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Abstract
Curvedscreensareincreasinglybeingusedfor high-resolutionimmersivevisualizationenvironments.Wedescribe
a new techniqueto displayseamlessimagesusingoverlappingprojectors on curvedquadric surfacessuch as
sphericalor cylindrical shape. We exploit a quadric image transferfunction and showhow it can be usedto
achievesub-pixelregistrationwhile interactivelydisplayingtwoor three-dimensionaldatasetsfor a head-tracked
user. Current techniquesfor automaticallyregisteredseamlessdisplayshavefocusedmainlyon planar displays.
On the other hand,techniquesfor curvedscreenscurrently involvecumbersomemanualalignmentto make the
installationconformto theintendeddesign.Weshowa seamlessreal-timedisplaysystemanddiscussour methods
for smoothintensityblendingandef�cient rendering.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism-Virtual reality

1. Intr oduction

Large seamlessdisplaysusingoverlappingprojectorsis an
emerging technologyfor constructinghigh-resolutionim-
mersive visualizationenvironmentscapableof presenting
high-resolutionimagesfrom scienti�c simulation,largefor-
mat imagesfor entertainmentand surroundenvironment
for instruction. Such overlappedprojector systemscom-
plementnon-overlappingmulti-projectortechnologiessuch
as the CAVE [CNSD93], Blue-C [SGKM00] andwell de-
�ned tiled planar[Jup02] or curveddisplays[Tri02]. In the
last few years,we have seena numberof ideasfor creat-
ing seamlessdisplayson planarscreensusingelectro-optic
approachessuchas vignetting [LC99] or using camerain
theloop [RvBC02, Sur99, YGHT01, BS02, Fut02] to deter-
minetheregistrationandblendingparameters.In thispaper,
we extendthecamera-basedtechniquesto dealwith curved
screens.

1.1 Overview

Accurateestimationof geometricrelationshipbetweenover-
lapping projectorsis the key for achieving seamlessdis-
plays(Figure1). They in�uence therenderingandintensity
blendingalgorithms.Generaltechniquesto supportcasually
installedprojectorsand exploit geometricrelationshipbe-
tweenprojectorsanddisplaysurfaceeliminatecumbersome
manual alignment and reducemaintenancecosts. While
camera-basedparametricapproachesfor planarscreenshave
exploited the homography, a 3 by 3 matrix, induceddueto
the planeof the screen[YGHT01, CSWL02, BS02], to our

knowledge,therehasbeennosimilarwork to exploit apara-
metric relationshipfor curved surfacesfor immersive envi-
ronments.

Therelationshipfor surfacesthatadhereto quadricequa-
tions, such as spheres,cylinders, cones,paraboloidsand
ellipsoids,can be de�ned using a quadric image transfer
[ST97].

Contrib utions In thispaper, wepresentacompletesetof
techniquesto generateseamlessdisplayson curvedquadric
surface.Our technicalcontributionsareasfollows.

- Adaptation of quadric transfer, in a semi-permanent
setupusingastereocamerapair

- Calibrationmethods,to estimatequadrictransferusing
partialEuclideanreconstruction

- Headtrackingsupportfor immersivedisplay

- Intensityblendingschemeusingparametricapproach

- Singlepassrendering,that canexploit renderinghard-
warewhile maintaininghigh imagequality

Conventional non-parametricapproachesfor displaying
multiprojectorimagesoncurvedscreenssamplediscreteim-
agefeaturesto build alook-uptablefor bilinearinterpolation
for pixel locations[Jar97, RWF98] andhenceerrorsin fea-
turelocalizationareimmediatelyvisible.Weproposeacom-
pletelyparametricapproachthat �ts a quadricmodelto the
discretefeaturesreducingthemto a few parameters.Similar
to theadvantagesof usingahomography for planarscreens,
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Figure 1: Visualizationon curvedquadricsurfaces.(Left) Domewith casuallyalignedoverlappingprojectors (Middle) Reg-
istered images(Right)Displayedwith intensitycorrection.Theparametricapproach leadsto accurategeometricregistration
andperceptuallyseamlessimages.(Embeddedimagesarehigh-resolution.Pleasezoomwith PDF browser.)

the quadrictransferbasedparametricapproachleadsto re-
ducedconstraintson cameraresolution,bettertoleranceto
pixel localizationerrors,fastercalibrationand�nally a sim-
plersinglepassparameterizedwarpingprocess.Anotherad-
vantageis that our camerasdo not needto be placedat or
nearthe'sweet-spot'i.e. theidealviewer location.

The scopeof the paperis limited to descriptionof al-
gorithmsrelatedto quadrictransfer, its estimationanduse
with graphicshardware. We do not focus on photometric
issues[MHTW00], datadistribution [HHN� 02], interaction
[FBZ� 99] and load balancing[SZF� 99] during rendering.
Ourapproach,in thecurrentform, lackseaseof usebecause
of the time involved in non-linearoptimizationinvolved in
estimatingthe parametersfor imagetransfer, but this is an
activeareaof research.

1.2 RelatedWork

SeamlessDisplays In commerciallyavailableplanardis-
plays, alignment is typically performedmanually. How-
ever, many researchgroupshave exploited camera-based
non-parametric(look-up tablebased)[Sur99] andparamet-
ric (homography based)[YGHT01, CSWL02, BS02] ap-
proachesto automatethisprocessfor planarscreens.

Multi-projector alignment for curved screens is
sometimes aided by projecting a `navigator' pattern
[Tri02, Jar97]. Then all the overlapping projectors are
manually aligned with the grid [Tri02]. We have heard
that, at Hayden Planetarium[Hay02] in New York, two
techniciansspendone hour eachmorning trying to adjust
theregistrationbetweenthesevenoverlappingTrimensions
Prodasprojectors.

An automatedapproachfor planaror non-planarscreens,
usinga non-parametricprocess,involves putting a camera
at the sweet-spot.The cameraobserves the structuredpat-
ternsprojectedby projector. Thesampledreadingsarethen
usedto build an inversewarping function betweenthe in-
put imageand projectedimageby meansof interpolation
[Jar97, RWF98, Sur99].

We opt for a parametric method and extend the
homography-basedapproachfor planar screensto an ap-
proachbasedon quadrictransfer. However, curved screens
presentnew challenges.Many Euclideanquantitiesare re-
quired to be calibratedearly in the processandnon-linear
optimizationof parametersmakesrobustnessanissue.

Quadric Surfaces Quadricsfor imagetransferhave been
introducedin computervision literature [ST97, CZ98]. In
multi-projector systems,however, there has beenlittle or
no work on techniquesfor parameterizedwarpingandau-
tomatic registrationof higherordersurfaces.Quadricsap-
pearin many projector-basedcon�gurations.Large format
�ight simulatorshave traditionallybeencylindrical or dome
shaped[SM99], planetariumsand OmniMax theatersuse
hemisphericalscreens[Alb94], andmany virtual reality se-
tupsuseacylindrical shapedscreen.

As part of applicationsof handheldautonomousprojec-
tors,[RvB� 03] describeda quadrictransferbasedapproach
wherea camerais embeddedin eachprojector. In an ex-
tendedtext abstract,[vWRR03], at a workshopspeculated
abouthow this embeddedcameraapproachcould be used
for a displaysystem.The large numberof camerasleadto
a signi�cant increasein the numberof pairwiseEuclidean
3D parameters.In theabsenceof anenvironmentalcamera,
thepairwiseparametersarere�ned to begloballyconsistent.
While this approacheliminatesthe needfor externalcam-
eras,which is appropriatefor self-containedprojectors,we
focusonsemi-permanentinstallations.

For several reasons,including (i) supportingimmersive
renderingfor a head-trackeduser, (ii) exploiting singlepass
renderingusinggraphicshardware,and(iii) building prac-
tical solutionfor semi-permanentinstallations,oneneedsto
usea differentapproach.We presenta simplerandef�cient
solutionusinga stereocamerapair appropriatefor suchin-
stallations.In addition,we proposea completesolutionfor
a practicalcalibration,intensityblendingandef�cient ren-
dering.We addressthe inherentproblemsin usingquadric
transferandpresenta solution to overcomethe robustness
issuesby exploiting a partial Euclideanreconstruction.To
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our knowledge,a parameterizedsolutionfor a head-tracked
systemfor curvedscreenis beingpresentedfor the�rst time.

2. Quadric imagetransfer

We presentthenotationsandbasicsof quadrictransfer, and
describehow we adaptit to register overlappingprojector
images.

2.1 Basics

Mapping betweentwo arbitrary perspective views of an
opaquequadric surface Q in 3D can be expressedusing
a quadric transfer function Y. While planar homography
transferscanbecomputedfrom 4 or morepixel correspon-
dences,quadrictransferrequires9 or morecorrespondences.
The quadrictransfercanbe de�ned in a closedform using
the3D quadricsurfaceQ, andadditionalparametersthatre-
late perspective projectionof the two views. The quadric
transferin our casemeansimagetransferfrom �rst view to
thesecondview.

ThequadricQ is asurfacerepresentedby a4� 4 symmet-
ric matrix, suchthat 3D homogeneouspointsX (expressed
asa4� 1 vector)thatlie on thesurfacesatisfythequadratic
constraint,

XTQX = 0

ThequadricQ has9 degreesof freedomcorrespondingto
the independentelementsof thematrix. Thematrix is sym-
metricandde�ned up to anoverall scale.

The homogeneouscoordinatesof the correspondingpix-
elsx in the �rst view, andx0 in thesecondview arerelated
by

x0 �= Bx�
�

qTx �
q

(qTx)2 � xTQ33x
�

e

From pixel correspondences(x;x0), we computethe 21
unknowns: 10 for the unknown 3D quadricQ, 8 for a 3x3
homography matrixB and3 morefor theepipolee in homo-
geneouscoordinates.Theepipoleeis theimageof thecenter
of projectionof the �rst view, in thesecondview. Thesign
�= denotesequalityuptoscalefor thehomogeneouscoordi-
nates.Matrix Q is decomposedasfollows.

Q =
�

Q33 q
qT d

�

Thus,Q33 is thetop 3� 3 symmetricsubmatrixof Q and
q is a 3 vector. Q(4;4), or d, is non-zeroif thequadricdoes
not passthroughthe origin, i.e. the centerof projectionof
the �rst view. Hence,it canbesafelyassignedto be1.0 for
mostdisplaysurfaces.The�nal 2D pixel coordinatefor ho-
mogeneouspixel x0 is (x0(1)=x0(3); x0(2)=x0(3)) .

The transferdescribedby 21 parameterhasfour depen-
dentparameters[ST97, WS99]. This ambiguityis removed
[RvB� 03] by de�ning

A = B� eqT E = qqT � Q33

sothat,

x0 �= Ax �
� p

xTEx
�

e

The equationxTEx = 0 de�nes the outline conic of the
quadricin the �rst view. (Theoutlineconiccanbegeomet-
rically visualizedastheimageof thesilhouetteor thepoints
on thesurfacewheretheview raysarelocally tangentto the
surface,e.g.theelliptical silhouetteof asphereviewedfrom
outsidethesphere.)A is thehomography via thepolarplane
betweenthe�rst andthesecondview. Theambiguityin rel-
ative scalingbetweenE ande is removed by introducinga
normalizationconstraint,E(3;3) = 1. The sign in front of
thesquareroot is �x edwithin theoutlineconicin theimage.
Thesign is easilydeterminedby testingtheequationabove
bypluggingin coordinatesfor onepairof correspondingpix-
els.

Note that the parametersof the quadric transfer Y =
f A;E;eg can be directly computedfrom 9 or more pixel
correspondencesin a projective coordinatesystem.So it is
temptingto follow a approachsimilar to estimatingplanar
homography for planardisplayswithout computingany Eu-
clideanparameters.However, asdescribedlater, in practice
it is dif�cult to robustlyestimatetheepipolarrelationshipin
many cases.Hence,wefollow apseudo-Euclideanapproach
asdescribedbelow.

2.2 Approach

All registrationinformationis calculatedrelativeto acamera
stereopair. Weassumethatthestereocamerapaircanseethe
entire3D surface.Oneof the camerasis arbitrarily chosen
asthe origin. The camerashereareusedto determineonly
the 3D pointson the displaysurfaceandnot for any color
sampling.Hence,any suitable3D acquisitionsystemcanbe
used.Theoutlineof our techniqueis asfollows.Thedetails
arein Section3 and4.

Duringpre-processing, thefollowing stepsareperformed.

� For eachprojector i
. Projectstructuredlight patternwith projector
. Detectfeaturesin stereocamerapairandreconstruct

3D pointson thedisplaysurface
� Fit aquadricQ to all the3D pointsdetected
� For eachprojector i

. Find its posewrt thecamerausingthecorrespondence
betweenprojectorpixels and3D coordinatesof points
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they illuminate
. Find thequadrictransfer, Y 0i , betweenthecamera

andprojectori
. Find intensityblendingweights,F i , in overlapregions

At run time, the renderingfor 2D imagesor 3D scenes
follows thesesteps.

� ReadheadtrackerandupdatequadrictransferY h0
betweenvirtual view andcamera

� Readtheinput imagein the2D videoor compute
theinput imageby renderinga3D scenefrom
thevirtual viewpoint

� For eachprojector i
. Pre-warpinput imageinto projectorsframebuffer

usingquadrictransfer, Y 0i � Y h0
. Attenuatepixel intensitieswith blendingweights,F i

Thisapproachhowever, involvesseveralissues.Thequadric
transfer estimation,although a linear operation,requires
non-linearoptimizationto reducepixel re-projectionerrors.
It is dif�cult to estimateprojectorpose(externalparameters)
becausethe 3D pointsprojectedon the quadricareusually
nearlyplanarleadingto a degeneratecondition.Theseplus
otherissues,andpracticalsolutionsarediscussedbelow.

3. Calibration

The goal is to computethe parametersof quadrictransfer
Y 0i = f Ai ;Ei ;eig so,that theprojectedimagesaregeomet-
rically registeredon thedisplaysurface.Themethodto cal-
culatequadrictransferparametersdirectly from pixel cor-
respondencesinvolvesestimatingthe4x4 quadricmatrix Q
in 3D [ST97, CZ98] usinga triangulationof corresponding
pixelsanda linearmethod.If the internalparametersof the
two views are not known, all the calculationsare donein
projective spaceaftercomputingtheepipolargeometry, i.e.
the epipolesandthe fundamentalmatrix. However, we no-
ticedthatwhenprojectorsratherthancamerasareinvolved,
the linear methodproducesvery large re-projectionerrors
in estimated3D quadric Q. We model the projector as a
pinhole device, but most commonprojectorsperform ver-
tical off-axis projectionto accomodateceiling mounting,or
deskplacement.Dueto thisoff-axisprojectiontheerrorsare
of the orderof 30 pixels for XGA resolutionprojectors.In
addition, the fundamentalmatrix is inherentlynoisy given
that the 3D pointson the quadricsurfaceilluminatedby a
single projectordo not have signi�cant depthvariation in
displaysettingsuchassegmentsof sphericalor cylindrical
surfaces.We insteadfollow a pseudo-Euclideanapproach
wheretheinternalandexternalparametersof thecameraand
theprojectorsareknown approximately. andareusedto esti-
mateEuclideanrigid transformations.Hence,unlikethepla-
narcase,computationof accurateimagetransferfor curved
screens,involvesthree-dimensionalquantities.We describe

Figure 2: Imagescapturedby the640x480resolutioncam-
era during calibration. Theresolutionof each projector is
signi�cantly higherat 1024x768andyet is capturedin only
a smallpart of thecamera view.

our approachanduseof approximateEuclideanparameters
for estimatingwarpingparameters.

3.1 Quadric Surface

We usea rigid stereocamerapairC0 andC0
0 for computing

all thegeometricrelationships.We arbitrarily chooseoneof
thecamerasto de�ne theorigin andcoordinatesystem.We
calibratethesmallbaselinestereopairwith asmallchecker-
boardpattern[Zha99]. Note that the camerasdo not need
to be nearthe sweet-spotin this setupwhich is an impor-
tant differencewith respectto someof the non-parametric
approaches.

Thestereopair observesthestructuredpatternsprojected
by eachprojector(Figure 2) and using triangulationcom-
putesa setof N 3D pointsf Xjg on thedisplaysurface.The
quadricQ passingthrougheachX j is computedby solving
asetof linearequationsXT

j QXj = 0 for each3D point.This
equationcanbewritten in theform

c j V = 0

wherec j is a 1� 10 matrix which is a function of X j only
andV is a homogeneousvectorcontainingthedistinctinde-
pendentunknown variablesof Q. With N � 9, we construct
aN � 10matrixX andsolve thelinearmatrixequation

XV = 0

Given pointsin generalposition,the elementsof V (and
henceQ) aretheonedimensionalnull-spaceof X.

3.2 Projector View

In additionto thequadricQ weneedto estimatetheinternal
andexternalparametersof eachprojectorwith respectto the
cameraorigin. We usethecorrespondencebetweenthepro-
jectorpixelsandcoordinatesof the3D pointsthey illuminate
to computetheposeandinternalparameters.

However, �nding theposeof a projectorfrom known 3D
pointson a quadricis error-pronebecausethe3D pointsare
usuallyquitecloseto aplaneleadingto anunstablesolution
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[FP02]. Dealingwith near-planarpoints is a dif�cult prob-
lem. If pointsaredistributed in depth,we caneasilyusea
linear methodto estimatethe internalsaswell asexternals
of theprojector. On theotherhand,if thepointsareknown
to be planar, we can estimatethe externalsif someof the
internalsareknown.

How aboutbringing in a temporarysurfaceto addnon-
planarpointsfor thesake of calibration?In mostcasesthis
is impracticalor cumbersome.The temporarysurfacewill
have to be approximatelythe samesizeasthe displaysur-
face.Ourgoalis to computethequadrictransfercompletely
automatically.

For dealingwith 3D pointsof near-planarsurfaces,weare
requiredto usean iterative algorithm.If we know the pro-
jector internalparameters,we can�rst �nd an initial guess
for externalparametersbasedon a homography by �tting a
planethroughthe3D points.We thenusean iterative algo-
rithm describedin [LHM00]. We usePowell's methodfor
nonlinearre�nementof re-projectionerrors.However, esti-
matingprojectorinternalsis equallydif�cult. If theprojec-
tors cannotbe easilymoved,asmentionedabove, calibrat-
ing themusuallyrequireslarge surfacesilluminatedin two
or morepositions.

Ourstrategy is touseprojectorinternalparametersthatare
approximatelyknown. We �nd internal parametersof just
oneprojectorandusetheseinternalparametersfor all pro-
jectorsfor all future settings.The sameprojectorat a later
time and other projectorswill clearly have different zoom
settingsandhave othermechanicalor opticaldeviations.In
addition,the externalparameterscomputedby the iterative
methodin [LHM00], will alsobeapproximate.

3.3 Camera to Projector Transfer

The ideais to usethe perspective projectionparametersof
thecameraalongwith approximateprojectionmatrix of the
projectorto �nd thecamerato projectorquadrictransferus-
ing linearmethods.Thenre�ne thesolutionusingnon-linear
optimization.

The quadric transfer parametersY 0i = f Ai ;Ei ;eig be-
tweencameraandprojectori areeasyto calculatefrom Q,
cameraprojectionmatrix [ I j0] andprojectorprojectionma-
trix [ Pi jei ].

Ai = Pi � eiq
T Ei = qqT � Q33

In our teststhe parametersfound by the linear method
turnedout to be far too imprecisefor our purposefor rea-
sonsdescribedin the next subsection.We observed mis-
alignmentbetweentheprojectorsof 15-30pixelson screen.
Sinceseamlessdisplaysrequiresub-pixel accuracy, we ap-
ply a nonlinearminimization to re�ne the resultsobtained
via the linear method.The j0th pixel in camera,x j

0, physi-

cally correspondsto pixel x j
i , in projectori, while thetrans-

ferredpixel locationx̂ j
i for projectori is givenby

x̂ j
i = Aix

j
0 �

q
x j

0
T

Eix
j
0ei

The objective function for nonlinearoptimizationis the
total squaredtransfererrorfor all pixels,

ei = å
j

 
x j

i (1;2)

x j
i (3)

�
x̂ j

i (1;2)

x̂ j
i (3)

! 2

Notethat thesign in front of thesquareroot foundusing
the linear method,which is the samefor all the pixels, re-
mainsthesameduringthenonlinearoptimization.We used
Nelder-MeadSimplex andobtainedverysatisfactoryresults.

3.4 Partial EuclideanReconstruction

Therearetwo questionshere:(i) Why not ignoreEuclidean
approachaltogetheranddirectly go for projective spaceand
non-linearoptimizationand(ii) If we have accurateprojec-
tor internalparameters,canwe avoid non-linearoptimiza-
tion stages?

As mentionedearlier, ignoringEuclideanviewing param-
etersandsolvingthequadrictransferpurelyfrom pixel cor-
respondencesleadsto poor re-projectionerrors.The esti-
mated3D quadricQ cannotbeusedasagoodguessfor fur-
thernon-linearoptimization.In fact,in mostof our tests,the
solutiondid not converge.

Using accurateprojectorsinternalsonly reducesthe re-
projectionerrorsbut doesnot eliminatethem. This is be-
cause,many kinds of errorsarepropagatedin the threedi-
mensionalEuclideancalculations,including estimating3D
points on the display surface by triangulation,estimating
the3D quadricusinglinearmethodsand�nding theprojec-
tor pose.Thenon-linearoptimizationattemptsto minimize
the physical quantitywe careaboutthe most,i.e. pixel re-
projectionerror in imagetransferfrom camerato projector
for known correspondingsetof pixels.Sincethecorrespon-
dencebetweenoverlappingprojectorpixelsis indirectly de-
�ned by this imagetransferequation,minimizing pixel re-
projectionerrorsensuresgeometricregistrationbetweenthe
displayedprojectorpixels.

4. Rendering

The renderinginvolves a two-stepapproach.For 2D data,
we extract the appropriateinput image.For 3D scenes,we
�rst renderthe 3D modelsfrom the head-tracked viewer's
viewpoint. In the secondstep,the resultantimageis then
warpedusing the quadricimagetransferinto the projector
imagespace.

4.1 Virtual View

When3D scenesaredisplayedon a curved screen,the im-
agesare perspectively correct from only a single point in

c
 TheEurographicsAssociationandBlackwellPublishing2004.



Raskaret.al. / QuadricTransferfor ImmersiveCurvedScreenDisplays

Figure 3: Top row: Image in top-right projector's frame-
buffer, before andafter attenuationwith alphamapF i . Bot-
tom row: Other three projectors with intensitycorrection.
Notethe outer black areaswhich are automaticallygener-
atedafterquadrictransfer.

space.We trackthis3D location,thevirtual viewpoint,with
ahead-trackingsystemandupdatetheview asusermoves.

We recalculatethe quadric transferY i betweenvirtual
view imagespaceandprojectori framebuffer by cascading
two transfersY 0i � Y h0, whereY 0i is calculatedduringpre-
processingand Y h0 is updatedas the usermoves. Y h0 is
calculateusinga linear methodfrom Q plus the projection
matricesof thecameraandthevirtual view.

4.2 Display Region

The view frustumfor the virtual view is de�ned using the
head-trackedpositionandtheextentsof anorientedbound-
ing box (OBB) aroundthedisplaysurface.Thelook-atvec-
tor is from the virtual viewpoint toward the centerof the
OBB (Note, the view frustum is only usedfor computing
theVirtualViewProjectionmatrix andY h0, andnot for ren-
dering).

We crop the view frustumto an aestheticshapesuchas
a disk or a screenspacerectangle.For 3D applications,we
draw a setof blackquadrilateralsto cutouttheareasoutside
the desireddisplay region. For example,for a rectangular
view, theviewport is madeby four largequadsneartheouter
edgeof the viewport in the framebuffer. The black quads
alongwith restof the 3D modelsget renderedandwarped
as describedbelow (Figure 3). For 2D applications,areas
outsidetheinputimageto bedisplayedareconsideredblack.

4.3 ImageTransfer usinga SinglePassRendering

Wepresentasingle-passrenderingsolutionto pre-warpren-
deredimagesof a 3D scenebefore projection on curved
screen. A single-passsolution avoids the costly post-
renderingwarp and it also eliminatesthe aliasingartifacts
commonin texturemappingof limited resolutioninput im-
ages.A single-passsolutionis possibledueto theparametric

Figure 4: An unmodi�ed 3D rendering application dis-
playedwith correctdepthsort andtexture mappingwithout
andwith intensityblending(Pleaseseethevideo).

approachthatdoesnot requirea look-up tableandinvolves
only asmallnumberof parameters.

Givena 3D vertex M in thesceneto berendered,we �nd
its screenspacecoordinatesm in thevirtual view. Then,we
�nd thetransferredpixel coordinatemi in theframebuffer of
projectori, usingthequadrictransferY i = f Ai ;Ei ;eig. The
polygonsin thescenearethenrenderedwith verticesM re-
placedwith verticesmi . Thustherenderingprocessat each
projectoris thesame.Eachprojectorframebuffer automati-
cally picksup theappropriatepartof thevirtual view image
andthereis noneedto explicitly �gure out theextentsof the
projector.

� At eachprojector, i
. For eachvertex M

Computepixel mvia VirtualViewProjection(M )
Computewarpedpixel mi via quadrictransferY i(m)

. For eachtriangleT with verticesf M jg
Rendertrianglewith 2D verticesf mj

i g

Thereare two issueswith this approach.First, only the
verticesin the scene,but not the polygoninteriors,areac-
curatelypre-warped.Second,visibility sortingof polygons
needsaspecialtreatment.

After quadrictransfer, the edgesbetweenverticesof the
polygon,theoretically, shouldmapto second-degreecurves
in projectorframebuffer. But scanconversionconvertsthem
to straight-linesegmentsbetweenthe warpedvertex loca-
tions.This problemwill not be discernibleif only a single
projectoris displayingthe image.But, overlappingprojec-
tors will createindividually different deviations from the
originalcurveandhencetheedgewill appearmis-registered
on the displayscreen.Therefore,it is necessaryto usesuf-
�ciently �ne tessellationof triangles.Commercialsystems
arealreadyavailablethat tessellateandpre-distorttheinput
modelson the �y [Eva02, IZRB97, KQST94] so that they
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appearstraightin a perspectively correctrenderingon the
curvedscreen.Soourmethodis compatiblewith �ne tessel-
lation providedby suchsystems.Pre-distortionof thescene
geometryin commercialsystemsis usedto avoid the two-
passrendering,which involvestexture-mappingresultof the
�rst pass.In ourcase,insteadof pre-distortingthegeometry,
wepre-distorttheimagespaceprojection.Ourapproach,ar-
guably, is morepracticalthanksto theprogrammablevertex
shadersnow available(seeAppendix).

ScanConversion Issues Whenpixel locationsin thepro-
jection of a triangle are warped,information needsto be
passedalongsothatthedepthbuffer will createappropriate
visibility computations.In addition,for perspectively correct
color and texture coordinateinterpolation,the appropriate
`w' valuesneedto bepassed.Oursolutionis to post-multiply
thepixel coordinateswith `w'.

m(x;y;z;w) = VirtualViewProjection(M(X))
m0

i (x
0
i ;y

0
i ;w

0
i ) = Y i(m(x=w;y=w);1)

mi(xi ;yi ;zi ;wi) = [wx0
i =w0

i ;wy0
i =w0

i ;z;w]

Thus,thez andw valuesarepreservedusingexplicit as-
signment.Homogeneouscoordinatesof mi have the appro-
priate�nal pixel coordinate(xi=wi ;yi=wi) = (x0

i =w0
i ;y

0
i =w0

i )
dueto quadrictransferalongwith original depth,(zi=wi) =
z=w, andwi = w values.The correspondingcodeis in the
AppendixandFigure4 shows a photoof thedomedisplay-
ing a sampleinteractive animationthat is synchronizedand
displayedon thedomewith four overlappingprojectors.

For rendering2D input images,we denselytessellatethe
virtual view imagespaceinto trianglesandmapthe image
asa texture on thesetriangles.Vertex m of eachtriangleis
warpedusingthequadrictransferinto vertex (andpixel) mi
asabove.Scanconversionautomaticallytransferscolorsand
texture attributes at m to mi and interpolatesin between.
If required,two-passrenderingof 3D scenescan also be
achieved in this manner, by �rst renderingthe input image
dueto VirtualViewProjection.

Figure5: CalculatedalphamapsF i for intensitycorrection
of four overlappingprojectors.

Figure 6: The setupof four casually installed projectors,
stereo camera pair and tracker with a concavedome. The
camera pair is notnearthesweetspot.

4.4 Intensity Blending

Pixel intensitiesin the areasof overlappingprojectorsare
attenuatedusing alphablendingof the graphicshardware.
Usingtheparametricequationsof quadrictransfer, thealpha
mapsarecalculatedrobustlyandef�ciently .

For everyprojectorpixel xi in projectori, we �nd thecor-
respondingpixelsin projector k usingtheequation

xk �= Y 0k

�
Y � 1

0i (xi)
�

For cross-fading, pixels at the boundaryof the projector
framebuffer areattenuated.Hence,theweightsarepropor-
tional to theshortestdistancefrom theframeboundary. The
weightassignedto pixel xi , expressedin normalizedwindow
pixel coordinates(ui ;vi) whicharein therange[0;1], is

F i(xi) �= d(xi)
.

å k d(xk)

where d(x) is min(u;v;1 � u;1 � v) if 0 � u;v � 1, else
d(x) = 0. Thanksto a parametricapproach,we areableto
computecorrespondingprojector pixels xk and hencethe
weightsat thoselocationsat sub-pixel registrationaccuracy.
Thesumof weightsat correspondingprojectorpixelsaccu-
ratelyaddsto 1.0.

At eachprojector, the correspondingalpha map F i is
loadedasatexturemapandrenderedasscreenalignedquads
duringthelaststageof therendering(Figure5).

4.5 Distrib uted Rendering

We usea Chromium[HHN� 02] framework to build a dis-
tributedrenderingsystem.Chromiumdoesnot supportver-
tex position manipulationor post-renderingwarp. So we
modi�ed the Chromiumserver codeto includea one-pass
renderingschemeimplementedvia a vertex shaderas de-
scribedabove. This allows us to renderclient applications
withoutmodi�cation or re-compiling(Figure4). Eachserver
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Figure 7: Registration accuracy. (Left) Four overlapping
projectors projectinga grid (Right) Closeupof display re-
gionwhereall fourprojectorsoverlap.Theembeddedimages
are2000x1500pixels.Pleasezoomwith yourPDF browser.

is connectedto a projector. We believe one-passrendering
for curved screenis an importantdevelopmentwhereoff-
the-shelfapplicationscanbedisplayedin curvedimmersive
environmentswithout any lossin imagequality or decrease
in renderingperformance.

5. Results

Pleaseseehttp://www.merl.com/projects/Projector for more images
andvideosof theresults.

Ourprototypesystem(Figure6) involvesfourMitsubishi
X80 LCD projectors,XGA (1024x768)resolutionat 1500
lumens.Thestereocamerapair is built with two cheapLog-
itechUSB VGA (640x480)resolutionwebcamswhich suf-
fer from Bayercolorpatterning.Thecolor interpolationneg-
atively affects the accuracy of featurelocation. We inten-
tionally chosethe low quality camerasto demonstratethat
a parametricapproachcanovercomefeaturelocalizationer-
rorsaslong astheerrorsareGaussiandistributedandinde-
pendent.Eachprojectoris assignedto aPCwith correspond-
ing Chromiumserver. The client running on a masterPC
runsanOpenGLapplication.TheOpenGLapplicationdoes
not require modi�cation, since by using Chromium each
serverwarpsthegeometryusingthevertex shader. Weuseda
OriginDynaSight3-DOFtrackeropticaltracker[Ori], which
tracks a user wearing a retro-re�ective dot on the head,
to updatethe renderingat the client. To demonstrateour
techniqueswe usean eLumensVisionStationhemispheri-
cal domewith a diameterof 1.5 meter. The accompanying
videoshows registrationandintensitycorrectionfor botha
concave sphericalsegment,asa well asa convex spherical
segment(theback-sideof theeLumensdome).

Our calibration processis slow comparedto the pla-
narhomography basedsystems[BS02] which take just two
secondsperprojector. We computetheprojectorposefrom
near-planar3Dpointsusinganiterativeschemein [LHM00],
andthenon-linearre�nementof Y 0i = f Ai ;Ei ;eig to mini-
mizepixel re-projectionerrors.Currentlyournon-optimized
codetakesabout45 - 60 secondsper projector. The linear
optimizationfor projectorposetakes about4 secondsand
thenon-linearoptimizationtakesabout40-55seconds.The
time neededfor the non-linearoptimizationincreaseswith

Figure 8: Registration after linear estimateof quadric
transfer. Theerrorsonscreenare15 to 30pixels.

thenumberof featuresdetectedfrom theprojectedchecker
patterns.Typically around100-200iterationsarenecessary
andwenoticedthattheiterationsconvergein mostcases.

To determinehow well the registrationof projectorsus-
ing poseestimationfrom near-planar3D points performs,
we compareour resultsto thepixel re-projection errors of
a fully calibratedsystem.In the fully calibratedsystemwe
determineinternalsand externalsfor the two camerasand
the projectors.We usethe OpenCVlibrary [Int02] to de-
terminethe camerainternals.The externalsaredetermined
from point correspondencesof planarsurfacesat multiple
depthsandorientations.Projectorinternalsandexternalsare
thenfound from triangulated3D pointsandcorresponding
projector imagechecker cornerpixels. Table 1 shows the
resultsof theoreticalpixel re-projectionerrorsfor the lin-
earestimationof Q beforeandafter non-linearre�nement.
The setupcontainsfour projectors,Proj1 and Proj3 were
closerto thecamera(-pair).As mentionedearlier, temporar-
ily installing large surfacesat multiple depthand orienta-
tions is not practicalin mostof the real settings.Hence,in
ourpseudo-Euclideanmethod,weassumethesameapproxi-
mateprojectorinternalmatrix for all projectorsandcompute
theprojectorexternalparametersfrom thenear-planarpoints
observedin thegivendisplaysetting.TheRMSre-projection
errorsafter linearestimationarelarge(Figure8), but this is
a goodinitial guess.After nonlinearre�nement,theerror is
aboutonepixel which is acceptable.It is importantto note
that the computedpixel re-projectionerrorsdo not directly
predictpixel mis-registrationerrorson the displaysurface.
As seenin Figure8 andin thevideo,afterlinearestimation,
the visible errorson displaysurfaceare15 to 30 pixels al-
thoughpredictedprojectorto projectorre-projectionerroris
about12 pixels(twice thecamerato projectortransfererror
of about6 pixels).

We useda 11� 9 checker patternwhich wasoptimal for
generatingsuf�cient featurepointson the screenwith reli-
abledetection(Figure2). Thecasualplacementof thedome
surfaceresultsin a smalldeviation from its intendedspher-
ical form. However we demonstratethat our techniquestill
producesaccurateresults(Figure7).

Wehavealsoappliedourtechniquefor registeringthepro-
jectionson the convex side of the domesurfaceand on a
planarsurface(which is adegeneratequadric).Thisdemon-
stratesthe generalityof our technique.Projectingon the
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Fully Calibrated Pseudo-Euclidean

Linear NL Optim Linear NL Optim

Proj1 3.5 0.3 5.4 0.73

Proj2 5.3 0.5 7.1 1.02

Proj3 3.7 0.35 5.6 0.79

Proj4 4.8 0.45 6.5 0.91

Table 1: Comparingresultswith an ideal system.RMSre-
projectionpixelerror in quadrictransferof camera pixelsto
projectorpixels.

Figure 9: Threeprojectorsystemon a convex quadricsur-
face, beforeandafter intensityblending.

convex sidewouldbeparticularlyusefulfor rear-projection.
Rear-projection,wherethe usercould be inside the dome,
will provide a full immersive experiencewithout blocking
projectors.Figure9 shows a setupof threeoverlappingpro-
jectors.The left imageshows registration,the right image
alsohasintensitycorrectionapplied.We observedthatpro-
jectedpatternsaremoredistorteddueto theconvexity of the
surfacein all directions.Thereforefeaturedetectionusing
checkerpatternsis moredif�cult in this case.

6. Conclusion

We have presentedtechniquesthat are ideal for building
multi-projectorscurved displays for 2D or 3D visualiza-
tion that do not require expensive infrastructureand can
be achieved with casualalignment.Our automaticregistra-
tion exploits quadricimagetransferandeliminatestedious
setupandmaintenance,andhencereducescostof the sys-
tem.The techniquescansimplify the construction,calibra-
tion andrenderingprocessfor widely usedapplicationsin
�ight simulators,planetariumsand high-endvisualization
theaters.Our methodcan also make casualuse of multi-
projectorscreensin gamearcadesor entertainmentpossible.

The new parametricapproachallows an elegant solution
to a problemthat hasso far beensolved by discretesam-
pling. An advantageis that,unlike look-uptablebasednon-
parametricapproaches[Jar97, RWF98], our camerasdo not
needto beplacedatthesweet-spot.This is importantin real-
world applicationswheresweet-spotis rightfully reserved
for thehumanusernot camerasor expensive equipment.In

somecases,keepinga cameraat the sweet-spotmeansus-
ing averywide-�eld of view camerawhich is expensiveand
typically suffersfrom radialor �sh-eyedistortion.

We arecurrentlyworking on extendingour techniqueto
generalcurved surfacesor surfacesthat have minor devia-
tionsfrom quadricproperties.We alsowould like to extend
to thecasewherequadrictransferscannotbeeasilycascaded
usinga smallnumberof cameras,suchaswrap-aroundrear
or front projectiondisplays.
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Appendix A

Codefor Vertex Shaderfor quadrictransfer(in Cglanguage)

vertout main ( appin IN, uniform float4x4 modelView-
Proj,uniform float4 constColor, uniform float3x3 A, uniform
float3x3 E, uniform float3 e) {

vertout OUT;
float4 m1 = float4(IN.position.x, IN.position.y,

IN.position.z, 1.0f );
float4 m, mi ; float3 m2,mp; float scale;

m = mul( modelViewProj, m1);
m2.x = m.x/m.w; m2.y = m.y/m.w; m2.z = 1;
scale = mul(m2, mul(E,m2));
mp = mul(A,m2) + sqrt(scale)*e;
mi.x = m.w * (mp.x)/(mp.z);
mi.y = m.w * (mp.y)/(mp.z);
mi.zw = m.zw;
OUT.position = mi;
...

}
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