD2lA22027dHcTdjdCDP0LXjwo4tU/5M1/46bNQVsfDDzem2FmXhBzpo3rfjulldW19Y3yZmVre2d3r7p/0NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzmfueRKs0i+WDSmPoCjyQLGcEml56uz7xBtebW3RnQMvEKUoMCzUH1qz+MSCKoNIRjrXueGxs/w8owwum00k80jTGZ4BHtWSqxoNrPZrdO0YlVhiiMlC1p0Ez9PZFhoXUqAtspsBnrRS8X//N6iQmv/IzJODFUkvmiMOHIRCh/HA2ZosTw1BJMFLO3IjLGChNj46nYELzFl5dJ+7zuuXXv/qLWuCniKMMRHMMpeHAJDbiDJrSAwBie4RXeHOG8OO/Ox7y15BQzh/AHzucPRRKNtw==</latexit>
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Example
• Consider the 5-point parabolic filter

59

y[k] =
1

35
(�3x[k] + 12x[k � 1] + 17x[k � 2] + 12x[k � 3]� 3x[k � 4])

Y (z) =
1

35
(�3 + 12z�1 + 17z�2 + 12z�3 � 3z�4)X(z)

G(z)|z=ej!T =
1

35
(�3 + 12e�j!T + 17e�2j!T + 12e�3j!T � 3e�4j!T )

=
1

35
e�2j!T (17 + 24cos!T � 6cos2!T )

<latexit sha1_base64="qj6zSmNKp8Jz47Smu1VvExBF/SE="></latexit><latexit sha1_base64="qj6zSmNKp8Jz47Smu1VvExBF/SE="></latexit><latexit sha1_base64="qj6zSmNKp8Jz47Smu1VvExBF/SE="></latexit><latexit sha1_base64="qj6zSmNKp8Jz47Smu1VvExBF/SE="></latexit>
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Example

60

therefore |G(ej!T )| = 1

35
|17 + 24 cos!T � 6 cos 2!T |

!T = 0 ! |G(ej!T )| = 1

\G(ej!T ) = �2!T (linear-phase - all frequencies delayed by 2T)

!T ⇡ 0.48⇡ (i.e., f/fs = 0.24) ! |G(ej!T )| = 0.707

3dB cut-of

G(z)|z=ej!T =
1

35
e�2j!T (17 + 24cos!T � 6cos2!T )

<latexit sha1_base64="c+i0eUr28fRuvQ7/VOJWDdBHogA="></latexit><latexit sha1_base64="c+i0eUr28fRuvQ7/VOJWDdBHogA="></latexit><latexit sha1_base64="c+i0eUr28fRuvQ7/VOJWDdBHogA="></latexit><latexit sha1_base64="c+i0eUr28fRuvQ7/VOJWDdBHogA="></latexit>
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Design of digital filters
• Three basic steps


- specification of desired frequency response


- approximation of the specification using a causal discrete-time system


- realisation of the system using finite-precision arithmetic

61

passband transition stopband

• Different design techniques for FIR and IIR filters



/68

Continuous vs. Discrete system

62

linear differential equation

(impulse response)

continuous discrete

linear difference equation

(impulse response)

Laplace transform 
(transfer function)

z-transform 

(pulse transfer function)

Frequency response 
(imaginary axis -> 
Fourier transform)

Frequency response 
(unit circle -> discrete-
time Fourier transform)

analogue filter digital filter

convolution integral convolution sum
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Fourier transform for discrete-time signals
• We have introduced Fourier series (FS) for continuous periodic signals


• In digital signal processing and filtering we need to deal with discrete-time 
signals - what about the discrete-time counterparts of FS and FT?

63

X(j!) =

Z 1

�1
x(t)e�j!tdt y(t) =

1

2⇡

Z 1

�1
Y (j!)ej!td!

and Fourier transform (FT) for continuous aperiodic signals
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Discrete Fourier transform

64

n = 0, 1, ..., N � 1forF [n] =
N�1X

k=0

f [k]e�j2⇡ n
N k

W = e�j 2⇡
N WN = W 2N = ... = 1where                  and  

DFT:

f [k] =
1

N

N�1X

n=0

F [n]e+j 2⇡
N nkIDFT:

Cn =
1

T0

Z T0/2

�T0/2
f(t)e�j2⇡ n

T0
tdt for n 2 (�1, ...,1)FS:
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Example
• Consider the following signal

65

f(t) = 5|{z}
dc

+2 cos(2⇡t� 90
o
)| {z }

1Hz

+3 cos 4⇡t| {z }
2Hz

0 1 2 3 4 5 6 7 8 9 10
−4

−2

0

2

4

6

8

10
sample at           Hzfs = 4

f [k] = 5 + 2cos(
⇡

2
k � 90o) + 3cos⇡k

t = kT = k/4 sec

f [0] = 8, f [1] = 4, f [2] = 8, f [3] = 0 (N = 4)

1s 2s0s
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Example
• Compute DFT

66

F [n] =
3X

0

f [k]e�j ⇡
2 nk =

3X

k=0

f [k](�j)nk

0 1 2 3
0

5

10

15

20

f (Hz)

|F
[n

]|
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The Fourier transform - Four different forms

67

Fourier 
Series

Discrete-Time 
Fourier Series

Discrete-Time 
Fourier Transform

Fourier 
Transform

(DFT)

Proakis and Manolakis, “Digital signal processing: Principles, algorithms and applications,” Prentice Hall, 2007.
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Summary
• LTI systems are of central importance to modern signal processing


• Time- and frequency-domain representations of the system are equivalent; 
such equivalence is established by the convolution theorem


• Frequency-selective filters are one of the most important signal processing 
tools


• The DFT, which represents a finite sequence with finite number of 
coefficients, plays a central role in digital signal processing and filtering

68


