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Abstract—Optimizing the use of available resources is one of the key
challenges in activities that consist of interactions with a large number of
“target individuals”, with the ultimate goal of “winning” as many of them
as possible, such as in marketing, service provision, political campaigns,
or homeland security. Typically, the cost of interactions is monotonically
increasing such that a method for maximizing the performance of these
campaigns is required. In this paper we propose a mathematical model
to compute an optimized campaign by automatically determining the
number of interacting units and their type, and how they should be
allocated to different geographical regions in order to maximize the
campaign’s performance. We validate our proposed model using real
world mobility data.
Keywords—Mobile Networks, Network Optimization, Marketing, Behavior Modeling
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I NTRODUCTION

I

N a world of limited resources, behavior change campaigns
(e.g. marketing, service provision, political or homeland
security) can rely on creativity and “coolness” up to a certain
point. The success of a campaign can generally be defined as
the product of reach (portion of the population exposed to the
campaign messages) and value of a single interaction (the capacity of a message to induce a certain behavior in an exposed
audience). Hence, campaign managers typically distribute their
budget between content enhancement (to increase the value a
single interaction) and wide reach. Yet, to date it seems that the
optim trade-off between these two factors is found as a result
of “intuition” rather than based on well established analysis.
In this paper, we propose a novel mathematical method that,
given the characteristics of the target audience and its ability
to be persuaded, generates an optimized campaign strategy in
terms of: (a) the quantity of interacting units, also referred
to as insertions and (b) the monetary allocation to each unit.
The model takes into account the population’s mobility in
an urban environment as it can be inferred from real data
received from a large mobile phone carrier. Even though
1
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different populations located in different environments would
be tailored with different campaign strategies, the optimality
of each strategy would be maintained.
A major contribution in our optimization model is the use
of network analysis methods to approximate the reach of a
campaign. More specifically, given the network of mobility
between the different geographic locations, and a subset of
locations, we use the Group Betweenness Centrality (GBC)
[54] – a network measure that calculates the percentage of
shortest paths among all pairs of network nodes that pass
through a pre-defined sub-set of the network’s nodes – to
approximate the reach of this subset of locations. We then
demonstrate that this function can be approximated using a
smooth and easily analyzed Gompertz function. This tackles
the main limitation of works on campaign optimization hitherto
– efficiently estimating the campaign reach as a function of the
number of units and their locations.
Finally, we validate our campaign optimization model using
a real-world mobility network inferred from CDR data, and
demonstrate how GBC based deployment of campaign units
outperforms several common alternatives.
The rest of this paper is organized as follows. Related work
is discussed in Section 2. A characterization of a campaign
model and its target optimization function are presented in
Section 3. An analytical optimization of the campaign’s model
is shown in Section 4. A validation of the model using real
world mobile data is described in Section 5. Concluding
remarks appear in Section 6.

2

R ELATED W ORK

In recent years the social sciences have been undergoing a
digital revolution, heralded by the emerging field of “computational social science”. Lazer, Pentland et. al [75] describe
the potential of computational social science to increase our
knowledge of individuals, groups, and societies, with an unprecedented breadth, depth, and scale. Computational social
science combines the leading techniques from network science
[19], [88], [116] with new machine learning and pattern
recognition tools specialized for the understanding of people’s
behavior and social interactions [50].
Marketing campaigns are essential facility in many areas
of our lives, and specifically in the virtual medium. One of
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the main thrusts that propels the constant expansions and
enhancement of social network based services is its immense
impact on the “real world” in a variety of fields such as politics,
traditional industry, currency and stock trading and more. This
field is becoming increasingly popular [51], [78], due to the
possibility of increasing the impact of campaigns by using
network related information in order to optimize the allocation
of resources in the campaign. This relies on the understanding
that a substantial impact of a campaign is achieved through
the social influence of people on one another, rather than
purely through the interaction of campaign managers with the
people that are exposed to the campaign messages directly.
A constantly growing portion of commercial and government
marketing budgets is being allocated to advertising in social
platforms the main goal of which is to spark viral phenomena
that by spreading through the social networks would result in
global “trends”.
2.1 Coverage optimization – theory and methods
The study of optimal coverage in pre-defined regions, by a
distributed system of interacting units, has been the topic of
many works in the past couple of decades. The work of [25]
considers the problem of locating the minimum number of
sensors on the network nodes in order to determine arc flow
volumes of the entire network (a variant that considers dynamic
environments is discussed in [97]). Influencing the behavior
of large consumers population through prices manipulation
campaigns by government agencies is discussed in [38]. In
[79] a model for optimizing coverage using a multitude of
units (in the form of sensors, for traffic surveillance purposes)
was discussed.
In general, most of the analytic techniques used for guaranteeing maximal interaction using distributed actors, or “campaign units” use some sort of cellular decomposition of the region to be covered through the campaign. For example, in [30]
a decomposition method is being used which is analytically
shown to guarantee a complete coverage of an area. Another
interesting work is presented in [3], discussing two methods for
efficient coverage campaign using mobile units (e.g. cars with
posters, or mobile advertising Zeppelins), one probabilistic and
the other based on an exact cellular decomposition. Similar
results can be found in [12], [13].
2.1.1 Diffusion optimization
Analyzing the spreading of information has been the focus of
many social networks studies for the last decade [67] [77].
Researchers have explored both the offline networks structure
by asking and incentivizing users to forward real mails and
E-mails [45], and online networks by collecting and analyzing
data from various sources such as Twitter feeds [72].
Researchers believe that such techniques can help understand the inter-influence of individuals in nowadays entangled world, comprising multi-layers of social and media networks [35], and that it can eventually lead to accurate prediction and active optimization and construction for successful
and low-cost viral market campaigns, such as the DARPA
Challenge [94]. However, the information diffusion process on

social networks is overwhelmingly complicated: the outcome
is clearly sensitive to many parameters and model settings
that are not entirely well understood and modeled correctly.
As a result, accurate trend prediction and influence diffusion
optimization are currently among the central research topics
in the field.
The dramatic effect of the network topology on the dynamics of information diffusion in communities was demonstrated
in works such as [36] [90]. One of the main challenges associated with modeling of behavioral dynamics in social communities stems from the fact that it often involves stochastic
generative processes. While simulations on realizations from
these models can help explore the properties of networks [63],
a theoretical analysis is much more appealing and robust.
The identity and composition of an initial “seed group”
in trends analysis has also been the topic of much research.
Kempe et al. applied theoretical analysis on the seeds selection
problem [70] based on two simple adoption models: Linear
Threshold Model and Independent Cascade Model. Recently,
Zaman et al. developed a method to trace rumors back in
the topological spreading path to identify sources in a social
network [105], and suggest that methods can be used to
locate influencers in a network. Some scholars express their
doubts and concerns for the influencer-driven viral marketing
approach, suggesting that “everyone is an influencer” [18], and
companies “should not rely on it” [115]. They argue that the
content of the message is also important in determining its
spreads, and likely the adoption model we were using is not
a good representation for the reality.
2.1.2 Adoption model and social diffusion
A fundamental building block in trends prediction that is not
yet entirely clear to scholars is the adoption model, modeling
individuals’ behavior based on the social signals they are
exposed to. Centola has shown both theoretical and empirically
that a complex contagion model is indeed more precise for
diffusion [32], [33]. Using social influence relations derived
from online domains was discussed for example in [91]. Much
research concerning the prediction of users’ behavior based
on the dynamics in their community has been carried out in
the past, using a variety of approaches such as sociological
methods [58], [65], communities-oriented approaches [66],
game theory [34] and various machine learning methods [92].
Different adoption models can dramatically alter the model
outcome [46]. In fact, a recent work on studying mobile
application diffusions using mobile phones demonstrated that
in real world the diffusion process is a far more complicated
phenomenon, and a more realistic model was proposed in [93].
2.2

Using mobile phones data for social systems
modeling
The use of mobile phone data for the mobility and behavioral
modeling of large population has become popular in the recent
decade. In [74] the behavior and social patterns of 2.5 million
mobile phone users, making 810 million phone calls, were
analyzed and resulted in efficient mapping of users’ mobility
and housing patterns. Similar result appears in [61],
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In another example, it was shown that the penetration of
cellular phones to the Israeli market is very high, even to
lower income households, and specially among individuals
in the ages of 10 to 70 (the main focus of travel behavior
studies) [23]. This widespread use of cellular phones enables
the collection of accurate mobility data that can be used to
analyze and optimize coverage and monitoring campaigns.
For example, this data was shown in [23] and [118] to
provide a high quality coverage of the network, tracking 94%
of the trips (defined as at least 2km in urban areas, and at least
10km in rural areas). The resulting data contained a wealth of
traffic properties for a network of over 6,000 nodes, and 15,000
directed links. In addition, the network was accompanied with
an Origin Destination (OD) matrix, specifying start and end
points of trips.
2.3 Campaign optimization studies
Whenever a company wishes to introduce a new product,
increase its market share or merely retain the current one,
it needs to engage itself in marketing efforts. In fact, the
global marketing spend has been rising fast for several decades,
and is currently estimated at 1 trillion dollars a year, which
makes it between 1 to 2 percent of global GDP [56]. One
important decision with regard to marketing involves finding
the optimal balance between cost and effectiveness of the
marketing campaign. An appropriate optimization method can
help either to obtain more effective marketing results for a
given budget or to reduce the marketing cost.
The advertising budgeting problem has been addressed in
literature from different perspectives. Early models were relatively simple. [87] focused on the relationship between current
marketing spending and future demand. In [112], Vidale and
Wolfe represented sales response using three parameters - sales
decay, saturation level and a response constant. Building upon
the Vidale-Wolfe model, [104] used optimal control theory to
obtain an optimal advertising strategy and [43] extended it to
include competition in a duopoly.
[81] reviewed aggregate advertising models - functions that
show the relationship between product sales and advertising
spending for a market as a whole. He stressed that most
models at the time often contradicted one another and missed
key components, making it difficult to put these models into
practical use.
Several works, such as [98] and [52], suggested that at least
the short term response to advertising is S-shaped. Meaning
that an increase in advertising is typically followed by a
period of diminishing returns. In [84], Mesak and Hani provide
oligopolistic justification for a pulsing advertising policy where
S-shaped response functions are present.
[43] determines the optimal advertising expenditures for
a duopoly in an equilibrium. [99] characterized the brands’
choice and Nash equilibrium advertising expenditures in an
oligopoly. [59] shows a model of oligopolistic competition in
which advertising enters into the demand functions of firms,
resulting in a positive relationship between product price and
the degree of advertising cooperativeness. [89] incorporated
random demand for a product to show how demand uncertainty

affects advertising decisions. [68] showed that when the market
is saturated, a brand should choose a defensive strategy, in
which the goal is preserving the existing customers and sales.
[22] explains how to choose between generic advertising and
brand advertising strategies in a dynamic duopoly.
Several researchers sought methods of helping marketing
managers allocate a given budget and optimize response.
[83] focused on assisting marketing managers in optimizing
advertising budget. They presented the first comprehensive
allocation model that, given a fixed budget, finds the optimal
spread over time and market segments. Using simple inputs,
the model created by [101] efficiently select advertising schedules for network television.
Instead of looking at advertising as an expense, [40] argues
that advertising should be regarded as an investment with longlived effects. They then lay out an approach for calculating the
level of spending that generates optimal return. Following this
approach, [41] supplies the formulas required for calculating
the level of spending that maximizes ROI. [85] uses a Markov
decision process to formulate a stochastic, sequential model
that takes into account the maturity and past advertising of the
product and determines the optimal advertising spending. [73]
considers the advertising investment in a spatial monopoly,
contrasting the socially optimal behavior of a benevolent
planner against that of a profit seeking monopolist.
The formulas in [41] provide a solution for a single product,
single medium and a single stage. [48] addresses the multiproduct advertising budgeting problem, in which the crosseffects of the advertised products are taken into consideration,
as well the effect of the promoted products on the rest of
the products portfolio. [106] and others studied multistage
advertising budgeting, showing the short-term and long-term
impact on demand.
Additional work has been done by [24], who addressed
the multistage multiproduct advertising budgeting problem optimizing the budget and allocation for multiple products,
multiple sale attributes over multiple periods. They tested their
model in an actual campaign and observed a clear increase
in profits compared to other approaches. In the second part
of their work, [24], they introduce a stochastic optimization
model and compare it with the deterministic model presented
on their early work.
So far, we have reviewed models used for finding optimal
expenditures and coverage in marketing campaign. However, a
variation of these problems can be found in other domains as
well. For example, in [2], the authors discuss two methods for
efficient coverage using mobile units, one probabilistic and
the other based on an exact cellular decomposition. Similar
results and methods can be found in [12], [14]. The work of
[26] considers the problem of locating the minimum number
of sensors on the network nodes in order to determine arc
flow volumes of the entire network. The dynamic environments
variant is discussed in [97]. The study of the correlation between topological features of a marketing environment network
and the efficiency of a distributed group of (mobile) units is
discussed in [16]. In [80] a model for optimizing coverage
using a multitude of units (in the form of sensors, for traffic
surveillance purposes) was discussed. In general, most of the

4

analytic techniques used for guaranteeing maximal interaction
using distributed actors, or campaign units use some sort of
cellular decomposition of the region to be covered through the
campaign. For example, in [31] a decomposition method is
being used which is analytically shown to guarantee a complete
coverage of an area. These methods are the equivalent of the
optimization methods used for finding the optimal coverage
using various media (e.g. cars with posters, or mobile advertising, Zeppelins) in the world of marketing campaigns.

where Γ is the gamma function and α, β > 0. The authors
of [41] showed that under the BBD model, the reach function
can be modeled as:
rk = 1 −

k−1
Y

β+j
α
+
β+j
j=0

and the number of GRPs can be modeled as:
g = 100k ·

2.4 Campaign optimization in practice
The author of [82] pointed out that a model that is to be
used by a manager should be simple, robust, easy to control,
adaptive, as complete as possible and easy to communicate
with. In accordance with this recommendation, the models that
we survey in this section are simple but realistic enough to be
used in the advertising industry.
2.4.1 Estimating effectiveness
In the past, short-term measurement of advertising effectiveness was extremely problematic because of the inherently longterm nature of advertising impact and the very small shortterm effects of advertising [1], [29], [110], [111]. Thus, as a
practical matter, the media planner often employed a proxy
for advertising effectiveness [41]. Popular choices for such a
proxy include reach [41], effective reach [4], [39], [86] and
average frequency [41]. Reach is the proportion of the target
audience exposed to at least one insertion of the advertisement.
Effective reach is the proportion of the target audience exposed
to at least three insertions of the advertisement. Frequency is
the average number of times a person from the reach audience
is exposed to an advertisement.
Exposure to an advertisement is often measured in Gross
Rating Points (GRPs): the product of reach and frequency. For
example, 100 GRPs could mean that 100% of the market is
exposed once to an advertisement or that 50% of the market is
exposed twice [62]. According to [21], it is usually preferred
to measure advertising in GRPs and not in dollars since: (1)
most managers evaluate the effectiveness of their campaigns
in terms of demand generated per GRP; and (2) it is not clear
how much advertising exposure can be purchased for a given
budget, and thus GRPs provide a clearer picture of advertising
input.
We denote the reach for k insertions as rk , and for g GRPs
as rg . Similarly, we denote the effective reach for k insertions
as erk , and for g GRPs as erg .
Traditionally, advertising campaigns are quantitatively described by the exposure distribution (ED), defined as the
probability of exposure to none, one, up to all of the ads
in the campaign [42], [102]. Denoting the exposure random
variable as X, ranging from 0, 1 . . . k, where k is the total
number of insertions in the campaign. It was found in [76]
that the most frequently used nonproprietary model for X is
the beta-binomial distribution (BBD), with mass function:
fX (x) =

 
k
Γ(α + β) · Γ(α + x) Γ(β + k − x)
·
·
x
Γ(α + β + k) · Γ(α)
Γ(β)

α
α+β

That is, the number of GRPs g depends linearly on the
number of insertions k. At first, this result may seem strange,
as the same value of GRPs may have several corresponding
insertions values. In reality, however, for a moderately large
number of insertions, the GRPs-insertions curve is quite flat.
This means that, although there are many possible insertions
values for the same GRPs, the fluctuation in GRPs for these
combinations are small [109].
In recent years, it has become significantly easier to estimate
the effectiveness function directly. We are living the era of Big
Data, where companies gather and manage huge databases.
By using market response models we can transform this raw
marketing information into ’ready to use’ information [62]. As
a concrete example, [24] models the sales due to advertising
as a function of the number of GRPs, denoted as salesg .
Regardless of whether the effectiveness function fg is estimated directly or via a proxy, in the single product scenario, it
corresponds to an increasing concave function which models
diminishing returns [62].
The authors of [41] argue that the effectiveness proxies
rg and erg can be well approximated by a function of the
following form:
fg ≈ 1 − γg −λ
where γ, λ > 0 and g > g0 for some lower threshold value of
GRPs.
The authors of [62] argue that a better choice for approximating fg is the so called ’modified exponential’ function:
fg ≈ γ(1 − e−δg )
In the multi product scenario, however, there exist cross
elasticities among the products due to relationships of complementarity or substitution [48]. In the case of complementarity
(positive elasticity), advertising on one product increases sales
of another product and this cross effect can be modeled by an
increasing concave function. In the case of substitution (negative elasticity), however, advertising on one product reduces
sales of the other product (this cross effect is known as cannibalization [24]). The cannibalization effect can be modeled by
a decreasing convex function. If this function is strictly convex,
the resulting effectiveness function may not be concave. As is
well known, concavity of the objective function is a desirable
property in a maximization problem since it guarantees global
optimality (assuming a convex feasible domain). Having said
that, the cross product effects are usually small relative to the
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direct advertising effects, and therefore, in most cases, it is
reasonable to assume that the effectiveness function can be
modeled by an increasing concave function.
In Section 4, we suggest a method to derive the reach
function using real-world data, and propose to model it using a Gompertz function instead of a ’modified exponential’
function.
2.4.2 Estimating cost
the authors of [40] have proposed a mathematical relationship
between cost and GRPs. The function employed makes two
assumptions: (1) more GRPs cost more than fewer GRPs and
thus cost is a monotonically increasing function of GRPs; and
(2) buying a large number of GRPs can result in discounts and
thus the cost curve is concave. The authors further suggest the
following flexible functional form to model the cost function
cg .
cg = C · g δ
where C > 0 is a constant and 0 ≤ δ ≤ 1 is a parameter
which reflects the expected discounting extent.
In the remainder of this paper we assume that no discounting
occurs and thus δ = 1.
cg = C · g
2.4.3 Optimal criteria
The authors of [40] and [41] categorize spending criteria into
popular ad hoc criteria, and optimal criteria, which are based
on modeling and solving an optimization problem. Although
criteria that are actively used in practice often tend to be in
the ad hoc category, we focus here on the optimal category.
The three primary approaches for optimizing the level of
marketing spending are: (1) maximizing advertising profitability, (2) maximizing advertising productivity (efficiency), and
(3) maximizing the return on investment of advertising.
Maximizing advertising profitability
This approach, developed by Kaplan and Shocker [69] starts
with the assumption that an advertising effectiveness measure
exists (perhaps effective reach), and that this measure is
directly related to revenue. This seemingly strong assumption
is not so unreasonable, because almost all media planners (including the most sophisticated ones) currently use surrogates
of advertising effectiveness.
If we denote profitability as E1 , the measure of advertising
effectiveness as fg , where g is the number of GRPs, and cg is
the cost of buying g GRPs, then the profitability is:
E1 = K · fg − cg
where K is the dollar value of one unit of effectiveness.
Maximizing advertising productivity (efficiency)
Maximizing productivity or efficiency is another alternative.
Economists often emphasize the importance to the economy

of increasing productivity, and management scholars recognize
that the greatest potential for gains in productivity are in the
knowledge and service sectors of the economy [49].
Using the above notations, productivity (efficiency) is calculated as:
E2 =

K · fg
cg

Maximizing the return on investment
This approach was proposed in [44]. Using the above notations,
return on investment (ROI) is calculated as:
E3 =

K · f g − cg
K · fg
=
−1
cg
cg

3 C HARACTERIZATION OF A C AMPAIGN
Let us define a campaign as an activity confined in time and
space with a limited budget whose objective is to send a
message or engage with the maximum number of individuals
who are located in that space.
More specifically, based on the conventions laid out in the
previous section, let us define an insertion as some kind of
induced intervention that is designed to incentivize certain
kinds of inclined behavior in the audience. Such insertions
can be for example large billboards, human agents who hand
coupons to passing pedestrians, etc. Let us also define a
deployment scheme as a specific allocation algorithm that for
a given number of insertions k outputs a set of k locations for
said insertions. Finally, let us define the reach function, rk ,
as the number of individuals exposed to at least one insertion
(given that exactly k insertions were deployed according to the
given deployment scheme).
Selecting profitability as our optimal criteria (see Section
2.4.3), the reach function rg as the effectiveness measure
fg , and C · g as the cost function cg (see Section 2.4.2),
the Optimized Campaign Problem aims at maximizing the
following target function:
Eg = K · rg − C · g

(1)

Given that k ≈ g (see Section 2.4.1), the above equation
can be rewritten to use the number of insertions k instead of
the number of GRPs g.
Ek = K · rk − C · k

(2)

Next, we are left with efficiently modeling the reach function
rk . Assume that the network of mobility between all possible
locations is available (In section 5 we demonstrate such a
mobility network which is inferred from CDR data). Given
a number of insertions k and a deployment scheme, the reach
function rk can be well approximated by calculating the Group
Betweenness Centrality (GBC) [54] of the k locations (i.e.
nodes) which are returned by the deployment scheme.
Betweenness Centrality (BC) stands for the ability of an individual node to control the communication flow in a network
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and is defined as the total fraction of shortest paths between
each pair of vertices that pass through a given node [17], [57].
In recent years Betweenness was extensively applied to analyze
various complex networks [20], [108] including social networks [103], [114], computer communication networks [55],
[119], and protein interaction networks [27]. Holme [64] has
shown that Betweenness is highly correlated with congestion in
particle hopping systems. Extensions of the original definition
of BC are applicable for directed and weighted networks [28],
[117] as well as for multilayer networks where the underlying
infrastructure and the origin-destination overlay are explicitly
defined [95].
The GBC of a given group (U ⊆ V ) of vertices accounts for
all routes that pass through at least one member of the group.
Let σs,t be the number of shortest-path routes from s to t, and
let σs,t (U ) be the number of shortest-path routes from s to t
passing through at least one vertex in U :
X
σs,t (U )
GBC(U ) =
(3)
σs,t
s,t∈V \C|s6=t

While the “optimal deployment scheme”, by definition,
would select the set of k locations that yield the maximal
group betweeness centrality, our proposed model does not
assume any constraint on the deployment scheme and enables
the planners to select the optimal number and type of the
units, as a function of the deployment scheme used. More
specifically, in many cases the optimal deployment scheme
might be unfeasible, involve additional costs, or be subject
to various regulatory constraints. In such cases campaign
managers may choose a different, non-optimal, deployment
scheme. Regardless of the deployment scheme chosen, it would
of course still provide monotonically increasing reach (and
GBC), albeit with a lower incline rate compared to the optimal
one.
Finally, we model the approximated reach function, using
the well-known Gompertz function [60]:
rk = ae

beck

ck

−C ·k

O PTIMIZED C AMPAIGNS

4.1

Optimizing the Number of Insertions

We now turn our attention to finding the optimal number
of insertions k that would maximize the profitability of the
campaign. First, we obtain the derivative to find the critical
points of the function we seek to optimize:
ck

∂Ek
∂(aebe )
=K·
−C
∂k
∂k

(5)

The campaign will be optimized by determining the optimal number of insertions (k) and the optimal cost (C) of
each individual insertion that would maximize the campaign’s
performance.

(6)

Nullifying Equation 6 results in:
ck

C
∂(aebe )
=
∂k
K

(7)

In that case, using Equation 7 we obtain:
ck

a · b · c · eck · ebe

=

C
K

which in turn implies:
beck + ck − ln

C
=0
a·b·c·K

(8)

We note that a, b, c > 0. Analyzing Equation 8 we can then
see that in cases where:
a·c
C
≤−
(9)
K
e
and where W (x) is the Lambert product log, that can be
calculated using the series:
W (x) =

(4)

The Gompertz function is widely used for modeling a
great variety of processes, (due to the flexible way it can be
controlled using the parameters a, b and c), such as mobile
phone uptake [100] or population in a confined space [53].
Its ability to model the progress of optimization process as a
function of the available resources can be seen for example
in [5]–[7], [15]. In Section 5, we present empirical evidence
which illustrates how the reach function rk approximated by
the GBC of three different deployment schemes can be fitted
efficiently into a Gompertz function.
Assigning the values of Equation 4 back into Equation 2,
results in the following target function:
Ek = K · aebe

4

At this point, we have a clear model for estimating the
efficiency of a campaign, that is dependent on the number
of insertions and the cost of each insertion.

∞
X
(−1)n−1 nn−2 n
x
(n − 1)!
n=1

(10)

the optimal value of k would equal:
ln

k1 =
k2 =

ln

1
a·b·c

1
a·b·c

·

C
K



−W
 c
C
·K
− W−1
c

1
a·c
1
a·c

·

C
K



·

C
K



(11)

Note that W (x) is the Lambert product log, and Wk (x) is
its analytic continuation over the complex plane (the values of
the functions W (x) and W−1 (x) in the segment implied by
the constraint of Equation 9 are illustrated in Figure 1).
Returning to the optimization of the campaign, we now
assign the values of the optimal number of insertions of
Equation 11 into the definition of Ek , as follows:
ck1

Ek1 = K · aebe

ck2

Ek2 = K · aebe

− k1 · C
− k2 · C
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namely — those insertions that persuade the maximal amount
of individuals to take the desired action.
We hereby define K, the dollar value of one unit of effectiveness, as a function dependent on the proportion between
the cost of the given type of insertions and the cost of the
optimal, but most expensive, insertions:


C
K = fS
(13)
CostBase
We now look into finding the optimal cost of insertions that
would maximize the profitability of a campaign. To do so,
we first revise Equation 12 in order to take into account the
different types of insertions:


Ek1 = a · b · fS · γ · W (b · γ) +

Ek2 = a · b · fS · γ · W−1 (b · γ) +
Fig. 1. The upper and lower charts depict the values of
the Lambert functions W (x) and W−1 (x) in the segment
[− 1e , 0], respectively. The segment is implied by the constraint of Equation 9.
and using the properties of the W function, simplify it into
the following form:
Ekmax = max{Ek1 , Ek2 } where:
(12)


1
− ln (γ)
Ek1 = a · b · K · γ · W (b · γ) +
W (b · γ)


1
Ek2 = a · b · K · γ · W−1 (b · γ) +
− ln (γ)
W−1 (b · γ)
where the Campaign Benefit Factor γ is defined as:
1
C
·
a·b·c K
From Equation 12 we see that the optimization of a campaign is a function of the Campaign Benefit Factor γ, which
takes into account the dollar value of one unit of effectiveness,
the total cost, as well as the deployment scheme (characterized
by the values of a, b and c). Notice that the value of C does
not affect the values of a, b and c (as they are solely derived
from the coverage efficiency of the mobility patterns).
γ=

4.2 Optimizing the Cost of a Single Insertion
We now proceed to finding the optimal type of units that should
be deployed, by optimizing Equation 12 with respect to the
cost of various possible kinds of insertions.
Definition 1: Let CostBase denote the cost of the “most
expensive” insertions which we will assume are the units that
provide the highest value to the initiators of the campaign,

1
− ln (γ)
W (b · γ)

(14)



1
− ln (γ)
W−1 (b · γ)

and where:

C
1
·
a · b · c fS
We then maximize the financial merits of the campaign
(namely, max{Ek1 , Ek2 }), by calculating the partial deriva∂E
∂E
tives ∂Ck1 and ∂Ck2 :
∂Ek1
=
(15)
∂C
!
C
S
1 − ∂f
1
∂C · CostBase ·fS
· W (b · γ) − ln(γ) +
c
W (b · γ)
γ=

and:

1
·
c

∂Ek2
=
∂C
1−
W−1 (b · γ) − ln(γ) +

∂fS
∂C

·

C
CostBase ·fS

!

W−1 (b · γ)

Once again, by nullifying the partial derivative and finding the
critical points, we obtain the following set of equations:
(16)
0 = W (b · γ) − ln(γ)+
h
i  h
i−1
C
C
S
1 − CostCBase · ∂f
∂C
CostBase · fS CostBase
W (b · γ)
or :
0 = W−1 (b · γ) − ln(γ)+
h
i  h
i−1
C
C
S
1 − CostCBase · ∂f
∂C
CostBase · fS CostBase
W−1 (b · γ)
where :
 
−1
1
C
C
γ=
·
· fS
a·b·c K
CostBase

8

Equation 16 can now be used to calculate the exact optimal
cost of a single insertion, for every cost-value relation, and for
every deployment scheme!

5

C AMPAIGN O PTIMIZATION FOR
W ORLD M OBILITY N ETWORK

A

R EAL -

In this section we validate our campaign optimization model
using a real-world mobility network inferred from CDR data.
5.1 The Dataset
We used Call Data Records (CDR) from a large mobile carrier
to create a network that captures the traveling patterns among
different urban areas. CDR are readily available today, as
they are collected by all carriers and in most (if not all)
countries. Furthermore, these records are constantly collected
in an automated manner, thus increasing the likelihood of
the data being objective and uniform across locations and
operators.
More specifically, we denote G = hV, Ei to be the
undirected network graph, where V is the set of vertices
representing the cell towers and E is the set of weighted edges
representing trips or movements of people between two cell
towers. The weight of each edge represents the number of
trips that people made between the cell towers connected by
that edge.
Each CDR contains an anonymized identifier of the
caller/callee, the call time, and the cell tower that the phone
was connected to when the call (or SMS) originated. A trip is
defined as a change of location by the caller/callee, detected
by the existence of two consecutive calls from two different
towers or by a change in the cell tower during an existing call.
As shown in figure 2 (left), the weights of the edges in
the network seem to follow a power-law distribution. We
used the method suggested in [37] and [113] to determine
the best Xmin and corresponding γ values that fit a powerlaw distribution. Since the focus of this paper is not related
to the network’s topology, our analysis did not include the
statistical tests performed in [37]. Figure 2 (right) shows the
Probability Density Function (PDF) and the best power-law fit
with Xmin = 3 and γ = 1.87.
In order to focus on the network’s structure that represents
urban mobility patterns of large populations, we retained
only edges with weights higher than 10 (arbitrarily chosen
threshold), producing a graph with |V | = 18, 315 and |E| =
130, 313.
The Complementary Cumulative Distribution Function
(CCDF) of node degrees is shown in Figure 3 (left). Once
again, we used the method suggested by [37] and [113] to find
the parameters that best fit a power-law distribution. Figure
3 (right) shows the PDF and the best power-law fit with
Xmin = 45 and γ = 5.05.
5.2 Optimized Deployment Schemes
Acquiring information regarding the mobility patterns of the
audience members, and the specific network that is generated

through those patterns can be used to subsequently derive
optimized locations for the campaign units, or to the very least,
provide a way of measuring the utilization of a set of locations,
by calculating the GBC of the set, and comparing it to that of
the optimal one.
Several combinatorial optimization techniques can be used
to find a group of nodes of given size that has the largest
GBC, including greedy approximation [47], a classical Depth
First Branch and Bound (DFBnB) heuristic search algorithm
[71], or the recently proposed Potential Search [107]. Both
the DFBnB and the Potential algorithms are anytime search
algorithms [120], meaning that their execution can be stopped
at any point of time, yielding the best solution found so far.
Similarly to [96], in this section, we examine three methods
for finding the group of size k with the highest GBC, and
apply them on our real-world mobility network. The first
method, Random Deployment, simply selects a random set of
k vertices. The second method, BC Deployment, chooses the
k vertices with the highest individual Betweeness Centrality
scores. The third method, GBC Deployment, uses a greedy
algorithm which iteratively finds the vertex which improves
the group’s GBC score the most and adds it to the group.
Due to the runtime complexity of the GBC calculation and
the GBC deployment scheme, we performed two stages of
sampling our mobility network. First, a subset of 5000 vertices
was randomly selected. Then, we retained only the largest
connected component, denoted by G, a network containing
991 vertices and 3,304 edges. An illustration of the resulting
network is shown in figure 4.

Fig. 4. Network G’
It can be seen that this network is a good sampling of the
original network, as the median distance from each trimmed
node to the closest node in the sampled network is 4, while
the diameter of the graph itself is 22. Figure 5 (left) shows the
distribution of distances of trimmed vertices from nodes in the
sampled network and Figure 5 (right) depicts the PDF and the
best power-law fit with Xmin = 3 and γ = 2.08.
We examined the three deplyment schemes variants, calcu-
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lated their corresponding GBC values, and fitted them onto a
Gompertz function using regression. Figure 6 illustrates the
three deployment schemes for our mobility network. Their
fitting yielded the following Gompertz regressions:
Random Deployment : rk

=

0.76e−3.14e

−0.02k

BC Deployment : rk

=

0.92e−0.94e

−0.2k

GBC Deployment : rk

=

0.96e−1.25e

−0.38k

(17)

The regressions had the following fit quality (in terms of

R2 ):
1)
2)
3)

Random Deployment - 0.6683
BC Deployment - 0.8035
GBC Deployment - 0.8531

Consistently with [95], using the GBC Deployment we saw
that it is possible to cover the vast majority of the most
popular mobility nodes with a few dozen insertions. The
BC Deployment produced high quality deployments as well,
although based on our findings it required a higher number of
insertions. It seems that both schemes significantly outperform
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Fig. 5. Distribution of distances between trimmed vertices and nodes in the sampled network G0 (left) and Probability
Density Function of the distances between trimmed vertices and nodes in the sampled network G0 (right)
Random Deployment, which required 100 insertions to reach
50 percent coverage, and a few hundred nodes to guarantee a
near-full one.
It is important to note that rk can significantly change
for different networks (modeling different urban environments
mobility patterns). With this in mind, we can now proceed to
finding the optimal number of insertions, and subsequently —
the maximization of the monetary utilization of the investment
in the system.
5.3

In this analysis we shall use the values of the Gompertz
approximation as shown above in Equation 17:
• Random Deployment : a = 0.76, b = 3.14, c = 0.02
• BC deployment : a = 0.92, b = 0.94, c = 0.2
• GBC deployment : a = 0.96, b = 1.25, c = 0.38
In this case, nullifying the partial derivative of Equation 15
for GBC deployment, and assuming fS1 as a measurement of
K, would yield:
∂Ek1
=0
∂C

Optimizing the number of insertions and the cost
per insertion

In this section we demonstrate how the proposed method can
be used to significantly increase the utilization of a given
campaign.
For simplicity, we assume that both K and the cost per
unit (C) are continuous, and follow some pre-defined function,
known to the campaign managers., For example, we may
imagine a function that follows a sub-linear correlation, such
as the following:

 
2
C
C
fS1
=
CostBase
CostBase
The meaning of this function is that insertions that cost
half of the optimal insertions possible, would generate 25%
value of the optimal (most expensive) ones. Alternatively,
we may imagine environments where the correlation between
insertions’ cost and value is super-linear, converging to one,
such as the function:
 r

C
C
fS2
=
CostBase
CostBase

−→

W (1.25 · γ) = ln (γ) +
and:

∂Ek2
=0
∂C

(18)

1
W (1.25 · γ)

−→

W−1 (1.25 · γ) = ln (γ) +

1
W−1 (1.25 · γ)

subsequently implying:
γopt ≈ 0.2837
(in this example, the optimal value of γ for Ek2 has a non-zero
imaginary component).
Using this optimal value of γ we would now get:
γopt =

1
C
2.19 · Cost2Base
·
=
= 0.2837
a · b · c fS1
C

and from this we receive:
Copt =

2.19 · Cost2Base
≈ 7.72 · Cost2Base
0.2837 · K

(19)
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Fig. 6. GBC for three deployment schemes with respect to the number of used units, using mobility patterns extracted
from mobile phones data (left to right): (a) Random Deployment, (b) BC Deployment, and (c) GBC Deployment. The
appropriate Gompertz fit of the curves is also included.
From Equation 19 we can obtain for each kind of campaign
the optimal type of insertions that should be used, in order
to maximize Equation 5 — the optimization function that
maximizes a campaign’s profitability.
Assigning this back into Equation 11, we can get the optimal
number of insertions for each potential campaign (see an
illustration in Figure 7):
2.63 · W 2.74 ·

Cost2Base

k1 =
(20)

+ 0.786 − 5.26 · ln (CostBase )

and:
2.63 · W1

k2 =

2.74 · Cost2Base + 0.786 − 5.26 · ln (CostBase )

Note that the previous example depends on the assumption
of a quadratic relation between the cost and quality of the
insertions, and on the assumption regarding the deployment
scheme (i.e. the parameters of the Gompertz Model). However,
given any substitute for these assumptions, corresponding
solutions to the optimized campaign problem will be generated
by the model.
Repeating the above process with the Gompertz fitted values
for BC Deployment, as well as Random Deployment, we can
obtain the optimized campaigns (in terms of cost per insertion,
and number of insertions) for these deployment schemes.
The above analysis examined the profitability of the campaign (see again Section 2.4.3). If we are interested in the
return on investment of the campaign, we can devide the
profitability of the campaign by its cost (i.e. the number
of insertions times the cost per insertion). Figure 8 shows
the return on investment of the three deployment schemes
as a function of their profitability. The figure illustrates the
superiority of the GBC method, as well as the performance of
the optimized campaigns, compared to non-optimized ones.

6 C ONCLUSIONS
In this paper we studied the problem of campaign optimization.
We started by formalizing the problem of optimizing a campaign by finding the optimal trade-off between the resources

(cost) allocated to each single unit, and the number of such
units. We have presented a novel model to analytically generate
an optimized strategy for marketing campaigns, and demonstrated how it can be used with aggregated and anonymized
mobility data received from mobile carriers.
Specifically, we have shown a way to analytically calculate
the exact optimal cost for units in a campaign, as well as the
optimal number of such units, that would guarantee a maximal
utilization of the campaign’s budget.
In this work we have discussed the optimization of campaigns resources utilization. However, the exposure results to
be guaranteed using such resources and the proposed method
were left outside the scope of this work. This aspect however
(namely, theoretical lower bounds for any conceivable campaign strategy), was discussed in works such as [13] – where a
generic analytical bound was developed, under the assumption
that the campaign’s target will practice an adversarial strategy
that would minimize their exposure, or [8], [9], [13] – where
the impact of changes in the topological properties of the
environment and the campaign’s theoretical utilization were
analyzed.
Finally, it is interesting to note that the problem of finding
an optimal (and optionally dynamic) “engagement strategy”
is related to other kinds of monitoring problems, such as
monitoring for evading land targets by a flock of Unmanned
Air Vehicles (UAV). In this problem, however, the fact that
the paths of the UAVs is unconstrained (as they are flying in
the air) makes the calculation of a near-optimal monitoring
strategy fairly easy [10], [11].
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