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Graphs-structured data are pervasive

preferences of individualscongestion in road junctions

activities in brain regions properties of atoms



Learning with graph-structured data

graph-level classification 
(supervised)

condition? 
no condition?

node-level classification 
(semi-supervised)

? ?
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?

?
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Exciting possibilities of graph ML

Stokes et al., “A deep learning approach to antibiotic discovery,” Cell, 2020. 
Monti et al., “Fake news detection on social media using geometric deep learning,” ICLR Workshop, 2019. 
Derrow-Pinion et al., “ETA Prediction with Graph Neural Networks in Google Maps,” CIKM, 2021. 
Lam et al., “Learning skillful medium-range global weather forecasting,” Science, 2023.

weather forecasting

drug discovery fake news detection

traffic prediction



Limitation and open questions 

Two open questions 

• under which conditions are graph 
models robust against perturbation? 

• how does robustness relate to 
topological properties of perturbation?

One limitation 

• need accurate, deterministic, a priori 
known graph structure 

• susceptible to perturbation to input 
graph domain



Outline

• Brief introduction to spectral graph filters

• Interpretable stability bounds for spectral graph filters

• Further results on robustness of graph machine learning models
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Graph signal processing

f : V ! R
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G = {V, E}
<latexit sha1_base64="imxS/HNFjqWZLVvr8OjPXhS+qO4=">AAACEnicbVDLSsNAFL2pr1pfUZduBougICURQTdCUUSXFewDmlAm02k7dPJgZiKUkG9w46+4caGIW1fu/BsnbSjaemDgzDn3cu89XsSZVJb1bRQWFpeWV4qrpbX1jc0tc3unIcNYEFonIQ9Fy8OSchbQumKK01YkKPY9Tpve8Crzmw9USBYG92oUUdfH/YD1GMFKSx3zyPGxGhDMk5sUXSAnmf4b6fGUX6dO2jHLVsUaA80TOydlyFHrmF9ONySxTwNFOJaybVuRchMsFCOcpiUnljTCZIj7tK1pgH0q3WR8UooOtNJFvVDoFyg0Vn93JNiXcuR7ujJbUs56mfif145V79xNWBDFigZkMqgXc6RClOWDukxQovhIE0wE07siMsACE6VTLOkQ7NmT50njpGJbFfvutFy9zOMowh7swyHYcAZVuIUa1IHAIzzDK7wZT8aL8W58TEoLRt6zC39gfP4AkuCeCg==</latexit><latexit sha1_base64="imxS/HNFjqWZLVvr8OjPXhS+qO4=">AAACEnicbVDLSsNAFL2pr1pfUZduBougICURQTdCUUSXFewDmlAm02k7dPJgZiKUkG9w46+4caGIW1fu/BsnbSjaemDgzDn3cu89XsSZVJb1bRQWFpeWV4qrpbX1jc0tc3unIcNYEFonIQ9Fy8OSchbQumKK01YkKPY9Tpve8Crzmw9USBYG92oUUdfH/YD1GMFKSx3zyPGxGhDMk5sUXSAnmf4b6fGUX6dO2jHLVsUaA80TOydlyFHrmF9ONySxTwNFOJaybVuRchMsFCOcpiUnljTCZIj7tK1pgH0q3WR8UooOtNJFvVDoFyg0Vn93JNiXcuR7ujJbUs56mfif145V79xNWBDFigZkMqgXc6RClOWDukxQovhIE0wE07siMsACE6VTLOkQ7NmT50njpGJbFfvutFy9zOMowh7swyHYcAZVuIUa1IHAIzzDK7wZT8aL8W58TEoLRt6zC39gfP4AkuCeCg==</latexit><latexit sha1_base64="imxS/HNFjqWZLVvr8OjPXhS+qO4=">AAACEnicbVDLSsNAFL2pr1pfUZduBougICURQTdCUUSXFewDmlAm02k7dPJgZiKUkG9w46+4caGIW1fu/BsnbSjaemDgzDn3cu89XsSZVJb1bRQWFpeWV4qrpbX1jc0tc3unIcNYEFonIQ9Fy8OSchbQumKK01YkKPY9Tpve8Crzmw9USBYG92oUUdfH/YD1GMFKSx3zyPGxGhDMk5sUXSAnmf4b6fGUX6dO2jHLVsUaA80TOydlyFHrmF9ONySxTwNFOJaybVuRchMsFCOcpiUnljTCZIj7tK1pgH0q3WR8UooOtNJFvVDoFyg0Vn93JNiXcuR7ujJbUs56mfif145V79xNWBDFigZkMqgXc6RClOWDukxQovhIE0wE07siMsACE6VTLOkQ7NmT50njpGJbFfvutFy9zOMowh7swyHYcAZVuIUa1IHAIzzDK7wZT8aL8W58TEoLRt6zC39gfP4AkuCeCg==</latexit><latexit sha1_base64="imxS/HNFjqWZLVvr8OjPXhS+qO4=">AAACEnicbVDLSsNAFL2pr1pfUZduBougICURQTdCUUSXFewDmlAm02k7dPJgZiKUkG9w46+4caGIW1fu/BsnbSjaemDgzDn3cu89XsSZVJb1bRQWFpeWV4qrpbX1jc0tc3unIcNYEFonIQ9Fy8OSchbQumKK01YkKPY9Tpve8Crzmw9USBYG92oUUdfH/YD1GMFKSx3zyPGxGhDMk5sUXSAnmf4b6fGUX6dO2jHLVsUaA80TOydlyFHrmF9ONySxTwNFOJaybVuRchMsFCOcpiUnljTCZIj7tK1pgH0q3WR8UooOtNJFvVDoFyg0Vn93JNiXcuR7ujJbUs56mfif145V79xNWBDFigZkMqgXc6RClOWDukxQovhIE0wE07siMsACE6VTLOkQ7NmT50njpGJbFfvutFy9zOMowh7swyHYcAZVuIUa1IHAIzzDK7wZT8aL8W58TEoLRt6zC39gfP4AkuCeCg==</latexit>

v1 v2
+

RN

v1v2…

! Graph-structured data can be represented by graph signals

takes into account both structure (edges) and data 
(values at nodes)



Graph signal processing

how to generalise classical signal processing tools (e.g. convolution) 
on irregular domains such as graphs?

f : V ! R
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1D signal 2D signal



Graph signal processing

classical signal processing 

- complex exponentials 
(eigenfunctions of Laplace operator) 
provide “building blocks” (different 
frequencies) of 1D signal 

- leads to Fourier transform

Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013. 
Sandryhaila and Moura, “Discrete signal processing on graphs,” IEEE TSP, 2013. 
Ortega et al., “Graph signal processing: Overview, challenges, and applications,” Proceedings of the IEEE, 2018.



Graph signal processing

classical signal processing 

- complex exponentials 
(eigenfunctions of Laplace operator) 
provide “building blocks” (different 
frequencies) of 1D signal 

- leads to Fourier transform

graph signal processing 

- eigenvectors of graph Laplacian           
provide “building blocks” (different 
frequencies) of graph signal 

- leads to graph Fourier transform 

- enables convolution and filtering on 
graphs

Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013. 
Sandryhaila and Moura, “Discrete signal processing on graphs,” IEEE TSP, 2013. 
Ortega et al., “Graph signal processing: Overview, challenges, and applications,” Proceedings of the IEEE, 2018.



Graph Laplacian

weighted and undirected graph:

G = {V, E}

W

Lnorm = D� 1
2 (D �W )D� 1

2
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Graph Laplacian

weighted and undirected graph:

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

G = {V, E}

WD

D = diag(d(v1), · · · , d(vN ))
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Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>



Graph Laplacian

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>



Graph Laplacian

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! eigendecomposition:

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

L = �⇤�T



Graph Laplacian

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! eigendecomposition:

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

L = �⇤�T

! measures signal smoothness:
<latexit sha1_base64="k65y6W8WCUmzOGOdjnjVlK6FT3M="></latexit>

fTLf =
1

2

NX

i,j=1

Wij(f(i)� f(j))2



Graph Fourier transform

�0 �50�1



Graph Fourier transform

�0 �50�1

low frequency high frequency

�T
50L�50 = �50

! Eigenvectors associated with smaller eigenvalues have values that vary less rapidly 
along the edges

L = �⇤�T �T
0 L�0 = �0 = 0



Graph Fourier transform

�0 �50�1

low frequency high frequency

�T
50L�50 = �50L = �⇤�T

low frequency high frequency

ff̂(`) = h�`, fi :

2

64
�0 0
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75· · ·�0 �N-1

T
graph Fourier transform (GFT):

�0 �4

· · ·
· · ·�1 �2 �3 �N�1

�T
0 L�0 = �0 = 0



Graph Fourier transform

GFT:



Graph spectral filtering

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT: IGFT:



Graph spectral filtering

f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT: IGFT:



Graph spectral filtering

f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

GFT

f̂(`)

IGFT:



Graph spectral filtering
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f̂(`) = h�`, fi =
NX
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�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

GFT

f̂(`)

ĝ(�`)

` ` `

IGFT:



Graph spectral filtering

f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

GFT

f̂(`) ĝ(�`)f̂(`)
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` ` `

IGFT:



Graph spectral filtering

f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

GFT

f̂(`) ĝ(�`)f̂(`)

IGFT

f(i) =
N�1X

`=0

ĝ(�`)f̂(`)�`(i)

ĝ(�`)

` ` `

IGFT:



Graph spectral filtering

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)

spectral graph filter 
      : function of L!ĝ(L)

IGFT:



Convolution on graphs: spectral view

classical convolution convolution on graphs

time domain

(f ⇤ g)(t) =
Z 1

�1
f(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>
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convolution 
= filtering
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Convolution & CNNs on graphs: spatial view
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Monti et al., “Geometric deep learning on graphs and manifolds using mixture model CNNs,” CVPR, 2017.
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Convolution & CNNs on graphs: spatial view

Gama et al., “Convolutional neural network architectures for signals supported on graphs,” IEEE TSP, 2019. 
Monti et al., “Geometric deep learning on graphs and manifolds using mixture model CNNs,” CVPR, 2017.

- spatial definition of convolution based 
on a graph shift operator (GSO)

- weighting function            determines 
relative importance of neighbours
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Outline

• Brief introduction to spectral graph filters

• Interpretable stability bounds for spectral graph filters

• Further results on robustness of graph machine learning models
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Problem setting

… …
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original graph

perturbed graph

Objectives 

! how filter output changes 
under perturbation
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Problem setting

… …

… …

original graph

perturbed graph

! impact of topological 
properties of perturbation

Objectives 

! how filter output changes 
under perturbation
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! stability via relative output distance: 

! filter parameters     fixed 

! filter defined via normalised Laplacian: 
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! error (perturbation) matrix:

<latexit sha1_base64="CwA66PqyD8Xrc3xrxADFC4iv2d8="></latexit>

||g✓(L,x)� g✓(Lp,x)||2
||x||2

<latexit sha1_base64="0nIePXn3x1ULCNNYWAsuhw/soyU=">AAACEnicbVDLTsJAFJ3iC/GFsnTTSExckdYQdUl04xITeSTQkOlwgQnTTjNzq5KGv3DvVn/BnXHrD/gHfoZT6ELAk0zm5Jx7c0+OHwmu0XG+rdza+sbmVn67sLO7t39QPDxqahkrBg0mhVRtn2oQPIQGchTQjhTQwBfQ8sc3qd96AKW5DO9xEoEX0GHIB5xRNFKvWOr6UvT1JDBf0sURIJ32imWn4sxgrxI3I2WSod4r/nT7ksUBhMgE1brjOhF6CVXImYBpoRtriCgb0yF0DA1pANpLZuGn9qlR+vZAKvNCtGfq342EBjrNZyYDiiO97KXif14nxsGVl/AwihFCNj80iIWN0k6bsPtcAUMxMYQyxU1Wm42oogxNXwtX4AmpUvJRp9W4y0WskuZ5xb2oVO+q5dp1VlKeHJMTckZccklq5JbUSYMwMiEv5JW8Wc/Wu/Vhfc5Hc1a2UyILsL5+ASsXn08=</latexit>

✓

<latexit sha1_base64="ThqDZnTlFYvNFhHqWsMvPhmIFio=">AAACJXicbVDLSsNAFJ34rPUVdelmsChuLIkUdSMURXDhooJ9QBvKZDpph04mYWailpA/8D/cu9VfcCeCK7d+hpM2Qh8eGDj3nHu5d44bMiqVZX0Zc/MLi0vLuZX86tr6xqa5tV2TQSQwqeKABaLhIkkY5aSqqGKkEQqCfJeRutu/TP36PRGSBvxODULi+KjLqUcxUlpqmwctH6me68VXCTyHf8VN0g7h0XhpFqyiNQScJXZGCiBDpW3+tDoBjnzCFWZIyqZthcqJkVAUM5LkW5EkIcJ91CVNTTnyiXTi4X8SuK+VDvQCoR9XcKiOT8TIl3Lgu7ozvVBOe6n4n9eMlHfmxJSHkSIcjxZ5EYMqgGk4sEMFwYoNNEFYUH0rxD0kEFY6wokt5FEhIYIHmUZjTwcxS2rHRfukWLotFcoXWUg5sAv2wCGwwSkog2tQAVWAwRN4Aa/gzXg23o0P43PUOmdkMztgAsb3LyTEpfg=</latexit>

E = Lp � L
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Kenlay et al., “Interpretable stability bounds for spectral graph filters,” ICML, 2021.
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Main result

step 2 by linear stability of spectral graph filters [Levie19,Gama20,Kenlay20]
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Main result

step 2 by linear stability of spectral graph filters [Levie19,Gama20,Kenlay20]

step 3 by linking norm of error matrix to topological change [Kenlay21]

Levie et al., “On the transferability of spectral graph filters,” SampTA, 2019. 
Gama et al., “Stability properties of graph neural networks,” IEEE TSP, 2020. 
Kenlay et al., “On the stability of polynomial spectral graph filters,” IEEE ICASSP, 2020. 
Kenlay et al., “Interpretable stability bounds for spectral graph filters,” ICML, 2021.

interpretable bound: stability of spectral graph filters in terms of 
topological properties of graph and edges added/deleted

step 1 by definition of filter distance:
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Linear stability of spectral graph filters

Consider low-pass filter

Proof  Let                   and                    then
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<latexit sha1_base64="l2o2cnuaxESRfsBWbO16At4jY1E=">AAACKnicbZDLSsNAFIYnXmu9VV26GSyCUCiJFHUjFN0ouKhgL9CWcjKdtEMnkzAzUUvIQ/ge7t3qK7grbl34GCZtCrb1h4GP/5zDOfPbPmdKm+bIWFpeWV1bz2xkN7e2d3Zze/s15QWS0CrxuCcbNijKmaBVzTSnDV9ScG1O6/bgOqnXH6lUzBMPeujTtgs9wRxGQMdWJ1douaD7thM2ossp3kYdgQu4BdzvA566d1EnlzeL5lh4EawU8ihVpZP7aXU9ErhUaMJBqaZl+rodgtSMcBplW4GiPpAB9GgzRgEuVe1w/KkIH8dOFzuejJ/QeOz+nQjBVWro2nFncqGaryXmf7VmoJ2LdsiEH2gqyGSRE3CsPZwkhLtMUqL5MAYgksW3YtIHCUTHOc5soc8apPSeVBKNNR/EItROi9ZZsXRfypev0pAy6BAdoRNkoXNURjeogqqIoBf0ht7Rh/FqfBoj42vSumSkMwdoRsb3L+h9qHg=</latexit>

X = In + ↵L
<latexit sha1_base64="iSSW3z4qC0GxO85qOezAD9phpiI=">AAACLHicbZDLSgMxFIYzXmu9VV26CRZBEMuMFHUjFN0ouKhgW6Utw5k004ZmMkOSUcswT+F7uHerr+BGxK34GKY30OoPgY//nMM5+b2IM6Vt+82amp6ZnZvPLGQXl5ZXVnNr61UVxpLQCgl5KK89UJQzQSuaaU6vI0kh8Dited3Tfr12S6ViobjSvYg2A2gL5jMC2lhubq8RgO54fnKTHo/xPHUF3sUN4FEH8Ni9SN3IzeXtgj0Q/gvOCPJopLKb+2q0QhIHVGjCQam6Y0e6mYDUjHCaZhuxohGQLrRp3aCAgKpmMvhWireN08J+KM0TGg/cnxMJBEr1As909m9Uk7W++V+tHmv/qJkwEcWaCjJc5Mcc6xD3M8ItJinRvGcAiGTmVkw6IIFok+SvLfReg5ThnUpNNM5kEH+hul9wDgrFy2K+dDIKKYM20RbaQQ46RCV0hsqoggh6QE/oGb1Yj9ar9W59DFunrNHMBvol6/MboYapXA==</latexit>

Y = In + ↵Lp

<latexit sha1_base64="4GhNxoi63q52aCnAR/2SK4YiD6U="></latexit>

||g(L)� g(Lp)||2 = ||X�1 �Y�1||2 = ||X�1(Y �X)Y�1||2
<latexit sha1_base64="YpD9UWqNbAyUkLjYxdz+mv3N8hM="></latexit>

 ||X�1||2||Y�1||2||X�Y||2  ||X�Y||2 = ↵||L� Lp||2



Bounding error w.r.t. topological change

<latexit sha1_base64="x3quBSlwrjjfsGG5Dj8kbB2AseQ="></latexit>

Au,Du,Ru : sets of added/deleted/remained neighbours of u
<latexit sha1_base64="s9v73+lI6waigr2SPJupwF3W6OU="></latexit>

��
u ,�

+
u : #edges deleted/added at u

<latexit sha1_base64="2CaNIRiGMa8St1hsUM+nEJamLGg=">AAACMHicbVDLSgMxFM34rO+qSzfBIrqQOiOi4kp047KCVaEtQyZzpwYzkyG5UcvQ7/A/3LvVX9CVuBO/wvSx8HUgcDjnXs7NiXIpDPr+qzcyOjY+MVmamp6ZnZtfKC8unRtlNYc6V1Lpy4gZkCKDOgqUcJlrYGkk4SK6Pu75FzegjVDZGXZyaKWsnYlEcIZOCstBHNpNGq+H9oA2Ee6wiKGtAahKaNcOFBpBojRssQRBd8Nyxa/6fdC/JBiSChmiFpY/mrHiNoUMuWTGNAI/x1bBNAouoTvdtAZyxq9ZGxqOZiwF0yr6X+vSNafE1MW7lyHtq983CpYa00kjN5kyvDK/vZ74n9ewmOy3CpHlFiHjg6DESoqK9nqisdDAUXYcYVwLdyvlV0wz7jr4meIqYlqrW9OrJvhdxF9yvl0Ndqs7pzuVw6NhSSWyQlbJBgnIHjkkJ6RG6oSTe/JInsiz9+C9eG/e+2B0xBvuLJMf8D6/AE0Kqrc=</latexit>

du, d
0
u : degree of u before/after

<latexit sha1_base64="+CewPndMVgWCGetgI2zRVQLFKyA="></latexit>

�u, �
0
u : smallest degree of neighbours of u before/after

<latexit sha1_base64="Qf+EExr4rBqhrNMAnH89vc/CLGk="></latexit>

↵u : max
v2Nu[{u}

|�+
v ���

v |/dvoriginal graph

<latexit sha1_base64="bj928SB/SzFRbZm6JOl+P1sETt0=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4sM7NqWALeveoveBOv/op/4Gc4SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6Omlomi0KCSS9UOiAbOBDQMMxzasQISBRxaweh26rceQGkmxb0Zx+BHZCBYyCgxVqonvWLJLbsz4FXiZaSEMtR6xZ9uX9IkAmEoJ1p3PDc2fkqUYZTDpNBNNMSEjsgAOpYKEoH209mhE3xmlT4OpbIlDJ6pfydSEmk9jgLbGREz1MveVPzP6yQmvPZTJuLEgKDzRWHCsZF4+jXuMwXU8LElhCpmb8V0SBShxmazsAWeDFFKPuqJjcZbDmKVNC/K3mW5Uq+UqjdZSHl0gk7ROfLQFaqiO1RDDUQRoBf0it6cZ+fd+XA+5605J5s5Rgtwvn4BvdKW4g==</latexit>u

perturbed graph

<latexit sha1_base64="bj928SB/SzFRbZm6JOl+P1sETt0=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4sM7NqWALeveoveBOv/op/4Gc4SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6Omlomi0KCSS9UOiAbOBDQMMxzasQISBRxaweh26rceQGkmxb0Zx+BHZCBYyCgxVqonvWLJLbsz4FXiZaSEMtR6xZ9uX9IkAmEoJ1p3PDc2fkqUYZTDpNBNNMSEjsgAOpYKEoH209mhE3xmlT4OpbIlDJ6pfydSEmk9jgLbGREz1MveVPzP6yQmvPZTJuLEgKDzRWHCsZF4+jXuMwXU8LElhCpmb8V0SBShxmazsAWeDFFKPuqJjcZbDmKVNC/K3mW5Uq+UqjdZSHl0gk7ROfLQFaqiO1RDDUQRoBf0it6cZ+fd+XA+5605J5s5Rgtwvn4BvdKW4g==</latexit>u



Bounding error w.r.t. topological change

<latexit sha1_base64="x3quBSlwrjjfsGG5Dj8kbB2AseQ="></latexit>

Au,Du,Ru : sets of added/deleted/remained neighbours of u
<latexit sha1_base64="s9v73+lI6waigr2SPJupwF3W6OU="></latexit>

��
u ,�

+
u : #edges deleted/added at u

<latexit sha1_base64="2CaNIRiGMa8St1hsUM+nEJamLGg=">AAACMHicbVDLSgMxFM34rO+qSzfBIrqQOiOi4kp047KCVaEtQyZzpwYzkyG5UcvQ7/A/3LvVX9CVuBO/wvSx8HUgcDjnXs7NiXIpDPr+qzcyOjY+MVmamp6ZnZtfKC8unRtlNYc6V1Lpy4gZkCKDOgqUcJlrYGkk4SK6Pu75FzegjVDZGXZyaKWsnYlEcIZOCstBHNpNGq+H9oA2Ee6wiKGtAahKaNcOFBpBojRssQRBd8Nyxa/6fdC/JBiSChmiFpY/mrHiNoUMuWTGNAI/x1bBNAouoTvdtAZyxq9ZGxqOZiwF0yr6X+vSNafE1MW7lyHtq983CpYa00kjN5kyvDK/vZ74n9ewmOy3CpHlFiHjg6DESoqK9nqisdDAUXYcYVwLdyvlV0wz7jr4meIqYlqrW9OrJvhdxF9yvl0Ndqs7pzuVw6NhSSWyQlbJBgnIHjkkJ6RG6oSTe/JInsiz9+C9eG/e+2B0xBvuLJMf8D6/AE0Kqrc=</latexit>

du, d
0
u : degree of u before/after

<latexit sha1_base64="+CewPndMVgWCGetgI2zRVQLFKyA="></latexit>

�u, �
0
u : smallest degree of neighbours of u before/after

<latexit sha1_base64="Qf+EExr4rBqhrNMAnH89vc/CLGk="></latexit>

↵u : max
v2Nu[{u}

|�+
v ���

v |/dv

<latexit sha1_base64="zBLLFj3lUXZoOPGc407f+zwtqD0=">AAACIXicbZDLSgNBEEV7fMb4irp00yQIghpmJKgbIagLlxFMFJJx6OlUtEnPg+4aNQzZ+x/u3eovuBN34g/4GXaSEXxdaLicqqKqrx9LodG236yx8YnJqencTH52bn5hsbC03NBRojjUeSQjde4zDVKEUEeBEs5jBSzwJZz53cNB/ewalBZReIq9GNyAXYaiIzhDg7xCsXUEEtlFutH3ErpPnU36RbYy4hVKdtkeiv41TmZKJFPNK3y02hFPAgiRS6Z107FjdFOmUHAJ/Xwr0RAz3mWX0DQ2ZAFoNx3+pU/XDGnTTqTMC5EO6feJlAVa9wLfdAYMr/Tv2gD+V2sm2NlzUxHGCULIR4s6iaQY0UEwtC0UcJQ9YxhXwtxK+RVTjKOJ78cWuEWmVHSj+yYa53cQf01ju+zslCsnlVL1IAspR1ZJkawTh+ySKjkmNVInnNyRB/JInqx769l6sV5HrWNWNrNCfsh6/wRvpaLI</latexit>

�+
u = 1,��

u = 1
<latexit sha1_base64="NA2VZ/wLOZ2dE867OjtvdqeFiaE=">AAACEHicbZDLSsNAFIYn9VbrLdWlm8EiupCSSFE3QtGNywr2Am0Ik8mkHTqZhJmJtYS+hHu3+gruxK1v4Bv4GE7aLGzrDwc+/nMO5/B7MaNSWda3UVhZXVvfKG6WtrZ3dvfM8n5LRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wNuu3H4mQNOIPahwTJ0R9TgOKkdKWa5Z9N4HXsHYGNZxk5JoVq2pNBZfBzqECcjVc86fnRzgJCVeYISm7thUrJ0VCUczIpNRLJIkRHqI+6WrkKCTSSaevT+CxdnwYREIXV3Dq/t1IUSjlOPT0ZIjUQC72MvO/XjdRwZWTUh4ninA8OxQkDKoIZjlAnwqCFRtrQFhQ/SvEAyQQVjqtuSvkSSEhopGc6GjsxSCWoXVetS+qtftapX6Th1QEh+AInAIbXII6uAMN0AQYjMALeAVvxrPxbnwYn7PRgpHvHIA5GV+/yiKbgw==</latexit>

du = 4, d0u = 4
<latexit sha1_base64="J//kpKE75n3vjsR0HzLsLOGjl88=">AAACGnicbVDJSgNBEO1xjXGLesylMYgeJMxIUC9C0IvHCGaBZBh6OpWkSc9Cd40aQg7+h3ev+gvexKsX/8DPsLMIJvFBw6v3qqjq58dSaLTtL2thcWl5ZTW1ll7f2NzazuzsVnSUKA5lHslI1XymQYoQyihQQi1WwAJfQtXvXg396h0oLaLwFnsxuAFrh6IlOEMjeZlsowkSmZfQC+oc09/qcFh6mZydt0eg88SZkByZoORlvhvNiCcBhMgl07ru2DG6faZQcAmDdCPREDPeZW2oGxqyALTbH31iQA+M0qStSJkXIh2pfyf6LNC6F/imM2DY0bPeUPzPqyfYOnf7IowThJCPF7USSTGiw0RoUyjgKHuGMK6EuZXyDlOMo8ltags8IFMqutcDE40zG8Q8qZzkndN84aaQK15OQkqRLNknR8QhZ6RIrkmJlAknj+SZvJBX68l6s96tj3HrgjWZ2SNTsD5/APK8n+U=</latexit>

�u = 1, �0u = 1
<latexit sha1_base64="c3fsErAdABXT5utEXsnxHNLINs0=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwFZJS1I1QdOOygn1AG8vNdNIOnWTCzEQtoZ/g3q3+gjtx60f4B36G0zYL23rgwuGcezmX48ecKe0431ZuZXVtfSO/Wdja3tndK+4fNJRIJKF1IriQLR8U5Syidc00p61YUgh9Tpv+8HriNx+oVExEd3oUUy+EfsQCRkAb6b4DPB5AN8GX2LHL3WLJsZ0p8DJxM1JCGWrd4k+nJ0gS0kgTDkq1XSfWXgpSM8LpuNBJFI2BDKFP24ZGEFLlpdOvx/jEKD0cCGkm0niq/r1IIVRqFPpmMwQ9UIveRPzPayc6uPBSFsWJphGZBQUJx1rgSQW4xyQlmo8MASKZ+RWTAUgg2hQ1l0KfNEgpHtXYVOMuFrFMGmXbPbMrt5VS9SorKY+O0DE6RS46R1V0g2qojgiS6AW9ojfr2Xq3PqzP2WrOym4O0Rysr1/YSZsy</latexit>

↵u = 0.2

original graph

<latexit sha1_base64="bj928SB/SzFRbZm6JOl+P1sETt0=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4sM7NqWALeveoveBOv/op/4Gc4SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6Omlomi0KCSS9UOiAbOBDQMMxzasQISBRxaweh26rceQGkmxb0Zx+BHZCBYyCgxVqonvWLJLbsz4FXiZaSEMtR6xZ9uX9IkAmEoJ1p3PDc2fkqUYZTDpNBNNMSEjsgAOpYKEoH209mhE3xmlT4OpbIlDJ6pfydSEmk9jgLbGREz1MveVPzP6yQmvPZTJuLEgKDzRWHCsZF4+jXuMwXU8LElhCpmb8V0SBShxmazsAWeDFFKPuqJjcZbDmKVNC/K3mW5Uq+UqjdZSHl0gk7ROfLQFaqiO1RDDUQRoBf0it6cZ+fd+XA+5605J5s5Rgtwvn4BvdKW4g==</latexit>u

perturbed graph

<latexit sha1_base64="bj928SB/SzFRbZm6JOl+P1sETt0=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4sM7NqWALeveoveBOv/op/4Gc4SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6Omlomi0KCSS9UOiAbOBDQMMxzasQISBRxaweh26rceQGkmxb0Zx+BHZCBYyCgxVqonvWLJLbsz4FXiZaSEMtR6xZ9uX9IkAmEoJ1p3PDc2fkqUYZTDpNBNNMSEjsgAOpYKEoH209mhE3xmlT4OpbIlDJ6pfydSEmk9jgLbGREz1MveVPzP6yQmvPZTJuLEgKDzRWHCsZF4+jXuMwXU8LElhCpmb8V0SBShxmazsAWeDFFKPuqJjcZbDmKVNC/K3mW5Uq+UqjdZSHl0gk7ROfLQFaqiO1RDDUQRoBf0it6cZ+fd+XA+5605J5s5Rgtwvn4BvdKW4g==</latexit>u



Bounding error w.r.t. topological change

Idea 1.
<latexit sha1_base64="lUPlV6NIH57aKofPSlZ7cuuXdaU=">AAACPXicbZA9SwNBEIb3/P42ammzGASrcBdErSQogqWCUSEXj73NXLK4t3fuzqnhkn/j/7C31cYfIFiIra2bmMJEX1h4eWaGmX3DVAqDrvvqjI1PTE5Nz8zOzS8sLi0XVlbPTZJpDlWeyERfhsyAFAqqKFDCZaqBxaGEi/D6sFe/uAVtRKLOsJ1CPWZNJSLBGVoUFPY7HT9m2Aqj/Kjb6VyVgzL1JdzQYR54o8AXKsJ2UCi6Jbcv+td4A1MkA50EhXe/kfAsBoVcMmNqnptiPWcaBZfQnfMzAynj16wJNWsVi8HU8/4/u3TTkgaNEm2fQtqnvydyFhvTjkPb2TvVjNZ68L9aLcNor54LlWYIiv8sijJJMaG90GhDaOAo29YwroW9lfIW04yjjXZoC9wj0zq5M10bjTcaxF9zXi55O6Xt0+1i5WAQ0gxZJxtki3hkl1TIMTkhVcLJA3kiz+TFeXTenA/n86d1zBnMrJEhOV/fi3uxhQ==</latexit>

||E||22  ||E||1||E||1
<latexit sha1_base64="hSQFYSGI96U//VH/nOujoxjLdqQ="></latexit>

||E||2  ||E||1 = max
u2V

||Eu||1



Bounding error w.r.t. topological change

Idea 1.
<latexit sha1_base64="lUPlV6NIH57aKofPSlZ7cuuXdaU=">AAACPXicbZA9SwNBEIb3/P42ammzGASrcBdErSQogqWCUSEXj73NXLK4t3fuzqnhkn/j/7C31cYfIFiIra2bmMJEX1h4eWaGmX3DVAqDrvvqjI1PTE5Nz8zOzS8sLi0XVlbPTZJpDlWeyERfhsyAFAqqKFDCZaqBxaGEi/D6sFe/uAVtRKLOsJ1CPWZNJSLBGVoUFPY7HT9m2Aqj/Kjb6VyVgzL1JdzQYR54o8AXKsJ2UCi6Jbcv+td4A1MkA50EhXe/kfAsBoVcMmNqnptiPWcaBZfQnfMzAynj16wJNWsVi8HU8/4/u3TTkgaNEm2fQtqnvydyFhvTjkPb2TvVjNZ68L9aLcNor54LlWYIiv8sijJJMaG90GhDaOAo29YwroW9lfIW04yjjXZoC9wj0zq5M10bjTcaxF9zXi55O6Xt0+1i5WAQ0gxZJxtki3hkl1TIMTkhVcLJA3kiz+TFeXTenA/n86d1zBnMrJEhOV/fi3uxhQ==</latexit>

||E||22  ||E||1||E||1
<latexit sha1_base64="hSQFYSGI96U//VH/nOujoxjLdqQ="></latexit>

||E||2  ||E||1 = max
u2V

||Eu||1

2.
<latexit sha1_base64="C+4C3MejtiYYsYZvXjOcwMlrK3o="></latexit>

||Eu||1 =
X

v2Du

1p
dudv

+
X

v2Au

1p
d0ud

0
v

+
X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

|



Bounding error w.r.t. topological change

Idea 1.
<latexit sha1_base64="lUPlV6NIH57aKofPSlZ7cuuXdaU=">AAACPXicbZA9SwNBEIb3/P42ammzGASrcBdErSQogqWCUSEXj73NXLK4t3fuzqnhkn/j/7C31cYfIFiIra2bmMJEX1h4eWaGmX3DVAqDrvvqjI1PTE5Nz8zOzS8sLi0XVlbPTZJpDlWeyERfhsyAFAqqKFDCZaqBxaGEi/D6sFe/uAVtRKLOsJ1CPWZNJSLBGVoUFPY7HT9m2Aqj/Kjb6VyVgzL1JdzQYR54o8AXKsJ2UCi6Jbcv+td4A1MkA50EhXe/kfAsBoVcMmNqnptiPWcaBZfQnfMzAynj16wJNWsVi8HU8/4/u3TTkgaNEm2fQtqnvydyFhvTjkPb2TvVjNZ68L9aLcNor54LlWYIiv8sijJJMaG90GhDaOAo29YwroW9lfIW04yjjXZoC9wj0zq5M10bjTcaxF9zXi55O6Xt0+1i5WAQ0gxZJxtki3hkl1TIMTkhVcLJA3kiz+TFeXTenA/n86d1zBnMrJEhOV/fi3uxhQ==</latexit>

||E||22  ||E||1||E||1
<latexit sha1_base64="hSQFYSGI96U//VH/nOujoxjLdqQ="></latexit>

||E||2  ||E||1 = max
u2V

||Eu||1

2.
<latexit sha1_base64="C+4C3MejtiYYsYZvXjOcwMlrK3o="></latexit>

||Eu||1 =
X

v2Du

1p
dudv

+
X

v2Au

1p
d0ud

0
v

+
X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

|

3.
<latexit sha1_base64="POERhrBl5/e9mV7YLWWoUppA7X0="></latexit> X

v2Du

1p
dudv


X

v2Du

1p
du�u

=
��

up
du�u



Bounding error w.r.t. topological change

Idea 1.
<latexit sha1_base64="lUPlV6NIH57aKofPSlZ7cuuXdaU=">AAACPXicbZA9SwNBEIb3/P42ammzGASrcBdErSQogqWCUSEXj73NXLK4t3fuzqnhkn/j/7C31cYfIFiIra2bmMJEX1h4eWaGmX3DVAqDrvvqjI1PTE5Nz8zOzS8sLi0XVlbPTZJpDlWeyERfhsyAFAqqKFDCZaqBxaGEi/D6sFe/uAVtRKLOsJ1CPWZNJSLBGVoUFPY7HT9m2Aqj/Kjb6VyVgzL1JdzQYR54o8AXKsJ2UCi6Jbcv+td4A1MkA50EhXe/kfAsBoVcMmNqnptiPWcaBZfQnfMzAynj16wJNWsVi8HU8/4/u3TTkgaNEm2fQtqnvydyFhvTjkPb2TvVjNZ68L9aLcNor54LlWYIiv8sijJJMaG90GhDaOAo29YwroW9lfIW04yjjXZoC9wj0zq5M10bjTcaxF9zXi55O6Xt0+1i5WAQ0gxZJxtki3hkl1TIMTkhVcLJA3kiz+TFeXTenA/n86d1zBnMrJEhOV/fi3uxhQ==</latexit>

||E||22  ||E||1||E||1
<latexit sha1_base64="hSQFYSGI96U//VH/nOujoxjLdqQ="></latexit>

||E||2  ||E||1 = max
u2V

||Eu||1

2.
<latexit sha1_base64="C+4C3MejtiYYsYZvXjOcwMlrK3o="></latexit>

||Eu||1 =
X

v2Du

1p
dudv

+
X

v2Au

1p
d0ud

0
v

+
X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

|

3.
<latexit sha1_base64="POERhrBl5/e9mV7YLWWoUppA7X0="></latexit> X

v2Du

1p
dudv


X

v2Du

1p
du�u

=
��

up
du�u

4.
<latexit sha1_base64="h6C57aiQH1YC912+emDI4ZtSKho="></latexit> X

v2Au

1p
d0ud

0
v


X

v2Au

1p
d0u�

0
u

=
�+

up
d0u�

0
u



Bounding error w.r.t. topological change

Idea 1.
<latexit sha1_base64="lUPlV6NIH57aKofPSlZ7cuuXdaU=">AAACPXicbZA9SwNBEIb3/P42ammzGASrcBdErSQogqWCUSEXj73NXLK4t3fuzqnhkn/j/7C31cYfIFiIra2bmMJEX1h4eWaGmX3DVAqDrvvqjI1PTE5Nz8zOzS8sLi0XVlbPTZJpDlWeyERfhsyAFAqqKFDCZaqBxaGEi/D6sFe/uAVtRKLOsJ1CPWZNJSLBGVoUFPY7HT9m2Aqj/Kjb6VyVgzL1JdzQYR54o8AXKsJ2UCi6Jbcv+td4A1MkA50EhXe/kfAsBoVcMmNqnptiPWcaBZfQnfMzAynj16wJNWsVi8HU8/4/u3TTkgaNEm2fQtqnvydyFhvTjkPb2TvVjNZ68L9aLcNor54LlWYIiv8sijJJMaG90GhDaOAo29YwroW9lfIW04yjjXZoC9wj0zq5M10bjTcaxF9zXi55O6Xt0+1i5WAQ0gxZJxtki3hkl1TIMTkhVcLJA3kiz+TFeXTenA/n86d1zBnMrJEhOV/fi3uxhQ==</latexit>

||E||22  ||E||1||E||1
<latexit sha1_base64="hSQFYSGI96U//VH/nOujoxjLdqQ="></latexit>

||E||2  ||E||1 = max
u2V

||Eu||1

2.
<latexit sha1_base64="C+4C3MejtiYYsYZvXjOcwMlrK3o="></latexit>

||Eu||1 =
X

v2Du

1p
dudv

+
X

v2Au

1p
d0ud

0
v

+
X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

|

3.
<latexit sha1_base64="POERhrBl5/e9mV7YLWWoUppA7X0="></latexit> X

v2Du

1p
dudv


X

v2Du

1p
du�u

=
��

up
du�u

4.
<latexit sha1_base64="h6C57aiQH1YC912+emDI4ZtSKho="></latexit> X

v2Au

1p
d0ud

0
v


X

v2Au

1p
d0u�

0
u

=
�+

up
d0u�

0
u

5.
<latexit sha1_base64="lX5fOa1TW8sJweDJ/QAxUECrwkw="></latexit> X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

| 
X

v2Ru

✓
↵u

1� ↵u

◆
1p
dudv


✓

↵u

1� ↵u

◆
du ���

up
du�u

<latexit sha1_base64="aqqMMHs4ZLDgnk8HxT0wikxJ7lQ=">AAACGXicbZC7SgNBFIZn4y3GW9ROm8EgaBN2JaiFRdDGMoK5QBLC2cmsGTK7s8ycVcMS8D3sbfUV7MTWyjfwMZxcCo2e6uf/z+Gc8/mxFAZd99PJzM0vLC5ll3Mrq2vrG/nNrZpRiWa8ypRUuuGD4VJEvIoCJW/EmkPoS173+xejvH7LtREqusZBzNsh3EQiEAzQWp38zkEL+T2mgdJ0SFsg4x50EnpGvcNOvuAW3XHRv8KbigKZVqWT/2p1FUtCHiGTYEzTc2Nsp6BRMMmHuVZieAysDze8aWUEITftdPzDkO5bp0tHZwQqQjp2f06kEBozCH3bGQL2zGw2Mv/LmgkGp+1URHGCPGKTRUEiKSo6AkK7QnOGcmAFMC3srZT1QANDi+3XFssJtFZ3ZmjReLMg/oraUdE7LpauSoXy+RRSluySPXJAPHJCyuSSVEiVMPJAnsgzeXEenVfnzXmftGac6cw2+VXOxze52qBs</latexit>

(for ↵u < 1)



Bounding error w.r.t. topological change

Idea 1.
<latexit sha1_base64="lUPlV6NIH57aKofPSlZ7cuuXdaU=">AAACPXicbZA9SwNBEIb3/P42ammzGASrcBdErSQogqWCUSEXj73NXLK4t3fuzqnhkn/j/7C31cYfIFiIra2bmMJEX1h4eWaGmX3DVAqDrvvqjI1PTE5Nz8zOzS8sLi0XVlbPTZJpDlWeyERfhsyAFAqqKFDCZaqBxaGEi/D6sFe/uAVtRKLOsJ1CPWZNJSLBGVoUFPY7HT9m2Aqj/Kjb6VyVgzL1JdzQYR54o8AXKsJ2UCi6Jbcv+td4A1MkA50EhXe/kfAsBoVcMmNqnptiPWcaBZfQnfMzAynj16wJNWsVi8HU8/4/u3TTkgaNEm2fQtqnvydyFhvTjkPb2TvVjNZ68L9aLcNor54LlWYIiv8sijJJMaG90GhDaOAo29YwroW9lfIW04yjjXZoC9wj0zq5M10bjTcaxF9zXi55O6Xt0+1i5WAQ0gxZJxtki3hkl1TIMTkhVcLJA3kiz+TFeXTenA/n86d1zBnMrJEhOV/fi3uxhQ==</latexit>

||E||22  ||E||1||E||1
<latexit sha1_base64="hSQFYSGI96U//VH/nOujoxjLdqQ="></latexit>

||E||2  ||E||1 = max
u2V

||Eu||1

2.
<latexit sha1_base64="C+4C3MejtiYYsYZvXjOcwMlrK3o="></latexit>

||Eu||1 =
X

v2Du

1p
dudv

+
X

v2Au

1p
d0ud

0
v

+
X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

|

3.
<latexit sha1_base64="POERhrBl5/e9mV7YLWWoUppA7X0="></latexit> X

v2Du

1p
dudv


X

v2Du

1p
du�u

=
��

up
du�u

4.
<latexit sha1_base64="h6C57aiQH1YC912+emDI4ZtSKho="></latexit> X

v2Au

1p
d0ud

0
v


X

v2Au

1p
d0u�

0
u

=
�+

up
d0u�

0
u

5.
<latexit sha1_base64="lX5fOa1TW8sJweDJ/QAxUECrwkw="></latexit> X

v2Ru

| 1p
dudv

� 1p
d0ud

0
v

| 
X

v2Ru

✓
↵u

1� ↵u

◆
1p
dudv


✓

↵u

1� ↵u

◆
du ���

up
du�u

<latexit sha1_base64="aqqMMHs4ZLDgnk8HxT0wikxJ7lQ=">AAACGXicbZC7SgNBFIZn4y3GW9ROm8EgaBN2JaiFRdDGMoK5QBLC2cmsGTK7s8ycVcMS8D3sbfUV7MTWyjfwMZxcCo2e6uf/z+Gc8/mxFAZd99PJzM0vLC5ll3Mrq2vrG/nNrZpRiWa8ypRUuuGD4VJEvIoCJW/EmkPoS173+xejvH7LtREqusZBzNsh3EQiEAzQWp38zkEL+T2mgdJ0SFsg4x50EnpGvcNOvuAW3XHRv8KbigKZVqWT/2p1FUtCHiGTYEzTc2Nsp6BRMMmHuVZieAysDze8aWUEITftdPzDkO5bp0tHZwQqQjp2f06kEBozCH3bGQL2zGw2Mv/LmgkGp+1URHGCPGKTRUEiKSo6AkK7QnOGcmAFMC3srZT1QANDi+3XFssJtFZ3ZmjReLMg/oraUdE7LpauSoXy+RRSluySPXJAPHJCyuSSVEiVMPJAnsgzeXEenVfnzXmftGac6cw2+VXOxze52qBs</latexit>

(for ↵u < 1)

linking stability to change in node degrees due to perturbation



Special case: double edge rewiring

<latexit sha1_base64="9eniSshuj+wG19sVePUfhBWpCSU=">AAACIHicbVDJSgNBEO1xjXEb9eilNQiCGGYkqBchqAePEUwiJOPQ06lok56F7ho1DDn7H9696i94E4/6BX6GnUVwe9Dw6r0qqvoFiRQaHefNGhufmJyazs3kZ+fmFxbtpeWajlPFocpjGavzgGmQIoIqCpRwnihgYSChHnSO+n79GpQWcXSG3QS8kF1Goi04QyP59lrzGCSyi2yr56f0gH6V28NS+alvF5yiMwD9S9wRKZARKr790WzFPA0hQi6Z1g3XSdDLmELBJfTyzVRDwniHXULD0IiFoL1s8JUe3TBKi7ZjZV6EdKB+n8hYqHU3DExnyPBK//b64n9eI8X2vpeJKEkRIj5c1E4lxZj2c6EtoYCj7BrCuBLmVsqvmGIcTXo/tsAtMqXiG90z0bi/g/hLajtFd7dYOi0VyoejkHJklayTTeKSPVImJ6RCqoSTO/JAHsmTdW89Wy/W67B1zBrNrJAfsN4/ATvMo1Y=</latexit>

�+
u = ��

u = ru
<latexit sha1_base64="0lTkqglfy/CG3mTRBjmWOjlZ7IQ=">AAACB3icbVDLTsMwEHTKq5RXgSMXiwrBqUpQBVyQKrhwLBJ9iDaqHMdprTpOZG+AKuoHcOcKv8ANceUz+AM+A7fNgbaMZGs0s6vdHS8WXINtf1u5peWV1bX8emFjc2t7p7i719BRoiir00hEquURzQSXrA4cBGvFipHQE6zpDa7HfvOBKc0jeQfDmLkh6UkecErASPd+N8GX2PzH3WLJLtsT4EXiZKSEMtS6xZ+OH9EkZBKoIFq3HTsGNyUKOBVsVOgkmsWEDkiPtQ2VJGTaTScbj/CRUXwcRMo8CXii/u1ISaj1MPRMZUigr+e9sfif104guHBTLuMEmKTTQUEiMER4fD72uWIUxNAQQhU3u2LaJ4pQMCHNTGFPQJSKHvXIROPMB7FIGqdl56xcua2UqldZSHl0gA7RCXLQOaqiG1RDdUSRRC/oFb1Zz9a79WF9TktzVtazj2Zgff0CTGOZ2w==</latexit>

du = d0u
<latexit sha1_base64="ytoqAxI7DaVWXQTsdVaNI/FRs58=">AAACE3icbZDJSgNBEIZ74hbjFpebl8YgegozEtSLEPTiMYJZIBlCT6eSNOlZ6K5RY8hjePeqr+BNvPoAvoGPYScZwST+UPDxVxVV/F4khUbb/rJSC4tLyyvp1cza+sbmVnZ7p6LDWHEo81CGquYxDVIEUEaBEmqRAuZ7Eqpe72rUr96B0iIMbrEfgeuzTiDagjM0VjO712iBRNaM6QX9xaNmNmfn7bHoPDgJ5EiiUjP73WiFPPYhQC6Z1nXHjtAdMIWCSxhmGrGGiPEe60DdYMB80O5g/P2QHhqnRduhMhUgHbt/NwbM17rve2bSZ9jVs72R+V+vHmP73B2IIIoRAj451I4lxZCOoqAtoYCj7BtgXAnzK+VdphhHE9jUFXhAplR4r4cmGmc2iHmonOSd03zhppArXiYhpck+OSDHxCFnpEiuSYmUCSeP5Jm8kFfryXqz3q2PyWjKSnZ2yZSszx/faJ50</latexit>

�u = �0u
<latexit sha1_base64="SfO191nmlAVxohHPAxeMj310w8U=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4KjNS1I1QdOOygn1AZyh30kwbmkmGJKOWoV/g3q3+gjtx61f4B36G6WNhWw9cOJxzL+dywoQzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpapIrROJJeqFYKmnAlaN8xw2koUhTjktBkObsZ+84EqzaS4N8OEBjH0BIsYAWMl3wee9KGT4ivsdoolt+xOgJeJNyMlNEOtU/zxu5KkMRWGcNC67bmJCTJQhhFORwU/1TQBMoAebVsqIKY6yCY/j/CJVbo4ksqOMHii/r3IINZ6GId2MwbT14veWPzPa6cmugwyJpLUUEGmQVHKsZF4XADuMkWJ4UNLgChmf8WkDwqIsTXNpdAnA0rJRz2y1XiLRSyTxlnZOy9X7iql6vWspDw6QsfoFHnoAlXRLaqhOiIoQS/oFb05z8678+F8TldzzuzmEM3B+foF7GSavg==</latexit>

↵u = 0



Special case: double edge rewiring

<latexit sha1_base64="NeEGfaCQ5d26BhOVy8sjlma+1ZM="></latexit>

 Cmax
u2V

2rup
du�u

<latexit sha1_base64="9eniSshuj+wG19sVePUfhBWpCSU=">AAACIHicbVDJSgNBEO1xjXEb9eilNQiCGGYkqBchqAePEUwiJOPQ06lok56F7ho1DDn7H9696i94E4/6BX6GnUVwe9Dw6r0qqvoFiRQaHefNGhufmJyazs3kZ+fmFxbtpeWajlPFocpjGavzgGmQIoIqCpRwnihgYSChHnSO+n79GpQWcXSG3QS8kF1Goi04QyP59lrzGCSyi2yr56f0gH6V28NS+alvF5yiMwD9S9wRKZARKr790WzFPA0hQi6Z1g3XSdDLmELBJfTyzVRDwniHXULD0IiFoL1s8JUe3TBKi7ZjZV6EdKB+n8hYqHU3DExnyPBK//b64n9eI8X2vpeJKEkRIj5c1E4lxZj2c6EtoYCj7BrCuBLmVsqvmGIcTXo/tsAtMqXiG90z0bi/g/hLajtFd7dYOi0VyoejkHJklayTTeKSPVImJ6RCqoSTO/JAHsmTdW89Wy/W67B1zBrNrJAfsN4/ATvMo1Y=</latexit>

�+
u = ��

u = ru
<latexit sha1_base64="0lTkqglfy/CG3mTRBjmWOjlZ7IQ=">AAACB3icbVDLTsMwEHTKq5RXgSMXiwrBqUpQBVyQKrhwLBJ9iDaqHMdprTpOZG+AKuoHcOcKv8ANceUz+AM+A7fNgbaMZGs0s6vdHS8WXINtf1u5peWV1bX8emFjc2t7p7i719BRoiir00hEquURzQSXrA4cBGvFipHQE6zpDa7HfvOBKc0jeQfDmLkh6UkecErASPd+N8GX2PzH3WLJLtsT4EXiZKSEMtS6xZ+OH9EkZBKoIFq3HTsGNyUKOBVsVOgkmsWEDkiPtQ2VJGTaTScbj/CRUXwcRMo8CXii/u1ISaj1MPRMZUigr+e9sfif104guHBTLuMEmKTTQUEiMER4fD72uWIUxNAQQhU3u2LaJ4pQMCHNTGFPQJSKHvXIROPMB7FIGqdl56xcua2UqldZSHl0gA7RCXLQOaqiG1RDdUSRRC/oFb1Zz9a79WF9TktzVtazj2Zgff0CTGOZ2w==</latexit>

du = d0u
<latexit sha1_base64="ytoqAxI7DaVWXQTsdVaNI/FRs58=">AAACE3icbZDJSgNBEIZ74hbjFpebl8YgegozEtSLEPTiMYJZIBlCT6eSNOlZ6K5RY8hjePeqr+BNvPoAvoGPYScZwST+UPDxVxVV/F4khUbb/rJSC4tLyyvp1cza+sbmVnZ7p6LDWHEo81CGquYxDVIEUEaBEmqRAuZ7Eqpe72rUr96B0iIMbrEfgeuzTiDagjM0VjO712iBRNaM6QX9xaNmNmfn7bHoPDgJ5EiiUjP73WiFPPYhQC6Z1nXHjtAdMIWCSxhmGrGGiPEe60DdYMB80O5g/P2QHhqnRduhMhUgHbt/NwbM17rve2bSZ9jVs72R+V+vHmP73B2IIIoRAj451I4lxZCOoqAtoYCj7BtgXAnzK+VdphhHE9jUFXhAplR4r4cmGmc2iHmonOSd03zhppArXiYhpck+OSDHxCFnpEiuSYmUCSeP5Jm8kFfryXqz3q2PyWjKSnZ2yZSszx/faJ50</latexit>

�u = �0u
<latexit sha1_base64="SfO191nmlAVxohHPAxeMj310w8U=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4KjNS1I1QdOOygn1AZyh30kwbmkmGJKOWoV/g3q3+gjtx61f4B36G6WNhWw9cOJxzL+dywoQzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpapIrROJJeqFYKmnAlaN8xw2koUhTjktBkObsZ+84EqzaS4N8OEBjH0BIsYAWMl3wee9KGT4ivsdoolt+xOgJeJNyMlNEOtU/zxu5KkMRWGcNC67bmJCTJQhhFORwU/1TQBMoAebVsqIKY6yCY/j/CJVbo4ksqOMHii/r3IINZ6GId2MwbT14veWPzPa6cmugwyJpLUUEGmQVHKsZF4XADuMkWJ4UNLgChmf8WkDwqIsTXNpdAnA0rJRz2y1XiLRSyTxlnZOy9X7iql6vWspDw6QsfoFHnoAlXRLaqhOiIoQS/oFb05z8678+F8TldzzuzmEM3B+foF7GSavg==</latexit>

↵u = 0



Interpretable stability bounds

Interpretation: A perturbation causes small change in output if                 is small
<latexit sha1_base64="i34bc4n4C+eA3O1495AMSwnRhCU=">AAACKnicbVDLSsNAFJ34rPVVdelmsAiCUBLxtSyK4LKCfUBbwmQ6aYdOJmEe2pLmI/wP9271F9wVty78DKdpFrb1wMC559zLvXO8iFGpbHtsLS2vrK6t5zbym1vbO7uFvf2aDLXApIpDFoqGhyRhlJOqooqRRiQICjxG6l7/duLXn4iQNOSPahiRdoC6nPoUI2Ukt3DaCtDAjTVsUQ4NVz2MWFxLEjgapaXnx3eJq0cj13ELRbtkp4CLxMlIEWSouIWfVifEOiBcYYakbDp2pNoxEopiRpJ8S0sSIdxHXdI0lKOAyHacfiqBx0bpQD8U5nEFU/XvRIwCKYeBZzond8p5byL+5zW18q/bMeWRVoTj6SJfM6hCOEkIdqggWLGhIQgLam6FuIcEwsrkOLOFDBQSInyWiYnGmQ9ikdTOSs5l6eLhvFi+yULKgUNwBE6AA65AGdyDCqgCDF7AG3gHH9ar9WmNra9p65KVzRyAGVjfvwYuqSc=</latexit>

max
u2V

||Eu||1

<latexit sha1_base64="HLOF49QSyJWz656pyDprv7Mf7/g="></latexit>

||g✓(L)x� g✓(Lp)x||2
||x||2

 C||E||2  Cmax
u2V

||Eu||1
<latexit sha1_base64="eSukrJdZQlgRK8W4g2SvsrI2oyQ="></latexit>

 Cmax
u2V

⇢
��

up
du�u

+
�+

up
d0u�

0
u

+

✓
↵u

1� ↵u

◆
du ���

up
du�u

�



Interpretable stability bounds

Interpretation: A perturbation causes small change in output if                 is small
<latexit sha1_base64="i34bc4n4C+eA3O1495AMSwnRhCU=">AAACKnicbVDLSsNAFJ34rPVVdelmsAiCUBLxtSyK4LKCfUBbwmQ6aYdOJmEe2pLmI/wP9271F9wVty78DKdpFrb1wMC559zLvXO8iFGpbHtsLS2vrK6t5zbym1vbO7uFvf2aDLXApIpDFoqGhyRhlJOqooqRRiQICjxG6l7/duLXn4iQNOSPahiRdoC6nPoUI2Ukt3DaCtDAjTVsUQ4NVz2MWFxLEjgapaXnx3eJq0cj13ELRbtkp4CLxMlIEWSouIWfVifEOiBcYYakbDp2pNoxEopiRpJ8S0sSIdxHXdI0lKOAyHacfiqBx0bpQD8U5nEFU/XvRIwCKYeBZzond8p5byL+5zW18q/bMeWRVoTj6SJfM6hCOEkIdqggWLGhIQgLam6FuIcEwsrkOLOFDBQSInyWiYnGmQ9ikdTOSs5l6eLhvFi+yULKgUNwBE6AA65AGdyDCqgCDF7AG3gHH9ar9WmNra9p65KVzRyAGVjfvwYuqSc=</latexit>

max
u2V

||Eu||1

<latexit sha1_base64="HLOF49QSyJWz656pyDprv7Mf7/g="></latexit>

||g✓(L)x� g✓(Lp)x||2
||x||2

 C||E||2  Cmax
u2V

||Eu||1
<latexit sha1_base64="eSukrJdZQlgRK8W4g2SvsrI2oyQ="></latexit>

 Cmax
u2V

⇢
��

up
du�u

+
�+

up
d0u�

0
u

+

✓
↵u

1� ↵u

◆
du ���

up
du�u

�

<latexit sha1_base64="Wvia0qX/YltbzgBb/ERCnqjwf/s="></latexit>

||Eu||1 ⇡ �+
up

d0u�
0
u

+
��

up
du�u

<latexit sha1_base64="jG2OQESHj6vS0Y4q7Z7F3lUrAjw=">AAACKXicbZC7TgMxEEW9vAmvACWNRYQEFNEu4lUiaChBIgQpG0WzjpdYeNeWPQtEq/AN/Ac9LfwCHdDS8Bk4j4IQbuOrOzOa8Ym0FBZ9/8MbG5+YnJqemS3MzS8sLhWXVy6tygzjFaakMlcRWC5FyisoUPIrbTgkkeTV6OakW6/ecmOFSi+wrXk9getUxIIBuqhR3A6R32MeK0NtAlJ2HkKQugUPm/2XhqC1UffU32oUS37Z74mOmmBgSmSgs0bxO2wqliU8RSbB2lrga6znYFAwyTuFMLNcA7uBa15zNoWE23re+1OHbrikSbt3xSpF2kt/T+SQWNtOIteZALbs31o3/K9WyzA+rOci1RnylPUXxZmkqGgXEG0KwxnKtjPAjHC3UtYCAwwdxqEtDhwYo+5sx6EJ/oIYNZc75WC/vHe+Wzo6HkCaIWtknWySgByQI3JKzkiFMPJInskLefWevDfv3fvst455g5lVMiTv6weJhqhJ</latexit>

for small ↵ (↵ ⇡ 0)



Interpretable stability bounds

Interpretation: A perturbation causes small change in output if                 is small

! small          for one node           add/delete edges at high-degree nodes
<latexit sha1_base64="fFpvCnMlIYQ7oYAMAf982gkCX1w=">AAACEXicbVDLSsNAFJ3UV62vWJdugkVwVRLxtSyK4LKCfUAbwmQ6aYdOZsLMRFvSfIV7t/oL7sStX+Af+BlO2ixs64ELh3Pu5R6OH1EilW1/G4WV1bX1jeJmaWt7Z3fP3C83JY8Fwg3EKRdtH0pMCcMNRRTF7UhgGPoUt/zhTea3HrGQhLMHNY6wG8I+IwFBUGnJM8uTSTeEauAHyW3qxZOJ53hmxa7aU1jLxMlJBeSoe+ZPt8dRHGKmEIVSdhw7Um4ChSKI4rTUjSWOIBrCPu5oymCIpZtMs6fWsVZ6VsCFHqasqfr3IoGhlOPQ15tZTrnoZeJ/XidWwZWbEBbFCjM0exTE1FLcyoqwekRgpOhYE4gE0VktNIACIqXrmvuCRwoKwZ9kqqtxFotYJs3TqnNRPb8/q9Su85KK4BAcgRPggEtQA3egDhoAgRF4Aa/gzXg23o0P43O2WjDymwMwB+PrFwLnnqg=</latexit>
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Interpretable stability bounds

Interpretation: A perturbation causes small change in output if                 is small
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Experimental setting

Perturbation strategies  
! Add: random add 

! Delete: random delete 

! Add/Delete: random add/delete 

! Rewire: double edge rewiring 

! Robust: minimise  

! PGD: maximise relative output 
distance
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Analysis of stability bounds
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Analysis of stability bounds
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Analysis of stability bounds
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Analysis of relative output distance
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Analysis of perturbation examples



Analysis of perturbation examples



Outline

• Brief introduction to spectral graph filters 

• Interpretable stability bounds for spectral graph filters

• Further results on robustness of graph machine learning models



Stability results on spectral GNNs

• GCN and SGCN: GNNs based on spectral graph filters 
• Normalised augmented adjacency matrix + double edge rewiring

GCN SGCN

Kenlay et al., “On the stability of graph convolutional neural networks under edge rewiring,” IEEE ICASSP, 2021.



Stability results on spectral GNNs

• GCN and SGCN: GNNs based on spectral graph filters 
• Normalised augmented adjacency matrix + double edge rewiring

GCN SGCN

Kenlay et al., “On the stability of graph convolutional neural networks under edge rewiring,” IEEE ICASSP, 2021.

+

linking GNN output to 
change in node degrees



Stability results on spectral GNNs

• Evaluation of insight provided by bound on node classification task 
• “high-degree” helps but not “high spatial distribution”: influence of task!

Sahbazoglu, “Robustness analysis of graph convolutional networks,” MEng Thesis, University of Oxford, 2023.



Patterns of adversarial attacks on GNNs

• Optimisation of topological attacks on graph classification 
• Common topological patterns of successful attacks

edge addition edge deletion

Wan et al., “Adversarial attacks on graph classification via Bayesian optimisation,” NeurIPS, 2021.

PROTEINS+GCN: clustered adversarial perturbation



Patterns of adversarial attacks on GNNs

• Optimisation of topological attacks on graph classification 
• Common topological patterns of successful attacks

edge addition edge deletion

Wan et al., “Adversarial attacks on graph classification via Bayesian optimisation,” NeurIPS, 2021.

Twitter+GCN: attack low-degree nodes



Patterns of adversarial attacks on GNNs

• Optimisation of topological attacks on graph classification 
• Common topological patterns of successful attacks

edge addition edge deletion

Wan et al., “Adversarial attacks on graph classification via Bayesian optimisation,” NeurIPS, 2021.

IMDB-B+GCN: modify/destroy communities



Structure-aware robustness certificates

• Certified robustness on graph classification against topological attacks 
• Quality of certificates depends on relative importance of substructure

Osselin et al., “Structure-aware robustness certificates for graph classification,” UAI, 2023.



Structure-aware robustness certificates

• Certified robustness on graph classification against topological attacks 
• Quality of certificates depends on relative importance of substructure

Osselin et al., “Structure-aware robustness certificates for graph classification,” UAI, 2023.



Probabilistic modelling on graphs

• Most existing graph models lack uncertainty estimation 
• Probabilistic modelling via Gaussian processes

Zhi et al., “Gaussian processes on graphs via spectral kernel learning,” IEEE TSIPN, 2023. 
Opolka et al., “Adaptive Gaussian processes on graphs via spectral graph wavelets,” AISTATS, 2022. 
Opolka et al., “Graph classification Gaussian processes via spectral features,” UAI, 2023.

node regression

node classification graph classification



Summary

• Stability (and more generally robustness) of graph signal processing and 
machine learning models is an important problem 

• Many open questions on robustness of graph models: data collection, 
model selection, training, inference 

• Topological properties of the graph domain and perturbation often provide 
useful insight (but tasks are important too!) 

• Probabilistic modelling (e.g. Gaussian processes, Bayesian inference) can 
help provide uncertainty estimation 

• Interdisciplinary area connecting signal processing and machine learning 
with graph theory, geometry and topology
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