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Graph Machine Learning
• Overview of graph machine learning


• Convolutional neural networks on graphs

- “spectral” approaches enabled by graph signal processing


• State-of-the-art graph neural networks

- “spatial” approaches enabled by message passing


• Latest developments and applications
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Resources
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• Textbooks

- Hamilton, “Graph Representation Learning,”   

Morgan & Claypool Publishers, 2020. Available at 
https://www.cs.mcgill.ca/~wlh/grl_book/


- Ortega, “Introduction to Graph Signal Processing,” 
Cambridge University Press, 2022.

• Papers

- https://web.media.mit.edu/~xdong/resource.html


• Software packages

- https://pygsp.readthedocs.io/en/stable/


- https://scikit-network.readthedocs.io/en/latest/


- https://pytorch-geometric.readthedocs.io/en/latest/

https://www.cs.mcgill.ca/~wlh/grl_book/
https://web.media.mit.edu/~xdong/resource.html
https://pygsp.readthedocs.io/en/stable/
https://scikit-network.readthedocs.io/en/latest/
https://pytorch-geometric.readthedocs.io/en/latest/
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Networks are pervasive

5

traffic network brain networksocial network

networks are mathematically represented by graphs
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The field of network science

6
Watts and Strogatz, “Collective dynamics of ‘small-world’ networks,” Nature, 1998.

Newman, “Networks: An introduction,” Oxford University Press, 2010.

random graph 
models

node 
centrality

graph 
clustering 

primarily focused on graphs (edge relations) but not node attributes
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Graph-structured data are pervasive

7

from graphs to graph-structured data

activities in brain regionspreferences of individualscongestion in road junctions
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Learning with graph-structured data
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graph-level classification 
(supervised)

? ?
? ?

?

?

???
?

node-level classification

(semi-supervised) 

graph clustering 

(unsupervised)
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Learning with graph-structured data

9

fake news detection

drug discovery

traffic prediction

Monti et al., “Fake news detection on social media using geometric deep learning,” ICLR Workshop, 2019.

Stokes et al., “A deep learning approach to antibiotic discovery,” Cell, 2020.

Derrow-Pinion et al., “ETA prediction with graph neural networks in Google Maps,” CIKM, 2021.
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Classical ML vs Graph ML

10

Classical ML

node classification

graph classification

link prediction

graph clustering
<latexit sha1_base64="47fIja0iMLdQFgyM5rrCq3k+8Ys=">AAACCHicbVBLTsMwFHTKr5RfgSUbiwqJVZUgfssKFrAsEv1IaVS9uE5r1Ykj2wGqqBdgzxauwA6x5RbcgGPgtFnQlpEsjWbe0xuPH3OmtG1/W4Wl5ZXVteJ6aWNza3unvLvXVCKRhDaI4EK2fVCUs4g2NNOctmNJIfQ5bfnD68xvPVCpmIju9SimXgj9iAWMgDaS2wlBDwjw9GbcLVfsqj0BXiROTiooR71b/un0BElCGmnCQSnXsWPtpSA1I5yOS51E0RjIEPrUNTSCkCovnUQe4yOj9HAgpHmRxhP170YKoVKj0DeTWUQ172Xif56b6ODSS1kUJ5pGZHooSDjWAmf/xz0mKdF8ZAgQyUxWTAYggWjT0swV+qRBSvGosmqc+SIWSfOk6pxXz+5OK7WrvKQiOkCH6Bg56ALV0C2qowYiSKAX9IrerGfr3fqwPqejBSvf2UczsL5+Aa6/m0c=</latexit>

G

Graph ML

time series 
forecasting

image 
classification/
segmentation

regular domain 
(real line, 2D grid) 

irregular domain 
(graphs) 

<latexit sha1_base64="9A+xRlJjiLjo425TMaH78T6PFO8=">AAACAXicbVDLTgJBEJz1ifhCPXqZSEzwQnaNQY9ELx4xkUcCGzI7zMKE2ZnNTK9KNpy8e9Vf8Ga8+iX+gZ/hLHAQsJJOKlXd6e4KYsENuO63s7K6tr6xmdvKb+/s7u0XDg4bRiWasjpVQulWQAwTXLI6cBCsFWtGokCwZjC8yfzmA9OGK3kPo5j5EelLHnJKIJPCUuusWyi6ZXcCvEy8GSmiGWrdwk+np2gSMQlUEGPanhuDnxINnAo2zncSw2JCh6TP2pZKEjHjp5Nbx/jUKj0cKm1LAp6ofydSEhkzigLbGREYmEUvE//z2gmEV37KZZwAk3S6KEwEBoWzx3GPa0ZBjCwhVHN7K6YDogkFG8/cFvYERGv1aMY2Gm8xiGXSOC97lXLl7qJYvZ6FlEPH6ASVkIcuURXdohqqI4oG6AW9ojfn2Xl3PpzPaeuKM5s5QnNwvn4BJgaXnA==</latexit>

f(X)

<latexit sha1_base64="an/W+Ng3iy4cZqRoGioSIjYuaWA=">AAACEHicbVDLSgMxFM3UV62vqS7dBItQQcqMSHVZdKHLCrYW2qFk0kwbmkmGJGMtQ3/CvVv9BXfi1j/wD/wMM+0sbOuBC4dz7uUejh8xqrTjfFu5ldW19Y38ZmFre2d3zy7uN5WIJSYNLJiQLR8pwignDU01I61IEhT6jDz4w+vUf3gkUlHB7/U4Il6I+pwGFCNtpK5dDMqdEOkBRiy5mZzC1knXLjkVZwq4TNyMlECGetf+6fQEjkPCNWZIqbbrRNpLkNQUMzIpdGJFIoSHqE/ahnIUEuUl0+gTeGyUHgyENMM1nKp/LxIUKjUOfbOZxlSLXir+57VjHVx6CeVRrAnHs0dBzKAWMO0B9qgkWLOxIQhLarJCPEASYW3amvtCnjSSUozUxFTjLhaxTJpnFbdaqd6dl2pXWUl5cAiOQBm44ALUwC2ogwbAYARewCt4s56td+vD+pyt5qzs5gDMwfr6BU/CnRA=</latexit>

f(G, X)

<latexit sha1_base64="uuEFW+1SMvojOzb0ZUQgvHkdoo4=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4TMA9IljA76U2GzM4sM7NqWALeveoveBOv/op/4Gc4SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6Omlomi0KCSS9UOiAbOBDQMMxzasQISBRxaweh26rceQGkmxb0Zx+BHZCBYyCgxVqq3e8WSW3ZnwKvEy0gJZaj1ij/dvqRJBMJQTrTueG5s/JQowyiHSaGbaIgJHZEBdCwVJALtp7NDJ/jMKn0cSmVLGDxT/06kJNJ6HAW2MyJmqJe9qfif10lMeO2nTMSJAUHni8KEYyPx9GvcZwqo4WNLCFXM3orpkChCjc1mYQs8GaKUfNQTG423HMQqaV6UvUq5Ur8sVW+ykPLoBJ2ic+ShK1RFd6iGGogiQC/oFb05z8678+F8zltzTjZzjBbgfP0CkASWxw==</latexit>

X
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How to incorporate graphs into learning?
• Traditional machine learning on graphs

11

graph features/
embeddings

…
• Limitations


- hand-crafted features or optimised embeddings, often focused on graph structure

…

tasks
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…
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traditional ML

- respect notion of “closeness” in the graph, but do not adapt to downstream tasks
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How to incorporate graphs into learning?
• Traditional machine learning on graphs

11

graph features/
embeddings

…
• Limitations


- hand-crafted features or optimised embeddings, often focused on graph structure

+

node 
features

…

tasks

- can incorporate additional node features, but in a mechanical way

traditional ML

- respect notion of “closeness” in the graph, but do not adapt to downstream tasks
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How to incorporate graphs into learning?
• Graph machine learning

12

graph

…

taskslearned embeddings

+

node features
…

• Advantages

- naturally combine graph structure and node features in analysis and learning


new tools: graph signal processing, graph neural networks
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- embeddings can adapt to downstream tasks and be trained in end-to-end fashion
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How to incorporate graphs into learning?
• Graph machine learning

12

graph

…

taskslearned embeddings

+

node features
…

• Advantages

- naturally combine graph structure and node features in analysis and learning


new tools: graph signal processing, graph neural networks

graph ML

- embeddings can adapt to downstream tasks and be trained in end-to-end fashion

- offers more flexibility and enables “deeper” architectures and embeddings
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Graph signal processing

13

f : V ! R
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G = {V, E}
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v1 v2
+

RN

v1v2…

! Graph-structured data can be represented by graph signals

takes into account both structure (edges) and data 
(values at nodes)
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Graph signal processing

13

how to generalise classical signal processing tools on 
irregular domains such as graphs?

1D signal 2D signal graph signal
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Graph signal processing

14

classical signal processing


- complex exponentials provide 
“building blocks” of 1D signal   
(different oscillations or frequencies)


- leads to Fourier transform


- enables filtering and convolution 
on regular grids

graph signal processing


- Laplacian eigenvectors provide 
“building blocks” of graph signal 
(different oscillation or frequencies)


- leads to graph Fourier transform


- enables filtering and convolution 
on graphs
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Convolutional neural networks on graphs

15
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(More generally) Graph neural networks

16

2005 201720172009

GNN
Gori et al.

2017 20182018 2019

Spectral CNN
Bruna et al.

2014

ChebNet
Defferrard et al.

2016 2016

PATCHY-SAN
Niepert et al.

2016 20192017 2019

MPNN
Gilmer et al.

MoNet
Monti et al.

GN
Battaglia et al.

GIN
Xu et al.

Gated GNN
Li et al.

GCN
Kipf and Welling

GraphSAGE
Hamilton et al.

GAT
Veličković et al.

SGN
Wu et al.

CayleyNet
Levie et al.

2019

GNN
Scarselli et al.

CNNs on graphs
Gama et al.

spatial approachspectral (GSP) approach
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• State-of-the-art graph neural networks
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• Latest developments and applications
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CNNs exploit structure within data

18https://en.wikipedia.org/wiki/File:Typical_cnn.png

checklist

- convolution: translation equivariance


- localisation: compact filters


- multi-scale: compositionality


- efficiency:          computational complexityO(N)
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https://en.wikipedia.org/wiki/File:Typical_cnn.png
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checklist

- convolution: how to define convolution? what about invariance?


- localisation: what is the notion of locality?


- multi-scale: how to down-sample on graphs?


- efficiency: how to keep computational complexity low?
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<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

Dumoulin and Visin, “A guide to convolution arithmetic for deep learning,” arXiv, 2018.
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Dumoulin and Visin, “A guide to convolution arithmetic for deep learning,” arXiv, 2018.
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Dumoulin and Visin, “A guide to convolution arithmetic for deep learning,” arXiv, 2018.
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frequency domain

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>

Dumoulin and Visin, “A guide to convolution arithmetic for deep learning,” arXiv, 2018.
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<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

frequency domain

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>

Dumoulin and Visin, “A guide to convolution arithmetic for deep learning,” arXiv, 2018.
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Graph Laplacian

21

v1

v2

v3

v4
v5

v6

v7
v8

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! symmetric


! off-diagonal entries non-positive


! rows sum up to zero

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>

Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>
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Zhou and Schölkopf, “A regularization framework for learning from graph data,” ICML Workshop, 2004.
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Wij(f(i)� f(j))
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Zhou and Schölkopf, “A regularization framework for learning from graph data,” ICML Workshop, 2004.
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fTLf =
1
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NX

i,j=1

Wij (f(i)� f(j))2

graph signal

Lf(i) =
NX

j=1

Wij(f(i)� f(j))
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Graph Laplacian
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v1

v2
v3 v4

v5
v6v7v8

v9

fTLf = 1 fTLf = 21

v1

v2
v3 v4

v5
v6v7v8

v9

1 0.5 -1 -0.5 1 0.5 -1 -0.5
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Graph Laplacian
•     has a complete set of orthonormal eigenvectors: 
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Graph Laplacian
•     has a complete set of orthonormal eigenvectors: 
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Graph Fourier transform
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Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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Graph Fourier transform
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low frequency high frequency
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! Eigenvectors associated with smaller eigenvalues have values that vary less rapidly 
along the edges

L = �⇤�T �T
0 L�0 = �0 = 0

Shuman et al., “The emerging field of signal processing on graphs,” IEEE SPM, 2013.
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Graph Fourier transform
• The Laplacian     admits the following eigendecomposition:
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Graph Fourier transform
• The Laplacian     admits the following eigendecomposition:
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one-dimensional Laplace operator: 

eigenfunctions: ej�x

Classical FT:

f(x) =
1

2�

Z
f̂(⇥)ej�xd⇥

f̂(�) =

Z
(ej�x)⇤f(x)dx

�r2
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Graph Fourier transform
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Example on movie rating
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Classical frequency filtering
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Classical FT: f̂(�) =
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ĝ(!)



/66

Classical frequency filtering

28

Classical FT: f̂(�) =

Z
(ej�x)⇤f(x)dx f(x) =

1

2�

Z
f̂(⇥)ej�xd⇥

FT IFT
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Graph spectral filtering

29

GFT IGFT

f
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· · ·
· · ·�1 �N�1
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<latexit sha1_base64="h7HjluGzZzqY2bxAKxnYOWnz05U=">AAACCXicbVDLSgMxFM34rPVVdekmWARXZUakuiy6cVnBPqAzlEzmThuaSYYko5bSL3DvVn/Bnbj1K/wDP8O0nYVtPXDhcM653MsJU860cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tcwUhQaVXKp2SDRwJqBhmOHQThWQJOTQCgc3E7/1AEozKe7NMIUgIT3BYkaJsZLvcxuNSNcHzrulsltxp8DLxMtJGeWod0s/fiRploAwlBOtO56bmmBElGGUw7joZxpSQgekBx1LBUlAB6Ppz2N8apUIx1LZEQZP1b8bI5JoPUxCm0yI6etFbyL+53UyE18FIybSzICgs0NxxrGReFIAjpgCavjQEkIVs79i2ieKUGNrmrsCT4YoJR/12FbjLRaxTJrnFa9aqd5dlGvXeUkFdIxO0Bny0CWqoVtURw1EUYpe0Ct6c56dd+fD+ZxFV5x85wjNwfn6BT5Xm5I=</latexit>
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ĝ(�`)

f̂(`) ĝ(�`)f̂(`) f(i) =
N�1X

`=0
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ĝ(�`)

<latexit sha1_base64="h7HjluGzZzqY2bxAKxnYOWnz05U=">AAACCXicbVDLSgMxFM34rPVVdekmWARXZUakuiy6cVnBPqAzlEzmThuaSYYko5bSL3DvVn/Bnbj1K/wDP8O0nYVtPXDhcM653MsJU860cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tcwUhQaVXKp2SDRwJqBhmOHQThWQJOTQCgc3E7/1AEozKe7NMIUgIT3BYkaJsZLvcxuNSNcHzrulsltxp8DLxMtJGeWod0s/fiRploAwlBOtO56bmmBElGGUw7joZxpSQgekBx1LBUlAB6Ppz2N8apUIx1LZEQZP1b8bI5JoPUxCm0yI6etFbyL+53UyE18FIybSzICgs0NxxrGReFIAjpgCavjQEkIVs79i2ieKUGNrmrsCT4YoJR/12FbjLRaxTJrnFa9aqd5dlGvXeUkFdIxO0Bny0CWqoVtURw1EUYpe0Ct6c56dd+fD+ZxFV5x85wjNwfn6BT5Xm5I=</latexit>

�`�0

· · ·
· · ·�1 �N�1

<latexit sha1_base64="h7HjluGzZzqY2bxAKxnYOWnz05U=">AAACCXicbVDLSgMxFM34rPVVdekmWARXZUakuiy6cVnBPqAzlEzmThuaSYYko5bSL3DvVn/Bnbj1K/wDP8O0nYVtPXDhcM653MsJU860cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tcwUhQaVXKp2SDRwJqBhmOHQThWQJOTQCgc3E7/1AEozKe7NMIUgIT3BYkaJsZLvcxuNSNcHzrulsltxp8DLxMtJGeWod0s/fiRploAwlBOtO56bmmBElGGUw7joZxpSQgekBx1LBUlAB6Ppz2N8apUIx1LZEQZP1b8bI5JoPUxCm0yI6etFbyL+53UyE18FIybSzICgs0NxxrGReFIAjpgCavjQEkIVs79i2ieKUGNrmrsCT4YoJR/12FbjLRaxTJrnFa9aqd5dlGvXeUkFdIxO0Bny0CWqoVtURw1EUYpe0Ct6c56dd+fD+ZxFV5x85wjNwfn6BT5Xm5I=</latexit>

�`

f̂(`)

=• 
�0

· · ·
· · ·�1 �N�1

<latexit sha1_base64="h7HjluGzZzqY2bxAKxnYOWnz05U=">AAACCXicbVDLSgMxFM34rPVVdekmWARXZUakuiy6cVnBPqAzlEzmThuaSYYko5bSL3DvVn/Bnbj1K/wDP8O0nYVtPXDhcM653MsJU860cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tcwUhQaVXKp2SDRwJqBhmOHQThWQJOTQCgc3E7/1AEozKe7NMIUgIT3BYkaJsZLvcxuNSNcHzrulsltxp8DLxMtJGeWod0s/fiRploAwlBOtO56bmmBElGGUw7joZxpSQgekBx1LBUlAB6Ppz2N8apUIx1LZEQZP1b8bI5JoPUxCm0yI6etFbyL+53UyE18FIybSzICgs0NxxrGReFIAjpgCavjQEkIVs79i2ieKUGNrmrsCT4YoJR/12FbjLRaxTJrnFa9aqd5dlGvXeUkFdIxO0Bny0CWqoVtURw1EUYpe0Ct6c56dd+fD+ZxFV5x85wjNwfn6BT5Xm5I=</latexit>

�`
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ĝ(⇤) =

2

64
ĝ(�0) 0

. . .
0 ĝ(�N�1)

3

75

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)

: function of L!ĝ(L)
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Example on movie rating

30

3 1
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=

1 1
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X(-2) +
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-1-1

X(0.167)+
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Example on movie rating

30

3 1

51

=

1 1

11

X(2.5) +
0 2

-1-1

X(-0.67)

0 0

-11

X(-2) +
3 -1

-1-1

X(0.167)+

�0 �1

ĝ(�`)

<latexit sha1_base64="NHfI8EWXnMLlKva2D8wDX0Ex790=">AAACBnicbVDLTgIxFL2DL3yjLt00EhNXZIYYdEl04xITeRiYkE6nQEM7nbQdlUzYu3erv+DOuPU3/AM/wwKzEPAkTU7OOTf39gQxZ9q47reTW1ldW9/Ib25t7+zu7RcODhtaJorQOpFcqlaANeUsonXDDKetWFEsAk6bwfB64jcfqNJMRndmFFNf4H7EeoxgY6X7DrfREHfL3ULRLblToGXiZaQIGWrdwk8nlCQRNDKEY63bnhsbP8XKMMLpeKuTaBpjMsR92rY0woJqP50ePEanVglRTyr7IoOm6t+JFAutRyKwSYHNQC96E/E/r52Y3qWfsihODI3IbFEv4chINPk9CpmixPCRJZgoZm9FZIAVJsZ2NLeFPhmslHzUY1uNt1jEMmmUS16lVLk9L1avspLycAwncAYeXEAVbqAGdSAg4AVe4c15dt6dD+dzFs052cwRzMH5+gWEcpoN</latexit>

�2
<latexit sha1_base64="7f/TEF+zRDBwohQnJdCRSXc5Zv4=">AAACBnicbVDLTgIxFO34RHyhLt00EhNXZEYNuiS6cYmJPAxMSKdzBxo67aTtqISwd+9Wf8Gdcetv+Ad+hgVmIeBJmpycc27u7QkSzrRx3W9naXlldW09t5Hf3Nre2S3s7de1TBWFGpVcqmZANHAmoGaY4dBMFJA44NAI+tdjv/EASjMp7swgAT8mXcEiRomx0n2b22hIOmedQtEtuRPgReJlpIgyVDuFn3YoaRqDMJQTrVuemxh/SJRhlMMo3041JIT2SRdalgoSg/aHk4NH+NgqIY6ksk8YPFH/TgxJrPUgDmwyJqan572x+J/XSk106Q+ZSFIDgk4XRSnHRuLx73HIFFDDB5YQqpi9FdMeUYQa29HMFngyRCn5qEe2Gm++iEVSPy155VL59rxYucpKyqFDdIROkIcuUAXdoCqqIYpi9IJe0Zvz7Lw7H87nNLrkZDMHaAbO1y+GDJoO</latexit>

�3
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Example on movie rating

30

3 1

51

=

1 1

11

X(2.5) +
0 2

-1-1

X(-0.67)

0 0

-11

X(-2) +
3 -1

-1-1

X(0.167)+

2.5 1

33

=

1 1

11

X(2.5) +
0 2

-1-1

X(-0.67)

0 0

-11

X(0) +
3 -1

-1-1

X(0)+

�0 �1

ĝ(�`)

<latexit sha1_base64="NHfI8EWXnMLlKva2D8wDX0Ex790=">AAACBnicbVDLTgIxFL2DL3yjLt00EhNXZIYYdEl04xITeRiYkE6nQEM7nbQdlUzYu3erv+DOuPU3/AM/wwKzEPAkTU7OOTf39gQxZ9q47reTW1ldW9/Ib25t7+zu7RcODhtaJorQOpFcqlaANeUsonXDDKetWFEsAk6bwfB64jcfqNJMRndmFFNf4H7EeoxgY6X7DrfREHfL3ULRLblToGXiZaQIGWrdwk8nlCQRNDKEY63bnhsbP8XKMMLpeKuTaBpjMsR92rY0woJqP50ePEanVglRTyr7IoOm6t+JFAutRyKwSYHNQC96E/E/r52Y3qWfsihODI3IbFEv4chINPk9CpmixPCRJZgoZm9FZIAVJsZ2NLeFPhmslHzUY1uNt1jEMmmUS16lVLk9L1avspLycAwncAYeXEAVbqAGdSAg4AVe4c15dt6dD+dzFs052cwRzMH5+gWEcpoN</latexit>

�2
<latexit sha1_base64="7f/TEF+zRDBwohQnJdCRSXc5Zv4=">AAACBnicbVDLTgIxFO34RHyhLt00EhNXZEYNuiS6cYmJPAxMSKdzBxo67aTtqISwd+9Wf8Gdcetv+Ad+hgVmIeBJmpycc27u7QkSzrRx3W9naXlldW09t5Hf3Nre2S3s7de1TBWFGpVcqmZANHAmoGaY4dBMFJA44NAI+tdjv/EASjMp7swgAT8mXcEiRomx0n2b22hIOmedQtEtuRPgReJlpIgyVDuFn3YoaRqDMJQTrVuemxh/SJRhlMMo3041JIT2SRdalgoSg/aHk4NH+NgqIY6ksk8YPFH/TgxJrPUgDmwyJqan572x+J/XSk106Q+ZSFIDgk4XRSnHRuLx73HIFFDDB5YQqpi9FdMeUYQa29HMFngyRCn5qEe2Gm++iEVSPy155VL59rxYucpKyqFDdIROkIcuUAXdoCqqIYpi9IJe0Zvz7Lw7H87nNLrkZDMHaAbO1y+GDJoO</latexit>

�3
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Convolution on graphs

31

classical convolution convolution on graphs

time domain

(f ⇤ g)(t) =
Z 1

�1
f(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

frequency domain

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>
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Convolution on graphs

31

classical convolution convolution on graphs

time domain

(f ⇤ g)(t) =
Z 1

�1
f(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

graph spectral domain

\(f ⇤ g)(�) =
�
(�T f) � ĝ

�
(�)

<latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit>

frequency domain

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>
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Convolution on graphs

31

classical convolution convolution on graphs

time domain

(f ⇤ g)(t) =
Z 1

�1
f(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

graph spectral domain

\(f ⇤ g)(�) =
�
(�T f) � ĝ

�
(�)

<latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit>

frequency domain

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>

spatial (node) domain

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>
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classical convolution convolution on graphs

time domain

(f ⇤ g)(t) =
Z 1

�1
f(t� ⌧)g(⌧)d⌧

<latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit><latexit sha1_base64="0Xae7JZADo9R2ECPOV9F6F6XH/4=">AAACK3icbVDLSsNAFJ34rPVVdenmYhHShSURQTeC6MZlBdsKTS2T6aQOTiZh5kYoof/jxl9xoQsfuPU/nLZZ+LownMM593LnnjCVwqDnvTkzs3PzC4ulpfLyyuraemVjs2WSTDPeZIlM9FVIDZdC8SYKlPwq1ZzGoeTt8PZs7LfvuDYiUZc4THk3pgMlIsEoWqlXOXUjCKhBGEDNxRrAMUAgFPbyPQsRDkfXeUEgcnEvQJrVYOBOsT+GXqXq1b1JwV/iF6RKimr0Kk9BP2FZzBUySY3p+F6K3ZxqFEzyUTnIDE8pu6UD3rFU0Zibbj65dQS7VulDlGj7FMJE/T6R09iYYRzazpjijfntjcX/vE6G0VE3FyrNkCs2XRRlEjCBcXDQF5ozlENLKNPC/hXYDdWUoY23bEPwf5/8l7T2675X9y8OqienRRwlsk12iEt8ckhOyDlpkCZh5J48khfy6jw4z8678zFtnXGKmS3yo5zPLxI9pTY=</latexit>

graph spectral domain

\(f ⇤ g)(�) =
�
(�T f) � ĝ

�
(�)

<latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit><latexit sha1_base64="KtFcd8BDaZMyj8thgzqoX3GS37g="></latexit>

frequency domain

\(f ⇤ g)(!) = f̂(!) · ĝ(!)
<latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit><latexit sha1_base64="f7LR5RZ3DaLylvVliULdlblDZ4k="></latexit>

spatial (node) domain

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

convolution 
= filtering
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learning a non-parametric filter: 

✓j
<latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit><latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit><latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit><latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit>

ĝ✓(⇤) = diag(✓), ✓ 2 RN
<latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit><latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit><latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit><latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit>

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

Bruna et al., “Spectral networks and deep locally connected networks on graphs,” ICLR, 2014.



/66

A non-parametric filter

32

learning a non-parametric filter: 

✓j
<latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit><latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit><latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit><latexit sha1_base64="kNW7E8kWw3cjNLbSpnGuFT3mVnA=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0lisO2t6MVjBfsBbSib7aZdu9nE3YlQSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLBNdj2h5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+DLz2/dMaR7LG5gkzI/IUPKQUwJG6vRgxID0b/vFkl22bc+rVLAhNbdadQ1xHa92do4dY2UooSUa/eJ7bxDTNGISqCBadx07AX9KFHAq2KzQSzVLCB2TIesaKknEtD+d3zvDJ0YZ4DBWpiTgufp9YkoirSdRYDojAiP928vEv7xuCmHVn3KZpMAkXSwKU4EhxtnzeMAVoyAmhhCquLkV0xFRhIKJqGBC+PoU/09abtmxy861V6pfLOPIoyN0jE6Rgyqojq5QAzURRQI9oCf0bN1Zj9aL9bpozVnLmUP0A9bbJ5GLkFE=</latexit>

ĝ✓(⇤) = diag(✓), ✓ 2 RN
<latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit><latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit><latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit><latexit sha1_base64="DSxWNU0jRZIDKSdElkAu4DBj+NA="></latexit>

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

Bruna et al., “Spectral networks and deep locally connected networks on graphs,” ICLR, 2014.

- convolution expressed in the graph spectral domain


- no localisation in the spatial (node) domain


- computationally expensive (e.g., eigendecomposition)
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parametric filter as polynomial of Laplacian

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

ĝ✓(�) =
KX

j=0

✓j�
j , ✓ 2 RK+1

<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit><latexit sha1_base64="JPiFyu+BMLR7UcSFzu7UsK+rBDE=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBDiJe6KoJdA0ItgDhHMA7LJMjuZJJPMPpjpFcKyn+HFX/HiQRGvufk3TpI9aGJBQ1HVTXeXGwquwDS/jZXVtfWNzcxWdntnd28/d3BYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMd3U79xhOTigf+I4xD1vZI3+c9Tgloycmd2wMCcT9xbBgwIIXKGS5hW0WeEw9LZtKJ7xM8t5whrnSGTi5vFs0Z8DKxUpJHKapObmJ3Axp5zAcqiFItywyhHRMJnAqWZO1IsZDQEemzlqY+8Zhqx7PHEnyqlS7uBVKXD3im/p6IiafU2HN1p0dgoBa9qfif14qgd92OuR9GwHw6X9SLBIYAT1PCXS4ZBTHWhFDJ9a2YDogkFHSWWR2CtfjyMqlfFC2zaD1c5ss3aRwZdIxOUAFZ6AqV0R2qohqi6Bm9onf0YbwYb8an8TVvXTHSmSP0B8bkB5GMn3M=</latexit>

Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.
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parametric filter as polynomial of Laplacian

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
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Powers of graph Laplacian

34Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.
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parametric filter as polynomial of Laplacian
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<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>
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parametric filter as polynomial of Laplacian

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>
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<latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit><latexit sha1_base64="EwgDsfnxwuDXI27f5GHv/FmGGhU="></latexit>

Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.

- localisation within K-hop 
neighbourhood

K = 2
<latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit><latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit><latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit><latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit>
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- Chebyshev approximation for efficient 
computation via recursive multiplication 

- scaled Laplacian for stability 
in learning
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f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter K = 1
<latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit>

= ✓0I � ✓1(D
� 1

2WD� 1
2 )

<latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit>

(localisation within 1-hop neighbourhood)

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="uF2fBwowu80vlL6AhFSnbN85Ipg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9CJ4iWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3klpZXVtfy64WNza3tneLuXl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw5uJ33hCpXkkH80oRj+kfcl7nFFjpYe7K69TLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77x8dn9aqlxnceThAA7hGDy4gArcQhVqwKAPz/AKb45wXpx352PWmnOymX34A+fzB5apjVs=</latexit>

K = 1

normalised Laplacian 

normalised Laplacian
<latexit sha1_base64="Fn50iW8KHpI1cT0b7G06VJ1njiE=">AAACGXicbVC7SgNBFJ31GeNr1dJmMAg2ht0g0UYIamGRIoJ5QBLD7GQ2GTI7u8zcFcOyv2Hjr9hYKGKplX/j5FFo4oELh3Pu5d57vEhwDY7zbS0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLo3uBz59XumNA/lLQwj1g5IT3KfUwJG6thOudMC9gCJDFWQnl/dJcctXxGauGlSSNMynlU6ds7JO2PgeeJOSQ5NUenYn61uSOOASaCCaN10nQjaCVHAqWBpthVrFhE6ID3WNFSSgOl2Mv4sxYdG6WI/VKYk4LH6eyIhgdbDwDOdAYG+nvVG4n9eMwb/rJ1wGcXAJJ0s8mOBIcSjmHCXK0ZBDA0hVHFzK6Z9YmIAE2bWhODOvjxPaoW8W8wXb05ypYtpHBm0jw7QEXLRKSqha1RBVUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWF8/72ug4w==</latexit>

Lnorm = D� 1
2LD� 1

2

<latexit sha1_base64="IB88zzsphQUhy0A9SyyMOo+bwFw=">AAACD3icbVC7SgNBFL3rM8bXqqXNYFBikbAbJNoIQVNYRjAPSGKYncwmQ2YfzMwKYdk/sPFXbCwUsbW182+cJFto4oELh3Pu5d57nJAzqSzr21haXlldW89sZDe3tnd2zb39hgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o+uJ33ygQrLAv1PjkHY9PPCZywhWWuqZJ5fV+7jQcQUmsZ3EpSTJVwvN03mxZ+asojUFWiR2SnKQotYzvzr9gEQe9RXhWMq2bYWqG2OhGOE0yXYiSUNMRnhA25r62KOyG0//SdCxVvrIDYQuX6Gp+nsixp6UY8/RnR5WQznvTcT/vHak3ItuzPwwUtQns0VuxJEK0CQc1GeCEsXHmmAimL4VkSHWMSgdYVaHYM+/vEgapaJdLpZvz3KVqzSODBzCEeTBhnOowA3UoA4EHuEZXuHNeDJejHfjY9a6ZKQzB/AHxucPaZSbrA==</latexit>

= D� 1
2 (D �W )D� 1

2

<latexit sha1_base64="j4ZBmJYIm5cDa7CIz0HWvfx2pCc=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4aZkpUl0oFHWhuwr2AW0tmTTThmYyQ3JHLMP8jBt/xY0Liwiu/BXTx0JbDwQO55zLzT1uKLgG2/6yUkvLK6tr6fXMxubW9k52d6+mg0hRVqWBCFTDJZoJLlkVOAjWCBUjvitY3R1cjf36I1OaB/IehiFr+6QnuccpASN1sucX+Bbn8fVDnG95itDYSeJiktQXFDwN1jstYE8Qy0D5SSebswv2BHiRODOSQzNUOtlRqxvQyGcSqCBaNx07hHZMFHAqWJJpRZqFhA5IjzUNlcRnuh1PrkzwkVG62AuUeRLwRP09ERNf66HvmqRPoK/nvbH4n9eMwDtrx1yGETBJp4u8SGAI8Lgy3OWKURBDQwhV3PwV0z4x1YApNmNKcOZPXiS1YsEpFUp3J7ny5ayONDpAh+gYOegUldENqqAqougZvaJ3NLJerDfrw/qcRlPWbGYf/YH1/QNs3aN6</latexit>

= I �D� 1
2WD� 1

2 = I �Wnorm
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A simplified parametric filter

36

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter K = 1
<latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit>

= ✓0I � ✓1(D
� 1

2WD� 1
2 )

<latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit>

(localisation within 1-hop neighbourhood)

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="uF2fBwowu80vlL6AhFSnbN85Ipg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9CJ4iWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3klpZXVtfy64WNza3tneLuXl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw5uJ33hCpXkkH80oRj+kfcl7nFFjpYe7K69TLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77x8dn9aqlxnceThAA7hGDy4gArcQhVqwKAPz/AKb45wXpx352PWmnOymX34A+fzB5apjVs=</latexit>

K = 1 <latexit sha1_base64="hGs3rs4Xucgrll9o8su2G1K12mE=">AAACBnicbZDJSgNBEIZ74hbjNupRhMYgeDHMiNtFCHrxGMEskIRQ0+nJNOlZ6K4RQsjJi6/ixYMiXn0Gb76NnWQOmvhDw8dfVVTX7yVSaHScbyu3sLi0vJJfLaytb2xu2ds7NR2nivEqi2WsGh5oLkXEqyhQ8kaiOISe5HWvfzOu1x+40iKO7nGQ8HYIvUj4ggEaq2Pvt0AmAdAr2sKAI3Qcg8cZux276JScieg8uBkUSaZKx/5qdWOWhjxCJkHrpusk2B6CQsEkHxVaqeYJsD70eNNgBCHX7eHkjBE9NE6X+rEyL0I6cX9PDCHUehB6pjMEDPRsbWz+V2um6F+2hyJKUuQRmy7yU0kxpuNMaFcozlAODABTwvyVsgAUMDTJFUwI7uzJ81A7KbnnpbO702L5OosjT/bIATkiLrkgZXJLKqRKGHkkz+SVvFlP1ov1bn1MW3NWNrNL/sj6/AG6HJdj</latexit>

↵ = ✓0 = �✓1
<latexit sha1_base64="xUzsZ0Z5xBUf/YjYHK7xBHT8NCY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVsST1uRGKutBdBfuAJpbJdNIOnUzCzEQoIR/ixl9x40IRNy4E/8Zpm4W2HrhwOOde7r3HixiVyrK+jZnZufmFxdxSfnlldW3d3NisyzAWmNRwyELR9JAkjHJSU1Qx0owEQYHHSMPrXw79xgMRkob8Tg0i4gaoy6lPMVJaapuH8Bw6iEU9BIs3cB9e3ScHji8QTuw0KacpbExJe22zYJWsEeA0sTNSABmqbfPT6YQ4DghXmCEpW7YVKTdBQlHMSJp3YkkihPuoS1qachQQ6Saj51K4q5UO9EOhiys4Un9PJCiQchB4ujNAqicnvaH4n9eKlX/mJpRHsSIcjxf5MYMqhMOkYIcKghUbaIKwoPpWiHtI56B0nnkdgj358jSpl0v2Sen49qhQucjiyIFtsAOKwAanoAKuQRXUAAaP4Bm8gjfjyXgx3o2PceuMkc1sgT8wvn4A2befcg==</latexit>

= ↵(I +D� 1
2WD� 1

2 )

normalised Laplacian 

normalised Laplacian
<latexit sha1_base64="Fn50iW8KHpI1cT0b7G06VJ1njiE=">AAACGXicbVC7SgNBFJ31GeNr1dJmMAg2ht0g0UYIamGRIoJ5QBLD7GQ2GTI7u8zcFcOyv2Hjr9hYKGKplX/j5FFo4oELh3Pu5d57vEhwDY7zbS0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLo3uBz59XumNA/lLQwj1g5IT3KfUwJG6thOudMC9gCJDFWQnl/dJcctXxGauGlSSNMynlU6ds7JO2PgeeJOSQ5NUenYn61uSOOASaCCaN10nQjaCVHAqWBpthVrFhE6ID3WNFSSgOl2Mv4sxYdG6WI/VKYk4LH6eyIhgdbDwDOdAYG+nvVG4n9eMwb/rJ1wGcXAJJ0s8mOBIcSjmHCXK0ZBDA0hVHFzK6Z9YmIAE2bWhODOvjxPaoW8W8wXb05ypYtpHBm0jw7QEXLRKSqha1RBVUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWF8/72ug4w==</latexit>

Lnorm = D� 1
2LD� 1

2

<latexit sha1_base64="IB88zzsphQUhy0A9SyyMOo+bwFw=">AAACD3icbVC7SgNBFL3rM8bXqqXNYFBikbAbJNoIQVNYRjAPSGKYncwmQ2YfzMwKYdk/sPFXbCwUsbW182+cJFto4oELh3Pu5d57nJAzqSzr21haXlldW89sZDe3tnd2zb39hgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o+uJ33ygQrLAv1PjkHY9PPCZywhWWuqZJ5fV+7jQcQUmsZ3EpSTJVwvN03mxZ+asojUFWiR2SnKQotYzvzr9gEQe9RXhWMq2bYWqG2OhGOE0yXYiSUNMRnhA25r62KOyG0//SdCxVvrIDYQuX6Gp+nsixp6UY8/RnR5WQznvTcT/vHak3ItuzPwwUtQns0VuxJEK0CQc1GeCEsXHmmAimL4VkSHWMSgdYVaHYM+/vEgapaJdLpZvz3KVqzSODBzCEeTBhnOowA3UoA4EHuEZXuHNeDJejHfjY9a6ZKQzB/AHxucPaZSbrA==</latexit>

= D� 1
2 (D �W )D� 1

2

<latexit sha1_base64="j4ZBmJYIm5cDa7CIz0HWvfx2pCc=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4aZkpUl0oFHWhuwr2AW0tmTTThmYyQ3JHLMP8jBt/xY0Liwiu/BXTx0JbDwQO55zLzT1uKLgG2/6yUkvLK6tr6fXMxubW9k52d6+mg0hRVqWBCFTDJZoJLlkVOAjWCBUjvitY3R1cjf36I1OaB/IehiFr+6QnuccpASN1sucX+Bbn8fVDnG95itDYSeJiktQXFDwN1jstYE8Qy0D5SSebswv2BHiRODOSQzNUOtlRqxvQyGcSqCBaNx07hHZMFHAqWJJpRZqFhA5IjzUNlcRnuh1PrkzwkVG62AuUeRLwRP09ERNf66HvmqRPoK/nvbH4n9eMwDtrx1yGETBJp4u8SGAI8Lgy3OWKURBDQwhV3PwV0z4x1YApNmNKcOZPXiS1YsEpFUp3J7ny5ayONDpAh+gYOegUldENqqAqougZvaJ3NLJerDfrw/qcRlPWbGYf/YH1/QNs3aN6</latexit>

= I �D� 1
2WD� 1

2 = I �Wnorm
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36

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter

renormalisation

K = 1
<latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit>

= ✓0I � ✓1(D
� 1

2WD� 1
2 )

<latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit>

(localisation within 1-hop neighbourhood)

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="uF2fBwowu80vlL6AhFSnbN85Ipg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9CJ4iWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3klpZXVtfy64WNza3tneLuXl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw5uJ33hCpXkkH80oRj+kfcl7nFFjpYe7K69TLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77x8dn9aqlxnceThAA7hGDy4gArcQhVqwKAPz/AKb45wXpx352PWmnOymX34A+fzB5apjVs=</latexit>

K = 1 <latexit sha1_base64="hGs3rs4Xucgrll9o8su2G1K12mE=">AAACBnicbZDJSgNBEIZ74hbjNupRhMYgeDHMiNtFCHrxGMEskIRQ0+nJNOlZ6K4RQsjJi6/ixYMiXn0Gb76NnWQOmvhDw8dfVVTX7yVSaHScbyu3sLi0vJJfLaytb2xu2ds7NR2nivEqi2WsGh5oLkXEqyhQ8kaiOISe5HWvfzOu1x+40iKO7nGQ8HYIvUj4ggEaq2Pvt0AmAdAr2sKAI3Qcg8cZux276JScieg8uBkUSaZKx/5qdWOWhjxCJkHrpusk2B6CQsEkHxVaqeYJsD70eNNgBCHX7eHkjBE9NE6X+rEyL0I6cX9PDCHUehB6pjMEDPRsbWz+V2um6F+2hyJKUuQRmy7yU0kxpuNMaFcozlAODABTwvyVsgAUMDTJFUwI7uzJ81A7KbnnpbO702L5OosjT/bIATkiLrkgZXJLKqRKGHkkz+SVvFlP1ov1bn1MW3NWNrNL/sj6/AG6HJdj</latexit>

↵ = ✓0 = �✓1
<latexit sha1_base64="xUzsZ0Z5xBUf/YjYHK7xBHT8NCY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVsST1uRGKutBdBfuAJpbJdNIOnUzCzEQoIR/ixl9x40IRNy4E/8Zpm4W2HrhwOOde7r3HixiVyrK+jZnZufmFxdxSfnlldW3d3NisyzAWmNRwyELR9JAkjHJSU1Qx0owEQYHHSMPrXw79xgMRkob8Tg0i4gaoy6lPMVJaapuH8Bw6iEU9BIs3cB9e3ScHji8QTuw0KacpbExJe22zYJWsEeA0sTNSABmqbfPT6YQ4DghXmCEpW7YVKTdBQlHMSJp3YkkihPuoS1qachQQ6Saj51K4q5UO9EOhiys4Un9PJCiQchB4ujNAqicnvaH4n9eKlX/mJpRHsSIcjxf5MYMqhMOkYIcKghUbaIKwoPpWiHtI56B0nnkdgj358jSpl0v2Sen49qhQucjiyIFtsAOKwAanoAKuQRXUAAaP4Bm8gjfjyXgx3o2PceuMkc1sgT8wvn4A2befcg==</latexit>

= ↵(I +D� 1
2WD� 1

2 )

<latexit sha1_base64="IlsSoVgIQuzSfuXz8NIfCRag5F0="></latexit>

) ↵(D̃� 1
2 W̃ D̃� 1

2 )

normalised Laplacian 

renormalisation
<latexit sha1_base64="hm7Vl17mdnKvBj8eVJHSHqxRQSU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIglASkepFKHrRWwXbFNpQNptpu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsrq2vpGcbO0tb2zW7b39lsqTiWFJo15LNsBUcCZgKZmmkM7kUCigIMXjG6mvvcIUrFYPOhxAn5EBoL1GSXaSD273NWMh5B5E3yFvdO7nl1xqs4MeJm4OamgHI2e/dUNY5pGIDTlRKmO6yTaz4jUjHKYlLqpgoTQERlAx1BBIlB+Njt8go+NEuJ+LE0JjWfq74mMREqNo8B0RkQP1aI3Ff/zOqnuX/oZE0mqQdD5on7KsY7xNAUcMglU87EhhEpmbsV0SCSh2mRVMiG4iy8vk9ZZ1a1Va/fnlfp1HkcRHaIjdIJcdIHq6BY1UBNRlKJn9IrerCfrxXq3PuatBSufOUB/YH3+AHTdklE=</latexit>

W̃ = W + I
<latexit sha1_base64="bES280FlkqAppLt/K8zAkM2xS2M=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglASkepFKNqD3irYD2hD2Wy27dLNJuxuhBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzDw/5kxpx/m2ciura+sb+c3C1vbObtHe22+qKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/dTP3WI5WKReJBj2PqhXggWJ8RrI3Us4tdzXhA09oEXaHa6V3PLjllZwa0TNyMlCBDvWd/dYOIJCEVmnCsVMd1Yu2lWGpGOJ0UuomiMSYjPKAdQwUOqfLS2eETdGyUAPUjaUpoNFN/T6Q4VGoc+qYzxHqoFr2p+J/XSXT/0kuZiBNNBZkv6icc6QhNU0ABk5RoPjYEE8nMrYgMscREm6wKJgR38eVl0jwru5Vy5f68VL3O4sjDIRzBCbhwAVW4hTo0gEACz/AKb9aT9WK9Wx/z1pyVzRzAH1ifPzqakis=</latexit>

D̃ = D + I

normalised Laplacian
<latexit sha1_base64="Fn50iW8KHpI1cT0b7G06VJ1njiE=">AAACGXicbVC7SgNBFJ31GeNr1dJmMAg2ht0g0UYIamGRIoJ5QBLD7GQ2GTI7u8zcFcOyv2Hjr9hYKGKplX/j5FFo4oELh3Pu5d57vEhwDY7zbS0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLo3uBz59XumNA/lLQwj1g5IT3KfUwJG6thOudMC9gCJDFWQnl/dJcctXxGauGlSSNMynlU6ds7JO2PgeeJOSQ5NUenYn61uSOOASaCCaN10nQjaCVHAqWBpthVrFhE6ID3WNFSSgOl2Mv4sxYdG6WI/VKYk4LH6eyIhgdbDwDOdAYG+nvVG4n9eMwb/rJ1wGcXAJJ0s8mOBIcSjmHCXK0ZBDA0hVHFzK6Z9YmIAE2bWhODOvjxPaoW8W8wXb05ypYtpHBm0jw7QEXLRKSqha1RBVUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWF8/72ug4w==</latexit>

Lnorm = D� 1
2LD� 1

2

<latexit sha1_base64="IB88zzsphQUhy0A9SyyMOo+bwFw=">AAACD3icbVC7SgNBFL3rM8bXqqXNYFBikbAbJNoIQVNYRjAPSGKYncwmQ2YfzMwKYdk/sPFXbCwUsbW182+cJFto4oELh3Pu5d57nJAzqSzr21haXlldW89sZDe3tnd2zb39hgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o+uJ33ygQrLAv1PjkHY9PPCZywhWWuqZJ5fV+7jQcQUmsZ3EpSTJVwvN03mxZ+asojUFWiR2SnKQotYzvzr9gEQe9RXhWMq2bYWqG2OhGOE0yXYiSUNMRnhA25r62KOyG0//SdCxVvrIDYQuX6Gp+nsixp6UY8/RnR5WQznvTcT/vHak3ItuzPwwUtQns0VuxJEK0CQc1GeCEsXHmmAimL4VkSHWMSgdYVaHYM+/vEgapaJdLpZvz3KVqzSODBzCEeTBhnOowA3UoA4EHuEZXuHNeDJejHfjY9a6ZKQzB/AHxucPaZSbrA==</latexit>

= D� 1
2 (D �W )D� 1

2

<latexit sha1_base64="j4ZBmJYIm5cDa7CIz0HWvfx2pCc=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4aZkpUl0oFHWhuwr2AW0tmTTThmYyQ3JHLMP8jBt/xY0Liwiu/BXTx0JbDwQO55zLzT1uKLgG2/6yUkvLK6tr6fXMxubW9k52d6+mg0hRVqWBCFTDJZoJLlkVOAjWCBUjvitY3R1cjf36I1OaB/IehiFr+6QnuccpASN1sucX+Bbn8fVDnG95itDYSeJiktQXFDwN1jstYE8Qy0D5SSebswv2BHiRODOSQzNUOtlRqxvQyGcSqCBaNx07hHZMFHAqWJJpRZqFhA5IjzUNlcRnuh1PrkzwkVG62AuUeRLwRP09ERNf66HvmqRPoK/nvbH4n9eMwDtrx1yGETBJp4u8SGAI8Lgy3OWKURBDQwhV3PwV0z4x1YApNmNKcOZPXiS1YsEpFUp3J7ny5ayONDpAh+gYOegUldENqqAqougZvaJ3NLJerDfrw/qcRlPWbGYf/YH1/QNs3aN6</latexit>

= I �D� 1
2WD� 1

2 = I �Wnorm
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f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter

ĝ↵(L) = ↵(I +D� 1
2WD� 1

2 )
<latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit><latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit><latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit><latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit>

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.
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f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter

yi = ↵fi + ↵
1p
di

X

j:(i,j)2E

wij
1p
dj

fj
<latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit><latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit><latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit><latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit>

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

ĝ↵(L) = ↵(I +D� 1
2WD� 1

2 )
<latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit><latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit><latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit><latexit sha1_base64="vYb5iOi5hPkE1JqT7bTuhF9umCo="></latexit>

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.
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A simplified parametric filter

37

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter

yi = ↵fi + ↵
1p
di

X

j:(i,j)2E

wij
1p
dj

fj
<latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit><latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit><latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit><latexit sha1_base64="CG38X4WOazUxCyX065D4MaABytk="></latexit>

yi = ↵fi +
1

4
↵

X

j:(i,j)2E

fj
<latexit sha1_base64="cI6J4yHUhD1dhLXXpbBpL5gANag="></latexit><latexit sha1_base64="cI6J4yHUhD1dhLXXpbBpL5gANag="></latexit><latexit sha1_base64="cI6J4yHUhD1dhLXXpbBpL5gANag="></latexit><latexit sha1_base64="cI6J4yHUhD1dhLXXpbBpL5gANag="></latexit>

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

1

4
↵

<latexit sha1_base64="2Wk9cMuQ9ahrole00FAY/GbxEsY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lE0GPRi8cK9gPaUCbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nW/rdLa+sbmVnm7srO7t39gVw/bKk4loS0S81h2A1SUM0FbmmlOu4mkGAWcdoLJzczvPFCpWCzu9TShfoQjwUJGUBtpYFf7oUSSeXl2kfeRJ2Mc2DW37s7hrBKvIDUo0BzYX/1hTNKICk04KtXz3ET7GUrNCKd5pZ8qmiCZ4Ij2DBUYUeVn89Nz59QoQyeMpSmhnbn6eyLDSKlpFJjOCPVYLXsz8T+vl+rwys+YSFJNBVksClPu6NiZ5eAMmaRE86khSCQztzpkjCYLbdKqmBC85ZdXSfu87rl17+6i1rgu4ijDMZzAGXhwCQ24hSa0gMAjPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBOqJQE</latexit><latexit sha1_base64="2Wk9cMuQ9ahrole00FAY/GbxEsY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lE0GPRi8cK9gPaUCbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nW/rdLa+sbmVnm7srO7t39gVw/bKk4loS0S81h2A1SUM0FbmmlOu4mkGAWcdoLJzczvPFCpWCzu9TShfoQjwUJGUBtpYFf7oUSSeXl2kfeRJ2Mc2DW37s7hrBKvIDUo0BzYX/1hTNKICk04KtXz3ET7GUrNCKd5pZ8qmiCZ4Ij2DBUYUeVn89Nz59QoQyeMpSmhnbn6eyLDSKlpFJjOCPVYLXsz8T+vl+rwys+YSFJNBVksClPu6NiZ5eAMmaRE86khSCQztzpkjCYLbdKqmBC85ZdXSfu87rl17+6i1rgu4ijDMZzAGXhwCQ24hSa0gMAjPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBOqJQE</latexit><latexit sha1_base64="2Wk9cMuQ9ahrole00FAY/GbxEsY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lE0GPRi8cK9gPaUCbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nW/rdLa+sbmVnm7srO7t39gVw/bKk4loS0S81h2A1SUM0FbmmlOu4mkGAWcdoLJzczvPFCpWCzu9TShfoQjwUJGUBtpYFf7oUSSeXl2kfeRJ2Mc2DW37s7hrBKvIDUo0BzYX/1hTNKICk04KtXz3ET7GUrNCKd5pZ8qmiCZ4Ij2DBUYUeVn89Nz59QoQyeMpSmhnbn6eyLDSKlpFJjOCPVYLXsz8T+vl+rwys+YSFJNBVksClPu6NiZ5eAMmaRE86khSCQztzpkjCYLbdKqmBC85ZdXSfu87rl17+6i1rgu4ijDMZzAGXhwCQ24hSa0gMAjPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBOqJQE</latexit><latexit sha1_base64="2Wk9cMuQ9ahrole00FAY/GbxEsY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lE0GPRi8cK9gPaUCbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nW/rdLa+sbmVnm7srO7t39gVw/bKk4loS0S81h2A1SUM0FbmmlOu4mkGAWcdoLJzczvPFCpWCzu9TShfoQjwUJGUBtpYFf7oUSSeXl2kfeRJ2Mc2DW37s7hrBKvIDUo0BzYX/1hTNKICk04KtXz3ET7GUrNCKd5pZ8qmiCZ4Ij2DBUYUeVn89Nz59QoQyeMpSmhnbn6eyLDSKlpFJjOCPVYLXsz8T+vl+rwys+YSFJNBVksClPu6NiZ5eAMmaRE86khSCQztzpkjCYLbdKqmBC85ZdXSfu87rl17+6i1rgu4ijDMZzAGXhwCQ24hSa0gMAjPMMrvFlP1ov1bn0sWktWMXMEf2B9/gBOqJQE</latexit>
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A simplified parametric filter
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Convolution on graphs - Remarks
• Convolution is defined via the graph spectral domain..
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• ..but can be implemented in the spatial (node) domain


- simplified filter:


- interpretation: at each layer nodes exchange information in 1-hop neighbourhood


- general filter: receptive field size determined by degree of polynomial
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Convolution on graphs - Remarks
• Convolution is defined via the graph spectral domain..

38
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<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

• Other possibilities exist (e.g., a direct spatial approach)

• ..but can be implemented in the spatial (node) domain


- simplified filter:


- interpretation: at each layer nodes exchange information in 1-hop neighbourhood


- general filter: receptive field size determined by degree of polynomial
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ChebNet

39Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.
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Graph convolutional network

40

ĝ✓(k+1)(L)
⇣
ReLU(ĝ✓(k)(L)f)

⌘
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Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.
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Implementing CNNs on graphs
• Node-level task


- cross-entropy loss function for (semi-supervised) node classification


- training by minimising loss function and making predictions on testing nodes

41

label groundtruthset of labelled 
(training) nodes

label prediction (final layer 
node representation)
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• Node-level task


- cross-entropy loss function for (semi-supervised) node classification


- training by minimising loss function and making predictions on testing nodes

41

label groundtruthset of labelled 
(training) nodes

label prediction (final layer 
node representation)

• Factors influencing model behaviour

- graph connectivity, label distribution, neural architecture, training dynamics 
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Graph Machine Learning
• Overview of graph machine learning


• Convolutional neural networks on graphs

- “spectral” approaches enabled by graph signal processing


• State-of-the-art graph neural networks

- “spatial” approaches enabled by message passing


• Latest developments and applications

42
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A look into invariance
• Permutation equivariance: function equivariant w.r.t. permutation 

(permutation of input should lead to same permutation of output)

43
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= Pf(X,W )
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GNNs - A spatial approach
• Graph convolution can also be defined in spatial (node) domain 

44

via a graph shift operator

via a spatial weighted summation
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x(v0)g(v, v0)

Isufi et al., “Graph filters for signal processing and machine learning on graphs,” IEEE TSP, 2024.

Walker and Glocker, “Graph convolutional Gaussian processes,” ICML, 2019.
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GNNs - A spatial approach
• Graph convolution can also be defined in spatial (node) domain 

44

via a graph shift operator

via a spatial weighted summation

• Common idea: nodes exchange information locally, which can be 
summarised into a basic form
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Isufi et al., “Graph filters for signal processing and machine learning on graphs,” IEEE TSP, 2024.

Walker and Glocker, “Graph convolutional Gaussian processes,” ICML, 2019.
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GNNs - A spatial approach
• Graph convolution can also be defined in spatial (node) domain 

44

via a graph shift operator

via a spatial weighted summation

• Common idea: nodes exchange information locally, which can be 
summarised into a basic form
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self information neighbour information

Isufi et al., “Graph filters for signal processing and machine learning on graphs,” IEEE TSP, 2024.

Walker and Glocker, “Graph convolutional Gaussian processes,” ICML, 2019.
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GNNs - A spatial approach
• Graph convolution can also be defined in spatial (node) domain 

44

via a graph shift operator

via a spatial weighted summation

• Common idea: nodes exchange information locally, which can be 
summarised into a basic form
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self information neighbour information

local neighbourhood

permutation invariant

Isufi et al., “Graph filters for signal processing and machine learning on graphs,” IEEE TSP, 2024.

Walker and Glocker, “Graph convolutional Gaussian processes,” ICML, 2019.
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GNNs - A spatial approach
• Graph convolution can also be defined in spatial (node) domain 

44

via a graph shift operator

via a spatial weighted summation

• Common idea: nodes exchange information locally, which can be 
summarised into a basic form
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learnable parameters

self information neighbour information

local neighbourhood

permutation invariant

Isufi et al., “Graph filters for signal processing and machine learning on graphs,” IEEE TSP, 2024.

Walker and Glocker, “Graph convolutional Gaussian processes,” ICML, 2019.
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Message passing neural networks

45Gilmer et al., “Neural message passing for quantum chemistry,” ICML, 2017.
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Message passing neural networks

45Gilmer et al., “Neural message passing for quantum chemistry,” ICML, 2017.

message function

- nodes exchange messages with local neighbours
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Message passing neural networks

45Gilmer et al., “Neural message passing for quantum chemistry,” ICML, 2017.

message function

aggregator function

update function

- nodes exchange messages with local neighbours

- each node aggregates messages from its neighbours before 
updating its representation
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Message passing neural networks

45Gilmer et al., “Neural message passing for quantum chemistry,” ICML, 2017.

message function

aggregator function

update function

- nodes exchange messages with local neighbours

- each node aggregates messages from its neighbours before 
updating its representation

- functions are differentiable and parameters are learned by 
minimising loss of downstream task (e.g., classification)
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- key difference between architectures: how nodes aggregate 
information from neighbours and across layers



/66

MPNNs - A simple example

46
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MPNNs - A simple example

46
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MPNNs - A simple example
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MPNNs - A simple example
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Graph isomorphism network
• Motivation: introduce a way of defining expressive power of MPNNs


- e.g., for graph classification, what kinds of graphs can they distinguish?

47Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.
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Graph isomorphism network
• Motivation: introduce a way of defining expressive power of MPNNs


- e.g., for graph classification, what kinds of graphs can they distinguish?

47Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.

[source: M. 
Bronstein]

• Inspiration from the Weisfeiler-Lehman test for graph isomorphism 
(whether two graphs are isomorphic)

potentially isomorphic graphs

(necessary but not sufficient)
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Graph isomorphism network
• Striking similarity between MPNNs and 1-WL test


- both follow three steps: 1) message passing, 2) neighbourhood aggregation, 3) 
node update

48Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.

[source: D. Thanou]
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• Striking similarity between MPNNs and 1-WL test
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[source: D. Thanou]
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• Can we design an MPNN that is as powerful as the WL test?

- more than graph isomorphism we can use it for graph classification or regression


- hash func in WL is injective       injective aggregator/update func in MPNNs?
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Graph isomorphism network
• What aggregator function is injective?


- expressive power on a multiset: sum > mean > max-pooling

49Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.

[source: X. Bresson]
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Graph isomorphism network
• What aggregator function is injective?


- expressive power on a multiset: sum > mean > max-pooling

49Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.
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• GIN is provably as powerful as 1-WL test (under certain conditions)

- aggregator & update: sum + MLP

[source: X. Bresson]
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• What aggregator function is injective?


- expressive power on a multiset: sum > mean > max-pooling

49Xu et al., “How powerful are graph neural networks?,” ICLR, 2019.
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• GIN is provably as powerful as 1-WL test (under certain conditions)

- aggregator & update: sum + MLP

- global readout: sum + MLP

[source: X. Bresson]
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Graph attention network
• Idea: learn relative importance of neighbours in aggregation

50Veličković et al., “Graph attention networks,” ICLR, 2018.
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Graph attention network
• Idea: learn relative importance of neighbours in aggregation

50Veličković et al., “Graph attention networks,” ICLR, 2018.
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• An attention function compares importance of neighbours and computes 
attention scores

relative importance
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Graph Machine Learning
• Overview of graph machine learning


• Convolutional neural networks on graphs

- “spectral” approaches enabled by graph signal processing


• State-of-the-art graph neural networks

- “spatial” approaches enabled by message passing


• Latest developments and applications

51
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Extension I: Beyond low-pass filtering
• GCN does low-pass filtering (may lead to “over-smoothing”)

52
Min et al., “Scattering GCN: Overcoming oversmoothness in graph convolutional networks,” NeurIPS, 2020.

Bo et al., “Beyond low-frequency information in graph convolutional networks,” AAAI, 2021.

GCN Scattering GCN



/66

Extension II: Graph rewiring
• Input graph may not be ideal for message passing (e.g., “over-squashing”)

53

over-squashing caused by 
bottlenecks

Alon and Yahav, “On the bottleneck of graph neural networks and its practical implications,” ICLR, 2021.

Topping et al., “Understanding over-squashing and bottlenecks on graphs via curvature,” ICLR, 2022.
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Extension II: Graph rewiring
• Input graph may not be ideal for message passing (e.g., “over-squashing”)

53

over-squashing caused by 
bottlenecks

bottlenecks are linked to 
negatively curved edges

Alon and Yahav, “On the bottleneck of graph neural networks and its practical implications,” ICLR, 2021.

Topping et al., “Understanding over-squashing and bottlenecks on graphs via curvature,” ICLR, 2022.

• “Rewiring” as pre-processing step to mitigate over-squashing



/66

Extension III: Dynamic message passing
• Modifying the “computational” graph for improved message passing

54Gutteridge et al., “DRew: Dynamically rewired message passing with delay,” ICML, 2023.
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Extension IV: Graph transformers
• Generalise GAT to global attention

• Capture long-range dependencies (but computationally expensive)

55Dwivedi and Bresson, “A generalization of transformer networks to graphs,” AAAI Workshop, 2021.

transformers graph transformers

PEs retaining 
graph info
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Extension V: LLMs for graph learning
• Can LLMs/foundation models understand graph-structured data?

56Zhao et al., “GraphText: Graph reasoning in text space,” arXiv, 2023.
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Application I: Drug discovery

57Stokes et al., “A deep learning approach to antibiotic discovery,” Cell, 2020.
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Application II: Odour perception

58Lee et al., “A principal odor map unifies diverse tasks in olfactory perception,” Science, 2023.
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Application III: Medical imaging

59Pati et al., “Hierarchical graph representations in digital pathology,” Medical Image Analysis, 2022.
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Application IV: Traffic prediction

60Derrow-Pinion et al., “ETA prediction with graph neural networks in Google Maps,” CIKM, 2021.
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Application IV: Traffic prediction

60Derrow-Pinion et al., “ETA prediction with graph neural networks in Google Maps,” CIKM, 2021.
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Application V: Weather forecasting

61Lam et al., “Learning skillful medium-range global weather forecasting,” Science, 2023.
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Application VI: Fake news detection

62Monti et al., “Fake news detection on social media using geometric deep learning,” ICLR Workshop, 2019.
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Application VII: Social interactions

63Rossi et al., “Learning to infer structures of network games,” ICML, 2022.
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Application VIII: Language modelling

64

disagreement prediction ideological modelling

Lorge et al., “STEntConv: Predicting disagreement between reddit users with stance detection and a signed graph convolutional network,” LREC-Coling 2024.

Hofmann et al., “Modeling ideological salience and framing in polarized online groups with graph neural networks and structured sparsity,” NAACL, 2022.
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Application IV: Stock market analysis

65

market instability volatility forecasting

Gorduza et al., “Understanding stock market instability via graph auto-encoders,” arXiv, 2022.

Zhang et al., “Forecasting realized volatility with spillover effects,” International Journal of Forecasting, 2024.
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Graph machine learning - Closing remarks
• Fast-growing field that extends data analysis to non-Euclidean domain


• Highly interdisciplinary: machine learning, signal processing, harmonic 
analysis, network science, differential geometry, applies statistics


• Active research directions

- beyond convolutional models or MPNNs


- expressive power of graph ML models


- robustness & generalisation & scalability


- interpretability & causal inference


- optimisation and implementation issues


- applications (in particular healthcare!)
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