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- given observations on a number of variables and some prior knowledge (distribution, 
model, etc)

- build/learn a measure of pairwise relation between variables (correlation/covariance, 
graph topology/operator or equivalent)
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Objective: functional connectivity 
between brain regions

Input: fMRI recordings in brain regions

Objective: behavioural similarity/
influence between people

Input: history of individual activities

how do we build/learn the graph?

- learned relation (graph) captures underlying structure of data

- learning relation between entities benefits numerous application domains

image credit: http://blog.myesr.org/mri-reveals-the-human-connectome/, https://www.iconexperience.com

- learned relation may help predict future observations
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- similarity function (e.g., Gaussian RBF)

 5

• Need for a meaningful data model: X ⇠ F(G)

• Two general approaches in the literature 
- statistical models: F draws realisations from a distribution determined by G (e.g., 

probabilistic graphical models)
- physically motivated models: F is based on a physical generative process on G (e.g., 

diffusion processes on graphs)
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Gaussian MRF with precision     :⇥

conditional independence:

(vi, vj) /2 E , xi ? xj | x \ {xi, xj}

P (x|⇥) =
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Z(⇥)
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P (x|⇥) =
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learning a sparse     : 
- interactions are mostly local 
- feasible in high-dimensional space

⇥
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selection

Dempster

data matrix sample covariance

X ⇠ N (0,⇥) S

choosing covariance that agrees with S in set J (precision is zero in complementary set I)



/44

A (very partial) literature overview

 8

1972

covariance 
selection

Dempster

data matrix sample covariance

X ⇠ N (0,⇥) S

sequentially pruning elements in set I in sample precision

S�1

sample precision
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min
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Lasso regression:

neighbourhood selection: learning neighbourhood of each node

logistic regression for discrete variables 

2010

Ravikumar
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of Gauss. neg. 
log-likelihood
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• Learning graphical models 
- classical approaches lead to both positive/negative relations 

- learning graphs with non-negative weights?

• Learning graphs with non-negative weights 
- M-matrices (symmetric, positive definite, non-positive off-diagonals) have been used 

as precision, leading to attractive GMRF [Slawski2015]

- combinatorial graph Laplacian L belongs to M-matrices and is equivalent to graph 
topology
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from arbitrary precision matrix to graph Laplacian
common setting in graph signal processing (GSP)
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Outline
• A (very partial) literature overview
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• A signal processing perspective 
- A brief introduction to graph signal processing (GSP)

• Concluding remarks

- GSP approaches for graph learning
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Graph signals
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! Structured data can be represented by graph signals

takes into account both structure (edges) and 
data (values at vertices)
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Graph signals are pervasive
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• Vertices:  
- regular grid 

• Edges:  
- 4-nearest neighbour connection 

• Signal:  
- pixel values
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Graph signals are pervasive
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• Vertices:  
- 9000 grid cells in London 

• Edges:  
- geographical proximity of grid 

cells 

• Signal:  
- # Flickr users who have taken 

photos in two and a half year
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• Vertices:  
- 1000 Twitter users 

• Edges:  
- following relationship among 

users 

• Signal:  
- # Apple-related hashtags they 

have posted in six weeks
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• Vertices:  
- brain regions 

• Edges:  
- structural connectivity (via 

diffusion spectrum imaging) 
between brain regions 

• Signal:  
- blood-oxygen-level-dependent 

(BOLD) time series
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• Vertices:  
- brain regions 

• Edges:  
- structural connectivity (via 

diffusion spectrum imaging) 
between brain regions 

• Signal:  
- blood-oxygen-level-dependent 

(BOLD) time series

how to generalise signal processing tools on graphs? 
- notion of shift invariance? 
- notion of frequency?
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Graph signals are pervasive
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• Vertices:  
- brain regions 

• Edges:  
- structural connectivity (via 

diffusion spectrum imaging) 
between brain regions 

• Signal:  
- blood-oxygen-level-dependent 

(BOLD) time series

how to generalise signal processing tools on graphs? 
- notion of shift invariance? 
- notion of frequency?

graph shift operator
graph Laplacian
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Weighted and undirected graph:

G = {V, E}v1
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Graph Laplacian

 20

Weighted and undirected graph:

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

G = {V, E}

WD

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>
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Graph Laplacian
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Weighted and undirected graph:

Equivalent to G! 
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G = {V, E}
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L = D �W
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D = diag(d(v1), · · · , d(vN ))
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<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>
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Lnorm = D� 1
2 (D �W )D� 1

2
<latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit><latexit sha1_base64="G40rk+NS/3Ev4vyZqJRNrkqkmoc=">AAACHHicbVBNS8NAEN3Ur1q/oh69BItQDy1JFfQiFO3Bg4cKthWaWjbbTbt0swm7E7GE/BAv/hUvHhTx4kHw37j9OGjrg4HHezPMzPMizhTY9reRWVhcWl7JrubW1jc2t8ztnYYKY0lonYQ8lLceVpQzQevAgNPbSFIceJw2vcHFyG/eU6lYKG5gGNF2gHuC+Yxg0FLHPLrquEAfIBGhDNKz6l1SdH2JSeKkSTlNC9Vi83BW7Jh5u2SPYc0TZ0ryaIpax/x0uyGJAyqAcKxUy7EjaCdYAiOcpjk3VjTCZIB7tKWpwAFV7WT8XGodaKVr+aHUJcAaq78nEhwoNQw83Rlg6KtZbyT+57Vi8E/bCRNRDFSQySI/5haE1igpq8skJcCHmmAimb7VIn2sYwCdZ06H4My+PE8a5ZJjl5zr43zlfBpHFu2hfVRADjpBFXSJaqiOCHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx9QOSYqGj</latexit>
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Weighted and undirected graph:

Equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

G = {V, E}

W LD

L = D �W
<latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit><latexit sha1_base64="SkU0GGpgUn5NzI5VLaynfG9zEnI=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBsDHciaCMEtbCwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUITHww83pthZl6YSmHQdb+dpeWV1bX1wkZxc2t7Z7e0t183SaYZ91kiE90MqeFSKO6jQMmbqeY0DiVvhIObid944tqIRD3iMOVBTHtKRIJRtJJ/f3V72uiUym7FnYIsEi8nZchR65S+2t2EZTFXyCQ1puW5KQYjqlEwycfFdmZ4StmA9njLUkVjboLR9NgxObZKl0SJtqWQTNXfEyMaGzOMQ9sZU+ybeW8i/ue1Mowug5FQaYZcsdmiKJMEEzL5nHSF5gzl0BLKtLC3EtanmjK0+RRtCN78y4ukflbx3Ir3cF6uXudxFOAQjuAEPLiAKtxBDXxgIOAZXuHNUc6L8+58zFqXnHzmAP7A+fwBxXON/Q==</latexit>

D = diag(d(v1), · · · , d(vN ))
<latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit><latexit sha1_base64="g0ItODg/32vxWBxIIlCwMgNpTJw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkRQTdCUReupIJ9QGcomUzahmYeJHeKZegHuPFX3LhQxK0f4M6/MdPOQlsPBE7OOZfkHjcSXIFpfhtLyyura+u5jfzm1vbObmFvv6nCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7xK/daIScXD4B7GEXN80g94j1MCWuoWitcXNrAHSDxO+pOSVxp1rXLFpl4IqpLebstlnTKr5hR4kVgZKaIM9W7hy/ZCGvssACqIUh3LjMBJiAROBZvk7VixiNAh6bOOpgHxmXKS6TITfKwVD/dCqU8AeKr+nkiIr9TYd3XSJzBQ814q/ud1YuidOwkPohhYQGcP9WKBIcRpM9jjklEQY00IlVz/FdMBkYSC7i+vS7DmV14kzZOqZVatu9Ni7TKrI4cO0REqIQudoRq6QXXUQBQ9omf0it6MJ+PFeDc+ZtElI5s5QH9gfP4AcVqZ7Q==</latexit>
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v4 v5

v6
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why graph Laplacian? 
- standard stencil approximation of the Laplace operator 
- provides a notion of “frequency” on graphs

Lnorm = D� 1
2 (D �W )D� 1

2
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measure of “smoothness” [Zhou04]
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Graph Laplacian
•     has a complete set of orthonormal eigenvectors: 
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L L = �⇤�T

2

64
�0 0

. . .
0 �N�1

3

75L

2

64
�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1

2

64
�0 0

. . .
0 �N�1

3

75· · ·

�0

�N-1

� ⇤ �T
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•     has a complete set of orthonormal eigenvectors: 
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L L = �⇤�T

2

64
�0 0

. . .
0 �N�1

3

75L

2

64
�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1
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64
�0 0

. . .
0 �N�1

3

75· · ·
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�N-1

! Eigenvalues are usually sorted increasingly: 0 = �0 < �1  . . .  �N�1

� ⇤ �T
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Graph Fourier transform
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�0 �50�1

Low frequency High frequency

�T
50L�50 = �50

! Eigenvectors associated with smaller eigenvalues have values that vary less rapidly 
along the edges

L = �⇤�T �T
0 L�0 = �0 = 0

[Shuman13]
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�0 �50�1

Low frequency High frequency

�T
50L�50 = �50L = �⇤�T

ff̂(`) = h�`, fi :

2

64
�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1

T
Graph Fourier transform:
[Hammond11]

�T
0 L�0 = �0 = 0

[Shuman13]
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 23

�0 �50�1

Low frequency High frequency

�T
50L�50 = �50L = �⇤�T

Low frequency High frequency

ff̂(`) = h�`, fi :

2

64
�0 0

. . .
0 �N�1

3

75· · ·�0 �N-1

T
Graph Fourier transform:
[Hammond11]

�0 �4

· · ·
· · ·�1 �2 �3 �N�1

�T
0 L�0 = �0 = 0

[Shuman13]
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Graph Fourier transform
• Laplacian     admits the following eigendecomposition:
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L�` = �`�`L

one-dimensional Laplace operator: 

eigenfunctions: ej�x

classical FT:

f(x) =
1

2�

Z
f̂(⇥)ej�xd⇥

f̂(�) =

Z
(ej�x)⇤f(x)dx

�r2
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(ej�x)⇤f(x)dx f(x) =

1

2�

Z
f̂(⇥)ej�xd⇥

apply filter with transfer function        to a signal

FT IFT

f

ĝ(·)

f̂(!) ĝ(!)f̂(!) f ⇤ g
ĝ(!)

f
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Graph spectral filtering
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f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:
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GFT IGFT

f

f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

ĝ(�`)

f̂(`) ĝ(�`)f̂(`) f(i) =
N�1X

`=0

ĝ(�`)f̂(`)�`(i)

apply filter with transfer function        to a graph signalĝ(·) f : V ! RN
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GFT IGFT
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f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

ĝ(�`)

f̂(`) ĝ(�`)f̂(`) f(i) =
N�1X

`=0

ĝ(�`)f̂(`)�`(i)

` ` `

apply filter with transfer function        to a graph signalĝ(·) f : V ! RN
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f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

apply filter with transfer function        to a graph signalĝ(·) f : V ! RN

ĝ(⇤) =

2

64
ĝ(�0) 0

. . .
0 ĝ(�N�1)
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75

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)
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f̂(`) = h�`, fi =
NX

i=1

�⇤
` (i)f(i) f(i) =

N�1X

`=0

f̂(`)�`(i)GFT:

apply filter with transfer function        to a graph signalĝ(·) f : V ! RN

ĝ(⇤) =

2

64
ĝ(�0) 0

. . .
0 ĝ(�N�1)

3

75

GFT IGFT

f �T f ĝ(⇤)�T f �ĝ(⇤)�T f

ĝ(⇤)

: function of L!ĝ(L)
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Outline
• A (very partial) literature overview
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• A signal processing perspective 
- A brief introduction to graph signal processing (GSP) 

- GSP approaches for graph learning

• Concluding remarks
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v1

v2
v3 v4

v5
v6v7v8

v9
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G1 G2 G3

which graph to choose?
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GSP for graph learning

 28

G1 G2 G3

which graph to choose?
- depends on the signal/graph model 
- idea: choose one that enforces certain signal characteristics
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GSP for graph learning
• Existing approaches have limitations 

- simple correlation or similarity function is not enough 

- statistical models do not always lead to non-negative edge weights 

- many impose a “global” distribution or behaviour
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- many impose a “global” distribution or behaviour
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• Opportunity and challenge for GSP 
- GSP tools offer another “regulariser” for complicated inference: frequency or 

spectral representation 

- filtering-based approaches can provide generative models for signals with complex 
(non-Gaussian) behaviour



• Signal processing is about F c = x
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GSP for graph learning

⇥ =

 30

c xF
<latexit sha1_base64="EMr2CMGEx4jaB+rjB417hZxm8Lw=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFkUxGUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLa+sbmVnm7srO7t39QPTxqG5VqylpUCaW7ITFMcMlayFGwbqIZiUPBOuHkNvc7T0wbruQjThMWxGQkecQpQSv1+jHBMSUiu5sNqjWv7s3hrhK/IDUo0BxUv/pDRdOYSaSCGNPzvQSDjGjkVLBZpZ8alhA6ISPWs1SSmJkgm0eeuWdWGbqR0vZJdOfq742MxMZM49BO5hHNspeL/3m9FKPrIOMySZFJuvgoSoWLys3vd4dcM4piagmhmtusLh0TTSjaliq2BH/55FXSvqj7Xt1/uKw1boo6ynACp3AOPlxBA+6hCS2goOAZXuHNQefFeXc+FqMlp9g5hj9wPn8Ad+eRXA==</latexit><latexit sha1_base64="EMr2CMGEx4jaB+rjB417hZxm8Lw=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFkUxGUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLa+sbmVnm7srO7t39QPTxqG5VqylpUCaW7ITFMcMlayFGwbqIZiUPBOuHkNvc7T0wbruQjThMWxGQkecQpQSv1+jHBMSUiu5sNqjWv7s3hrhK/IDUo0BxUv/pDRdOYSaSCGNPzvQSDjGjkVLBZpZ8alhA6ISPWs1SSmJkgm0eeuWdWGbqR0vZJdOfq742MxMZM49BO5hHNspeL/3m9FKPrIOMySZFJuvgoSoWLys3vd4dcM4piagmhmtusLh0TTSjaliq2BH/55FXSvqj7Xt1/uKw1boo6ynACp3AOPlxBA+6hCS2goOAZXuHNQefFeXc+FqMlp9g5hj9wPn8Ad+eRXA==</latexit><latexit sha1_base64="EMr2CMGEx4jaB+rjB417hZxm8Lw=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFkUxGUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLa+sbmVnm7srO7t39QPTxqG5VqylpUCaW7ITFMcMlayFGwbqIZiUPBOuHkNvc7T0wbruQjThMWxGQkecQpQSv1+jHBMSUiu5sNqjWv7s3hrhK/IDUo0BxUv/pDRdOYSaSCGNPzvQSDjGjkVLBZpZ8alhA6ISPWs1SSmJkgm0eeuWdWGbqR0vZJdOfq742MxMZM49BO5hHNspeL/3m9FKPrIOMySZFJuvgoSoWLys3vd4dcM4piagmhmtusLh0TTSjaliq2BH/55FXSvqj7Xt1/uKw1boo6ynACp3AOPlxBA+6hCS2goOAZXuHNQefFeXc+FqMlp9g5hj9wPn8Ad+eRXA==</latexit><latexit sha1_base64="EMr2CMGEx4jaB+rjB417hZxm8Lw=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFkUxGUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLa+sbmVnm7srO7t39QPTxqG5VqylpUCaW7ITFMcMlayFGwbqIZiUPBOuHkNvc7T0wbruQjThMWxGQkecQpQSv1+jHBMSUiu5sNqjWv7s3hrhK/IDUo0BxUv/pDRdOYSaSCGNPzvQSDjGjkVLBZpZ8alhA6ISPWs1SSmJkgm0eeuWdWGbqR0vZJdOfq742MxMZM49BO5hHNspeL/3m9FKPrIOMySZFJuvgoSoWLys3vd4dcM4piagmhmtusLh0TTSjaliq2BH/55FXSvqj7Xt1/uKw1boo6ynACp3AOPlxBA+6hCS2goOAZXuHNQefFeXc+FqMlp9g5hj9wPn8Ad+eRXA==</latexit>
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v2

v3 v4

v5
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c GxF(G)
<latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit>



• Forward: given G and x, design F to study c
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⇥ =

v1

v2

v3 v4

v5
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c Gx

Fourier/wavelet 
atoms

graph Fourier/
wavelet coefficient

graph dictionary 
coefficient

trained dictionary 
atoms

[Coifman06,Narang09,Hammond11,
Shuman13,Sandryhaila13]

[Zhang12,Thanou14]

F(G)
<latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit>



• Backward (graph learning): given x, design F and c to infer G
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c GxF(G)
<latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit>



• Backward (graph learning): given x, design F and c to infer G
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- key is signal/graph model behind F 

- via graph operators (adjacency/Laplacian or shift operators)
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c GxF(G)
<latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit>



• Backward (graph learning): given x, design F and c to infer G
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GSP for graph learning

⇥ =

v1

v2

v3 v4

v5

- key is signal/graph model behind F 

- via graph operators (adjacency/Laplacian or shift operators)

- assumption on c also determines signal characteristics
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c GxF(G)
<latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit><latexit sha1_base64="wEn3OUene4cJyObo1jFdv6cX9VM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoIui4K6rGAv0IYymU7aoZNJmJkIJdSNr+LGhSJufQt3vo2TNoi2/jDw8Z9zmHN+P+ZMacf5shYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJnVm/dUKhaJOz2KqRfivmABI1gbq2vvd0KsBwTz9Gpc/uHr8XHXLjkVZyI0D24OJchV69qfnV5EkpAKTThWqu06sfZSLDUjnI6LnUTRGJMh7tO2QYFDqrx0csEYHRmnh4JImic0mri/J1IcKjUKfdOZ7ahma5n5X62d6ODcS5mIE00FmX4UJBzpCGVxoB6TlGg+MoCJZGZXRAZYYqJNaEUTgjt78jw0TiquU3FvT0vVizyOAhzAIZTBhTOowg3UoA4EHuAJXuDVerSerTfrfdq6YOUze/BH1sc3ZNOW1Q==</latexit>



Model 1: Global smoothness
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• Signal varies smoothly between all pairs of nodes that are connected 
• Example: temperature of different locations in a flat geographical region
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• Example: temperature of different locations in a flat geographical region
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xTLx =
1

2

X

i,j

Wij (x(i)� x(j))2
v1

v2
v3 v4

v5
v6v7v8

v9

v1

v2
v3 v4

v5
v6v7v8

v9

xTLx = 1

xTLx = 21

• Usually quantified by the Laplacian quadratic form:
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min
L

XTL2X

min
L

tr(XTLsX)� �||W||F

max
⇥=L+ 1

�2 I
log det⇥� 1

M
tr(XXT⇥)� ⇢||⇥||1Lake (2010):

Hu (2013):

• Signal varies smoothly between all pairs of nodes that are connected 
• Example: temperature of different locations in a flat geographical region

Daitch (2009):
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xTLx =
1

2

X

i,j

Wij (x(i)� x(j))2
v1

v2
v3 v4

v5
v6v7v8

v9

v1

v2
v3 v4

v5
v6v7v8

v9

xTLx = 1

xTLx = 21

similar to previous approaches:

• Usually quantified by the Laplacian quadratic form:
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Model 1: Global smoothness
• Dong et al. (2016)
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

⇥ =

v1

v2

v3 v4

v5

c Gx�

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)

<latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit>
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<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>
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Model 1: Global smoothness
• Dong et al. (2016)
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

- maximum a posteriori (MAP) estimate of c leads to minimisation of Laplacian 
quadratic form:

⇥ =

v1

v2

v3 v4

v5

c Gx�

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)

<latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit>

min
c

||x� �c||22 + ↵ cT⇤c
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c ⇠ N (0,⇤†)
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<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

- maximum a posteriori (MAP) estimate of c leads to minimisation of Laplacian 
quadratic form:

⇥ =

v1

v2

v3 v4

v5

c Gx�

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)
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min
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F(G) = �
<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>

min
y

||x� y||22 + ↵ yTLy
<latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit>

y = �c
<latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit>
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

- maximum a posteriori (MAP) estimate of c leads to minimisation of Laplacian 
quadratic form:

x

⇥ =

v1

v2

v3 v4

v5

c Gx�

v1

v2
v3 v4

v5
v6v7v8

v9

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)

<latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit>

min
c

||x� �c||22 + ↵ cT⇤c
<latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit>

c ⇠ N (0,⇤†)
<latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit>

F(G) = �
<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>

min
y

||x� y||22 + ↵ yTLy
<latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit>

y = �c
<latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit>
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

- maximum a posteriori (MAP) estimate of c leads to minimisation of Laplacian 
quadratic form:

y

⇥ =

v1

v2

v3 v4

v5

c Gx�

v1

v2
v3 v4

v5
v6v7v8

v9

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)

<latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit>

min
c

||x� �c||22 + ↵ cT⇤c
<latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit>

c ⇠ N (0,⇤†)
<latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit>

F(G) = �
<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>

min
y

||x� y||22 + ↵ yTLy
<latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit><latexit sha1_base64="NfuReqlG6UmCx4xJ+Mx5Tyv+49Q="></latexit>

y = �c
<latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit>
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

min
L,Y

||X�Y||2F + ↵ tr(YTLY) + �||L||2F

data fidelity smoothness on Y regularisation

- maximum a posteriori (MAP) estimate of c leads to minimisation of Laplacian 
quadratic form:

y

⇥ =

v1

v2

v3 v4

v5

c Gx�

v1

v2
v3 v4

v5
v6v7v8

v9

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)

<latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit>

min
c

||x� �c||22 + ↵ cT⇤c
<latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit>

c ⇠ N (0,⇤†)
<latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit>

F(G) = �
<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>

y = �c
<latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit>
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-                (eigenvector matrix of L) 

- Gaussian assumption on c:   

-

min
L,Y

||X�Y||2F + ↵ tr(YTLY) + �||L||2F

data fidelity smoothness on Y regularisation

- maximum a posteriori (MAP) estimate of c leads to minimisation of Laplacian 
quadratic form:

y

⇥ =

v1

v2

v3 v4

v5

c Gx�

v1

v2
v3 v4

v5
v6v7v8

v9

:  Gaussian Markov random fieldx ⇠ N (0,L† + �2
✏ I)

<latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit><latexit sha1_base64="cKY830epCek3jMGIwoF8j9cN5h0="></latexit>

min
c

||x� �c||22 + ↵ cT⇤c
<latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit><latexit sha1_base64="7n1ioQNrhauDUfP8ZBCm/MeMWHw="></latexit>

c ⇠ N (0,⇤†)
<latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit><latexit sha1_base64="CPbAAUA3dFZhi1sch6c1epplLWk="></latexit>

F(G) = �
<latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit><latexit sha1_base64="o1KDB49QGeSA7QIVP0u0LC+rhmI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdCUVCXFewDmlAmk0k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbRBtvTDM4Zx7ueceL2ZUKsv6MkoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usz1zj0Rkkb8To1j4oZowGlAMVKa6ptHTojUECOWXmW1H3ydHcJz6HgR8+U41F/q4CHN+mbVqluTgvPALkAVFNXsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnIUUikm06uyuCBZnwYREI/ruCE/T2RolDm7nRn7lvOajn5n9ZLVHDmppTHiSIcTxcFCYMqgnlE0KeCYMXGGiAsqPYK8RAJhJUOsqJDsGdPngft47pt1e3bk2rjooijDPbAPqgBG5yCBrgBTdACGDyAJ/ACXo1H49l4M96nrSWjmNkFf8r4+AbKzJ81</latexit>

learning enforces signal property (global smoothness)

y = �c
<latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit><latexit sha1_base64="Gob/TAwu5d5Xq/xDp8tN5gvfiyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlE0I1QdOOygn1AE8pkOmmHTmbCzEQIId/gxl9x40IRt67c+TdO2gjaemGYwzn3cs89Qcyo0o7zZVWWlldW16rrtY3Nre0de3evo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtMrgu9e0+kooLf6TQmfoRGnIYUI22ogX3iRUiPgzBLc3gJvUCwoUoj82UeHtMc/sg4H9h1p+FMCy4CtwR1UFZrYH96Q4GTiHCNGVKq7zqx9jMkNcWM5DUvUSRGeIJGpG8gRxFRfjY9KYdHhhnCUEjzuIZT9vdEhiJVGDWdhUM1rxXkf1o/0eGFn1EeJ5pwPFsUJgxqAYt84JBKgjVLDUBYUuMV4jGSCGuTYs2E4M6fvAg6pw3Xabi3Z/XmVRlHFRyAQ3AMXHAOmuAGtEAbYPAAnsALeLUerWfrzXqftVascmYf/Cnr4xsk555l</latexit>
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Model 2: Spectral filtering
• Signals are outcome of applying filtering to latent (input) signals 
• Filtering often corresponds to a diffusion process on graphs (different 

spectral characteristics or localisation properties) 
• Example: movement of people/vehicles in transportation network
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Model 2: Spectral filtering
• Thanou et al. (2017)

 34

-                   (localisation in vertex domain) 

- sparsity assumption on c

⇥ =

v1

v2

v3 v4

v5

c Gxe�⌧LF(G) = e�⌧L
<latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit>
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Model 2: Spectral filtering
• Thanou et al. (2017)

 34

-                   (localisation in vertex domain) 

- sparsity assumption on c

⌧- each signal is a combination of several heat diffusion processes at time 

⇥ =

v1

v2

v3 v4

v5

c Gxe�⌧LF(G) = e�⌧L
<latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit>

[Thanou17]
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Model 2: Spectral filtering
• Thanou et al. (2017)
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-                   (localisation in vertex domain) 

- sparsity assumption on c

⌧- each signal is a combination of several heat diffusion processes at time 

⇥ =

v1

v2

v3 v4

v5

c Gxe�⌧LF(G) = e�⌧L
<latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit>

min
L,C,⌧

||X� FC||2F + ↵
MX

m=1

||cm||1 + �||L||2F
<latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit>

s.t. F = [e�⌧1L, e�⌧2L, . . . , e�⌧SL]
<latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit>

[Thanou17]
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-                   (localisation in vertex domain) 

- sparsity assumption on c

⌧- each signal is a combination of several heat diffusion processes at time 

data fidelity sparsity on c regularisation

⇥ =

v1

v2

v3 v4

v5

c Gxe�⌧LF(G) = e�⌧L
<latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit>

min
L,C,⌧

||X� FC||2F + ↵
MX

m=1

||cm||1 + �||L||2F
<latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit>

s.t. F = [e�⌧1L, e�⌧2L, . . . , e�⌧SL]
<latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit>

[Thanou17]
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-                   (localisation in vertex domain) 

- sparsity assumption on c

⌧- each signal is a combination of several heat diffusion processes at time 

data fidelity sparsity on c regularisation

⇥ =

v1

v2

v3 v4

v5

c Gxe�⌧LF(G) = e�⌧L
<latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit><latexit sha1_base64="1aAaNKZIgscktFGwmRswjQifTfo=">AAACFnicbZDNSsNAFIUn9a/Wv6hLN4NFqIuWRATdCEVBXbioYFuhqWUynbRDJ5MwMxFKyFO48VXcuFDErbjzbZykQbT1wMDHufcy9x43ZFQqy/oyCnPzC4tLxeXSyura+oa5udWSQSQwaeKABeLWRZIwyklTUcXIbSgI8l1G2u7oLK2374mQNOA3ahySro8GnHoUI6Wtnll1fKSGGLH4PKn88EWyf0Lu4qqjUAQz1/XiqyTpmWWrZmWCs2DnUAa5Gj3z0+kHOPIJV5ghKTu2FapujISimJGk5ESShAiP0IB0NHLkE9mNs7MSuKedPvQCoR9XMHN/T8TIl3Lsu7ozXVFO11Lzv1onUt5xN6Y8jBThePKRFzGoAphmBPtUEKzYWAPCgupdIR4igbDSSZZ0CPb0ybPQOqjZVs2+PizXT/M4imAH7IIKsMERqINL0ABNgMEDeAIv4NV4NJ6NN+N90low8plt8EfGxzedGp+k</latexit>

min
L,C,⌧

||X� FC||2F + ↵
MX

m=1

||cm||1 + �||L||2F
<latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit><latexit sha1_base64="vyNB5o0XncnomWRk76WMdu5hV1I="></latexit>

s.t. F = [e�⌧1L, e�⌧2L, . . . , e�⌧SL]
<latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit><latexit sha1_base64="iwno2khdGJNXMZlvNkblUlPcJ7k="></latexit>

[Thanou17]

local (instead of global) signal characteristics 
can be extended to general polynomial case
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-                                

- Gaussian assumption on c: 
c Gx

⇥ =

v1

v2

v3 v4

v5

Wk
norm

F(G) = Tk = Wk
norm

<latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit>

c ⇠ N (0, I)
<latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit>
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-                                

- Gaussian assumption on c: 

- two-step approach: 

estimate eigenvector matrix of graph operator from sample covariance:

c Gx

⇥ =

v1

v2

v3 v4

v5

Wk
norm

⌃ = E
h MX

m=1

X(m)X(m)T
i
=

MX

m=1

W2k(m)
norm

F(G) = Tk = Wk
norm

<latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit>

(polynomial of          )Wnorm
<latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit>

c ⇠ N (0, I)
<latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit>
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-                                

- Gaussian assumption on c: 

- two-step approach: 

estimate eigenvector matrix of graph operator from sample covariance:

optimise for eigenvalues given constraints of           (e.g., non-negativity of off-
diagonals and range of eigenvalues) and certain priors (e.g., sparsity)
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<latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit>

(polynomial of          )Wnorm
<latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit>

c ⇠ N (0, I)
<latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit><latexit sha1_base64="S7pssast1iqoHXE1FdMM6+EXA5s=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVpCQq6LLoRjdSwT6gCWUynbRDZ5IwMxFKyIe48VfcuFDEjQvBv3GSpqCtBwbOnHMv997jRYxKZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK//UCEpGFwr8YRcTkaBNSnGCkt9cxThyM19PwEp9CRlMP8jxFLbtPq1LPSYzjlN+lRz6xYNSsHnCd2QSqgQKNnfjr9EMecBAozJGXXtiLlJkgoihlJy04sSYTwCA1IV9MAcSLdJD8uhYda6UM/FPoFCubq744EcSnH3NOV2Ypy1svE/7xurPwLN6FBFCsS4MkgP2ZQhTBLCvapIFixsSYIC6p3hXiIBMJK51nWIdizJ8+T1knNtmr23VmlflnEUQL74ABUgQ3OQR1cgwZoAgwewTN4BW/Gk/FivBsfk9IFo+jZA39gfP0A40Sh1Q==</latexit>
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-                                

- Gaussian assumption on c: 

- two-step approach: 

estimate eigenvector matrix of graph operator from sample covariance:

optimise for eigenvalues given constraints of           (e.g., non-negativity of off-
diagonals and range of eigenvalues) and certain priors (e.g., sparsity)
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diffusion process based on different operator 
statistical vs structural (Thanou et al.) assumption on c 
“graph-centric”: cost on graph operators instead of signals

F(G) = Tk = Wk
norm

<latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit><latexit sha1_base64="q14wYUVKQ1V9wksrBNA9+L5XsJE="></latexit>

(polynomial of          )Wnorm
<latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit><latexit sha1_base64="RexfpmhsS/YkNTF3i8X5inYuzFY=">AAAB/3icdVBNSwMxFMz6bf1aFbx4CRbB05Jta623ohePCtYW2lKyabYNzWaX5K1Y1h78K148KOLVv+HNf2NaK6joQGCYeY83mSCRwgAh787M7Nz8wuLScm5ldW19w93cujJxqhmvsVjGuhFQw6VQvAYCJG8kmtMokLweDE7Hfv2aayNidQnDhLcj2lMiFIyClTruTiui0A/CrD7qtIDfQKZiHY06bp54FVIuFkqYeIUSOTwuWkIqfplUsO+RCfJoivOO+9bqxiyNuAImqTFNnyTQzqgGwSQf5Vqp4QllA9rjTUsVjbhpZ5P8I7xvlS4OY22fAjxRv29kNDJmGAV2cpzW/PbG4l9eM4Ww0s6ESlLgin0eClOJIcbjMnBXaM5ADi2hTAubFbM+1ZSBrSxnS/j6Kf6fXBU8n3j+RSlfPZnWsYR20R46QD46QlV0hs5RDTF0i+7RI3py7pwH59l5+RydcaY72+gHnNcPk/OXHQ==</latexit>

c ⇠ N (0, I)
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Model 3: Causal dependency on graphs
• Signals are causal outcome of current or past observations (spectral 

characteristics depending on dependence structure) 

• Example: evolution of individual behaviour due to influence of different 
friends at different timestamps 

• Characterised by vector autoregressive models (VARMs) or structural 
equation models (SEMs) 
- VARMs exploits relation between present and past 

- SEMs exploits relation between vertices at present

 36
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good for inferring causal relations between signals 
can be combined with SEMs and kernelised



/44

Comparison of different GSP methods

 38

[Dong19]
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Connection with broad literature
• Global smoothness of graph signals is also promoted in Graphical Lasso

 39

max
⇥=L+ 1

�2 I
log det⇥� 1

M
tr(XXT⇥)� ⇢||⇥||1Lake (2010):
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• GSP approaches offer design flexibility (via F and c) and extend beyond a 
Gaussian statistical model or a simple diffusion model
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Applications
• Image coding and compression (review of [Chung18])

 40

[Fracastoro17]

- images are natural graph 
signals on regular grid 

- learning adaptive edge 
weights for structure-aware 
transform coding 

- more efficient image 
compression
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Applications

 41

• Brain signal analysis (review of [Huang18]) 
- learning functional connectivity of brain regions

[Richiardi13]
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Applications

 41

• Brain signal analysis (review of [Huang18]) 
- learning functional connectivity of brain regions

• Other application domains 
- learning meteorology graph using temperatures 

- learning commuting graph using traffic volume 

- learning political relations using voting data
[Mei17]

[Richiardi13]
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Outline
• A (very partial) literature overview

 42

• A signal processing perspective 
- A brief introduction to graph signal processing (GSP) 

- GSP approaches for graph learning

• Concluding remarks
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Concluding remarks

 43
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- performance guarantee 
- computational efficiency

objective of graph learning 
- for traditional graph-based learning, 

e.g., clustering, dim. reduction, ranking 
- integrate inference with subsequent 

data analysis (targeted applications)
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Papers & Resources & Acknowledgement

 44

Thank you!

https://epfl-lts2.github.io/gspbox-html/ https://pygsp.readthedocs.io/en/stable/

More: http://web.media.mit.edu/~xdong/resource.html

Dorina Thanou Pascal FrossardMike Rabbat


