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Networks are pervasive

3

geographical network traffic network

brain networksocial network

graphs provide mathematical representation of networks
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The field of network science

4
Watts and Strogatz, “Collective dynamics of ‘small-world’ networks,” Nature, 1998. 
Newman, “Networks: An introduction,” Oxford University Press, 2010.

random graph 
models

network 
centrality

community 
detection
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The field of network science

4
Watts and Strogatz, “Collective dynamics of ‘small-world’ networks,” Nature, 1998. 
Newman, “Networks: An introduction,” Oxford University Press, 2010.

random graph 
models

network 
centrality

community 
detection

from edge attributes to node attributes 
from graphs to graph-structured data
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Graph-structured data are pervasive
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• nodes  
- geographical regions 

• edges  
- geographical proximity between 

regions
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Graph-structured data are pervasive

5

• signal  
- temperature records in these 

regions

• nodes  
- geographical regions 

• edges  
- geographical proximity between 

regions
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Graph-structured data are pervasive

6

• nodes  
- road junctions  

• edges 
- road connections
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Graph-structured data are pervasive

6

• signal  
- traffic congestion at junctions

• nodes  
- road junctions  

• edges 
- road connections
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Graph-structured data are pervasive

7

• nodes  
- individuals 

• edges 
- friendship between individuals
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Graph-structured data are pervasive

7

• signal  
- political view

• nodes  
- individuals 

• edges 
- friendship between individuals
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Graph-structured data are pervasive

8

• nodes  
- brain regions 

• edges  
- structural connectivity between 

brain regions

Richiardi et al., “Machine learning with brain graphs,” IEEE SPM, 2013.
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Graph-structured data are pervasive

8

• signal  
- blood-oxygen-level-dependent 

(BOLD) time series

• nodes  
- brain regions 

• edges  
- structural connectivity between 

brain regions

Richiardi et al., “Machine learning with brain graphs,” IEEE SPM, 2013.
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Graph-structured data are pervasive

9

• nodes  
- companies 

• edges  
- co-occurrence of companies in 
financial news

Wan et al., “Sentiment correlation in financial news networks and associated market movements,” Scientific Reports, 2021.
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Graph-structured data are pervasive

9

• signal  
- stock prices of these 

companies

• nodes  
- companies 

• edges  
- co-occurrence of companies in 
financial news

Wan et al., “Sentiment correlation in financial news networks and associated market movements,” Scientific Reports, 2021.
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Graph-structured data are pervasive
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• signal  
- pixel values

• nodes  
- pixels 

• edges 
- spatial proximity between pixels
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Learning with graph-structured data

11

(supervised) graph-level classification

condition? 
no condition?
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Learning with graph-structured data

12

(semi-supervised) node-wise classification

? ?
? ?

?

?

?
??

?
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Learning with graph-structured data

13

(unsupervised) clustering
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Learning with graph-structured data

14

inferring graph topology from data

… …
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Exciting possibilities enabled by graph ML

15Monti et al., “Fake news detection on social media using geometric deep learning,” ICLR Workshop, 2019.

fake news detection
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Exciting possibilities enabled by graph ML

16Stokes et al., “A deep learning approach to antibiotic discovery,” Cell, 2020.

drug discovery
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Exciting possibilities enabled by graph ML

17

odour perception

Lee et al., “A principal odor map unifies diverse tasks in olfactory perception,” Science, 2023.
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Exciting possibilities enabled by graph ML

18Derrow-Pinion et al., “ETA prediction with graph neural networks in Google Maps,” CIKM, 2021.

traffic prediction
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Exciting possibilities enabled by graph ML

19

weather forecasting

Lam et al., “Learning skillful medium-range global weather forecasting,” Science, 2023.
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How to incorporate graphs into learning?
• Naïve approach

20

graph embedding

… +

node features

…

labels

• Limitations 
- embedding of graph structure leads to information loss 

- (sometimes) computationally expensive
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How to incorporate graphs into learning?
• Idea: directly incorporate graph structure in data analysis

21

graph

…

labelsembedding

+

node features
…

Graph ML

• Need new modelling tools 
- graph signal processing 

- graph neural networks
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Graph signal processing

22

f : V ! R
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G = {V, E}
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v1 v2
+

RN

v1v2…

! Graph-structured data can be represented by graph signals

takes into account both structure (edges) and data 
(values at nodes)
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Graph signal processing

22

how to generalise classical signal processing tools on 
irregular domains such as graphs?

f : V ! R
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1D signal 2D signal
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Graph signal processing

23

classical signal processing 

- complex exponentials provide 
“building blocks” of 1D signal   
(different oscillations or frequencies) 

- leads to Fourier transform
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Graph signal processing

23

classical signal processing 

- complex exponentials provide 
“building blocks” of 1D signal   
(different oscillations or frequencies) 

- leads to Fourier transform

graph signal processing 

- Laplacian eigenvectors provide 
“building blocks” of graph signal 
(different oscillation or frequencies) 

- leads to graph Fourier transform 

- enables convolution and filtering 
on graphs
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Convolutional neural networks on graphs

24
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Convolutional neural networks on graphs

24
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(More generally) Graph neural networks

25

2005 201720172009

GNN
Gori et al.

2017 20182018 2019

Spectral CNN
Bruna et al.

2014

ChebNet
Defferrard et al.

2016 2016

PATCHY-SAN
Niepert et al.

2016 20192017 2019

MPNN
Gilmer et al.

MoNet
Monti et al.

GN
Battaglia et al.

GIN
Xu et al.

Gated GNN
Li et al.

GCN
Kipf and Welling

GraphSAGE
Hamilton et al.

GAT
Veličković et al.

SGN
Wu et al.

CayleyNet
Levie et al.

2019

GNN
Scarselli et al.

CNNs on graphs
Gama et al.
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Graph Signal Processing



/42

Graphs and graph Laplacian

27

v1

v2

v3

v4
v5

v6

v7
v8

weighted and undirected graph:

G = {V, E}

W
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Graphs and graph Laplacian

27

v1

v2

v3

v4
v5

v6

v7
v8

weighted and undirected graph:

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

G = {V, E}

WD

D = diag(d(v1), · · · , d(vN ))
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v1

v2

v3

v4
v5

v6

v7
v8

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! symmetric 

! off-diagonal entries non-positive 

! rows sum up to zero

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>
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v1

v2

v3

v4
v5

v6

v7
v8

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! symmetric 

! off-diagonal entries non-positive 

! rows sum up to zero

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>
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graph signal f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>

f(1)

f(2)

f(3)

f(4)
f(5)

f(6)

f(7)

f(8)
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graph signal

Lf(i) =
NX

j=1

Wij(f(i)� f(j))

<latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit>

f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>
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a measure of “smoothness”

T

fTLf =
1

2

NX

i,j=1

Wij (f(i)� f(j))2

graph signal

Lf(i) =
NX

j=1

Wij(f(i)� f(j))

<latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit>

Zhou and Schölkopf, “A regularization framework for learning from graph data,” ICML Workshop, 2004.

f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>
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v1

v2
v3 v4

v5
v6v7v8

v9

fTLf = 1 fTLf = 21

v1

v2
v3 v4

v5
v6v7v8

v9

1 0.5 -1 -0.5 1 0.5 -1 -0.5
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•     has a complete set of orthonormal eigenvectors: 
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L L = �⇤�T

2
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�0 0

. . .
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3

75L

2
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�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1

2

64
�0 0

. . .
0 �N�1

3

75· · ·

�0

�N-1

� ⇤ �T

T
<latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit><latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit><latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit><latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit>

T
<latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit><latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit><latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit><latexit sha1_base64="nxKSN/2rAjtzRprLd6KYplmQ38I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48J5AXJEmYnnWTI7MwyM6uGJeDdq/6CN/Hqr/gHfoaTZA8mWtBQVHXT3RXGnGnjeV9Obm19Y3Mrv13Y2d3bPygeHjW1TBTFBpVcqnZINHImsGGY4diOFZIo5NgKx7czv3WPSjMp6mYSYxCRoWADRomxUq3eK5a8sjeH+5f4GSlBhmqv+N3tS5pEKAzlROuO78UmSIkyjHKcFrqJxpjQMRlix1JBItRBOj906p5Zpe8OpLIljDtXf0+kJNJ6EoW2MyJmpFe9mfif10nM4DpImYgTg4IuFg0S7hrpzr52+0whNXxiCaGK2VtdOiKKUGOzWdqCj4YoJR/01EbjrwbxlzQvyr5X9muXpcpNFlIeTuAUzsGHK6jAHVShARQQnuEFXp0n5815dz4WrTknmzmGJTifP4YKlrg=</latexit>
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•     has a complete set of orthonormal eigenvectors: 
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! Eigenvalues are usually sorted increasingly: 0 = �0 < �1  . . .  �N�1

� ⇤ �T

T
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Graph Fourier transform

31

�0 �50�1

low frequency high frequency

�T
50L�50 = �50

! Eigenvectors associated with smaller eigenvalues have values that vary less rapidly 
along the edges

L = �⇤�T �T
0 L�0 = �0 = 0

Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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Graph Fourier transform
• The Laplacian     admits the following eigendecomposition:
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Graph Fourier transform
• The Laplacian     admits the following eigendecomposition:

32

L�` = �`�`L

one-dimensional Laplace operator: 

eigenfunctions: ej�x

Classical FT:

f(x) =
1

2�

Z
f̂(⇥)ej�xd⇥

f̂(�) =

Z
(ej�x)⇤f(x)dx

�r2
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Graph Fourier transform
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eigenfunctions: ej�x
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eigenvectors: �`
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NX

i=1

�⇤
� (i)f(i)

f(i) =
N�1X

�=0

f̂(⇥)��(i)

f̂(�) =

Z
(ej�x)⇤f(x)dx

L

f : V ! RN

�r2
<latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit><latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit><latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit><latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit>



/42

Graph Fourier transform
• The Laplacian     admits the following eigendecomposition:

32

L�` = �`�`L

one-dimensional Laplace operator: 

eigenfunctions: ej�x

Classical FT:

f(x) =
1

2�

Z
f̂(⇥)ej�xd⇥

graph Laplacian: 

eigenvectors: �`

Graph FT: f̂(⇥) = h��, fi =
NX

i=1

�⇤
� (i)f(i)

f(i) =
N�1X

�=0

f̂(⇥)��(i)

f̂(�) =

Z
(ej�x)⇤f(x)dx

L

f : V ! RN

�r2
<latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit><latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit><latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit><latexit sha1_base64="PDMHKhlUy3bGTOQbkcB7hyXfxgU=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WJIi6LHoxWMF+yFtLJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrG8N+OEBgIHkkWMoLHSw3lXYsjxsdorlb2KN4O7TPyclCFHvVf66vZjkgoqDeGodcf3EhNkqAwjnE6K3VTTBMkIB7RjqURBdZDNDp64p1bpu1GsbEnjztTfExkKrccitJ0CzVAvelPxP6+TmugqyJhMUkMlmS+KUu6a2J1+7/aZosTwsSVIFLO3umSIComxGRVtCP7iy8ukWa34XsW/uyjXrvM4CnAMJ3AGPlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnHzmCP7A+fwBEziP6w==</latexit>



/42

Graph Fourier transform
• Graph Fourier transform
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f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =
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IGFT

f(i) =
N�1X

`=0

ĝ(�`)f̂(`)�`(i)

ĝ(�`)
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A practical example
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A practical example

35

ĝ(L)

problem: we observe a noisy graph signal                 and wish to recoverf = y0 + ⌘ y0

y⇤ = (I + �L)�1f

y⇤ = argmin
y

{||y � f ||22 + �yTLy}
data fitting term

“smoothness” assumption

remove noise by low-pass filtering 
in graph spectral domain!ĝ(L)

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)

= �(1 + �⇤)�1�T f
<latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit><latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit><latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit><latexit sha1_base64="mi7yLewmjrjHbl1VLyJoPc33AHo="></latexit>
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A practical example
• noisy image as observed noisy graph signal 

• regular grid graph (weights inversely proportional to pixel value difference)

36

i
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1

|f(i)� f(i)|
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Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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A practical example
• noisy image as observed noisy graph signal 

• regular grid graph (weights inversely proportional to pixel value difference)

36Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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GSP and the literature

37

there is a rich literature about data analysis and learning on graphs

unsupervised learning (dimensionality 
reduction, clustering)

network science (node centrality)

semi-supervised learning

diffusion on graphs

v1

v2
v3 v4

v6v7v8

v9

v5

v1

v2
v3 v4

v5
v6v7v8

v9
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Network centrality

38

eigenvector centrality degree centrality

Wx = �maxx
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d = [d(v1), · · · , d(vN )]
<latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit>

PageRank: http://www.ams.org/publicoutreach/feature-column/fcarc-pagerank 
Sandryhaila and Moura, “Discrete signal processing on graphs,” IEEE TSP, 2013.

http://www.ams.org/publicoutreach/feature-column/fcarc-pagerank
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eigenvector centrality degree centrality

- Google’s PageRank is a variant of eigenvector centrality 

- eigenvectors of W can also be used to provide a frequency 
interpretation for graph signals

Wx = �maxx
<latexit sha1_base64="sBW8qU4KM3dYKIBIdJHsvFC7fc8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoBuh6MZlBfuAJoTJZNIOnTyYuZGUUDf+ihsXirj1L9z5N07bLLT1wMDhnHu4c4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc22+rJJOUtWgiEtn1iWKCx6wFHATrppKRyBes4w9vJn7ngUnFk/geRilzI9KPecgpAS155mEnx1fYEToREM8BlkMRkXyce2bNqltT4EVil6SGSjQ988sJEppFLAYqiFI920rBLYgETgUbV51MsZTQIemznqYxiZhyi+kFY3yilQCHidQvBjxVfycKEik1inw9GREYqHlvIv7n9TIIL92Cx2kGLKazRWEmMCR4UgcOuGQUxEgTQiXXf8V0QCShoEur6hLs+ZMXSfusblt1++681rgu66igI3SMTpGNLlAD3aImaiGKHtEzekVvxpPxYrwbH7PRJaPMHKA/MD5/AGCxlto=</latexit><latexit sha1_base64="sBW8qU4KM3dYKIBIdJHsvFC7fc8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoBuh6MZlBfuAJoTJZNIOnTyYuZGUUDf+ihsXirj1L9z5N07bLLT1wMDhnHu4c4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc22+rJJOUtWgiEtn1iWKCx6wFHATrppKRyBes4w9vJn7ngUnFk/geRilzI9KPecgpAS155mEnx1fYEToREM8BlkMRkXyce2bNqltT4EVil6SGSjQ988sJEppFLAYqiFI920rBLYgETgUbV51MsZTQIemznqYxiZhyi+kFY3yilQCHidQvBjxVfycKEik1inw9GREYqHlvIv7n9TIIL92Cx2kGLKazRWEmMCR4UgcOuGQUxEgTQiXXf8V0QCShoEur6hLs+ZMXSfusblt1++681rgu66igI3SMTpGNLlAD3aImaiGKHtEzekVvxpPxYrwbH7PRJaPMHKA/MD5/AGCxlto=</latexit><latexit sha1_base64="sBW8qU4KM3dYKIBIdJHsvFC7fc8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoBuh6MZlBfuAJoTJZNIOnTyYuZGUUDf+ihsXirj1L9z5N07bLLT1wMDhnHu4c4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc22+rJJOUtWgiEtn1iWKCx6wFHATrppKRyBes4w9vJn7ngUnFk/geRilzI9KPecgpAS155mEnx1fYEToREM8BlkMRkXyce2bNqltT4EVil6SGSjQ988sJEppFLAYqiFI920rBLYgETgUbV51MsZTQIemznqYxiZhyi+kFY3yilQCHidQvBjxVfycKEik1inw9GREYqHlvIv7n9TIIL92Cx2kGLKazRWEmMCR4UgcOuGQUxEgTQiXXf8V0QCShoEur6hLs+ZMXSfusblt1++681rgu66igI3SMTpGNLlAD3aImaiGKHtEzekVvxpPxYrwbH7PRJaPMHKA/MD5/AGCxlto=</latexit><latexit sha1_base64="sBW8qU4KM3dYKIBIdJHsvFC7fc8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoBuh6MZlBfuAJoTJZNIOnTyYuZGUUDf+ihsXirj1L9z5N07bLLT1wMDhnHu4c4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc22+rJJOUtWgiEtn1iWKCx6wFHATrppKRyBes4w9vJn7ngUnFk/geRilzI9KPecgpAS155mEnx1fYEToREM8BlkMRkXyce2bNqltT4EVil6SGSjQ988sJEppFLAYqiFI920rBLYgETgUbV51MsZTQIemznqYxiZhyi+kFY3yilQCHidQvBjxVfycKEik1inw9GREYqHlvIv7n9TIIL92Cx2kGLKazRWEmMCR4UgcOuGQUxEgTQiXXf8V0QCShoEur6hLs+ZMXSfusblt1++681rgu66igI3SMTpGNLlAD3aImaiGKHtEzekVvxpPxYrwbH7PRJaPMHKA/MD5/AGCxlto=</latexit>

d = [d(v1), · · · , d(vN )]
<latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit><latexit sha1_base64="XwJXv3tVixpnFURG8kcBl7VWpdM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahhVISEXQjFN24kgr2AWkIk8mkHTrJhJlJoYSCG3/FjQtF3PoT7vwbJ20X2nrgwplz7mXuPX7CqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH97kfmdEhKQ8flDjhLgR6sc0pBgpLXnmUQCvoBNURp5drfVwwJWs5a+7quuZZatuTQGXiT0nZTBH0zO/egHHaURihRmS0rGtRLkZEopiRialXipJgvAQ9YmjaYwiIt1sesMEnmolgCEXumIFp+rviQxFUo4jX3dGSA3kopeL/3lOqsJLN6NxkioS49lHYcqg4jAPBAZUEKzYWBOEBdW7QjxAAmGlYyvpEOzFk5dJ+6xuW3X7/rzcuJ7HUQTH4ARUgA0uQAPcgiZoAQwewTN4BW/Gk/FivBsfs9aCMZ85BH9gfP4AwceVrA==</latexit>

PageRank: http://www.ams.org/publicoutreach/feature-column/fcarc-pagerank 
Sandryhaila and Moura, “Discrete signal processing on graphs,” IEEE TSP, 2013.

http://www.ams.org/publicoutreach/feature-column/fcarc-pagerank
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heat diffusion

x(v, ⌧) = e�⌧Lx0(v)
<latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit><latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit><latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit><latexit sha1_base64="WlJIO1M+2q14Y57C7/EkK67XbYo=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitKAlEUE3QtGNCxcV7AXaGCbTSTt0Mgkzk9ISunDjq7hxoYhbH8Kdb+OkzUKrPwx8/OcczpzfixiVyrK+jNzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr9J6a0SEpCG/U5OIOAHqc+pTjJS2XLM4Lo+OugrFlQtynxynBG+mY9cqjyquWbKq1kzwL9gZlECmumt+dnshjgPCFWZIyo5tRcpJkFAUMzItdGNJIoSHqE86GjkKiHSS2RFTeKidHvRDoR9XcOb+nEhQIOUk8HRngNRALtZS879aJ1b+uZNQHsWKcDxf5McMqhCmicAeFQQrNtGAsKD6rxAPkEBY6dwKOgR78eS/0Dyp2lbVvj0t1S6zOPKgCA5AGdjgDNTANaiDBsDgATyBF/BqPBrPxpvxPm/NGdnMPvgl4+MbqoiWzw==</latexit>

x(v, 0) = x0(v)
<latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit><latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit><latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit><latexit sha1_base64="I5o6yAGRplilcEaFiOm06mxhT5g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoOQgIRZEfQiBL14jGAekCxhdjKbDJl9ODO7JCz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLjcSXGmMv63c2vrG5lZ+u7Czu7d/UDw8aqowlpQ1aChC2XaJYoIHrKG5FqwdSUZ8V7CWO7qb+a2EScXD4FFPIub4ZBBwj1OijeSMy8k5rtyMe7icVHrFEq7iOdAqsTNSggz1XvGr2w9p7LNAU0GU6tg40k5KpOZUsGmhGysWEToiA9YxNCA+U046P3qKzozSR14oTQUazdXfEynxlZr4run0iR6qZW8m/ud1Yu1dOykPolizgC4WebFAOkSzBFCfS0a1mBhCqOTmVkSHRBKqTU4FE4K9/PIqaV5UbVy1Hy5LtdssjjycwCmUwYYrqME91KEBFJ7gGV7hzUqsF+vd+li05qxs5hj+wPr8AYpFkKI=</latexit>

@x

@⌧
+ Lx = 0
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Diffusion on graphs

39

- heat diffusion on graphs is a typical physical process on graphs 

- other possibilities exist (e.g., random walk on graphs) 

- many have an interpretation of filtering on graphs

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.

v1

v2
v3 v4

v6v7v8

v9

v5

v1

v2
v3 v4

v5
v6v7v8

v9

heat diffusion

x(v, ⌧) = e�⌧Lx0(v)
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@⌧
+ Lx = 0
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Graph clustering (community detection)

40von Luxburg, “A tutorial on spectral clustering,” Statistics and Computing, 2007.
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Graph clustering (community detection)

40von Luxburg, “A tutorial on spectral clustering,” Statistics and Computing, 2007.
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Graph clustering (community detection)

40von Luxburg, “A tutorial on spectral clustering,” Statistics and Computing, 2007.

- first k eigenvectors of graph Laplacian provide solution to 
graph cut minimisation 

- eigenvectors of graph Laplacian enable a Fourier-like analysis 
for graph signals

NCut(A1, ..., Ak) =
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Semi-supervised learning

41Zhu, “Semi-supervised learning with graphs,” Ph.D. dissertation, CMU, 2005.
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41Zhu, “Semi-supervised learning with graphs,” Ph.D. dissertation, CMU, 2005.

min
x2RN

||y � x||22 + ↵ xTLx,
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- learning by assuming smoothness of predicted labels (label 
propagation) 

- this is equivalent to a denoising problem for graph signal y

Zhu, “Semi-supervised learning with graphs,” Ph.D. dissertation, CMU, 2005.

min
x2RN

||y � x||22 + ↵ xTLx,
<latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit><latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit><latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit><latexit sha1_base64="lJxH+nCqC+IsAAP39HfLhn2rQ/Q="></latexit>

y :
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centrality, diffused information, cluster membership, node labels 
(and node features in general) can ALL be viewed as graph signals

unsupervised learning (dimensionality 
reduction, clustering)

network science

semi-supervised learning

diffusion on graphs
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